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A Novel Approved Mathematical Equation for Lightning Protection
Angle

Arnon Singhasathein’, Weerapun Rungseevijitprapa** and Aphibal Pruksanubal*

Abstract — During the past few decades, the lightning protection angle (¢ ) has been proposed
through several technical matters, namely graphical technique, numerical data and mathematical
equation respectively. Nevertheless, these techniques are very complicated, and are difficult to utilize
because they also contain several constraints practically. Hence, this paper proposes a novel equation
of the lightning protection angle, which is a simple correlation, concise and easy to be implemented.
Furthermore, the reliable result of this equation can confirm accuracy through comparative analysis
with all previous techniques. As a result, these solutions are altogether equivalent. This novel equation
can analyze the lightning protection angle of the vertical air termination system installed at the vertex
of the royal pagoda in a Khema-pirataram temple which is at high risk due to lightning flashes.
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1. Introduction

Lightning is a natural phenomenon, where the electric
particles are discharged between cloud to cloud, cloud to
earth. Nevertheless, the lightning occurrence between cloud
and earth can strike an earth-bound object, which might
be a human, building, the ground and so on. A lightning
incident can be hazardous to life, public services, cultural
places and have economic losses. Especially, tall structures
are at risk from the affect of lightning. Therefore, lightning
protection devices [1-8] such as an air termination (vertical
conducting rod) must be utilized.

Generally, the fundamental lightning protection concept
is analyzed with a vertical conducting rod. Also, it can be
illustrated in equivalent mathematical models [9-16].
Moreover, these models are directly related to the lighting
protection angle ( @ ), which @ is approved in the
protection angle method of IEC 62305 [17-21] respectively.
Normally, the limitation of @ in IEC 62305 must be
used for a building less than 60 meters high [19]. Not
only buildings [22, 23] but also the base stations of
communication equipment [6, 24, 25], solar farms [26]
and so on.

Several lightning protection angle techniques have been
proposed [17, 19-23]. Nonetheless, these techniques have
various constraints and are difficult to be implemented in
practice. The constraints of implementation, are as follows:

First, IEC 62305 standard [19, 27] presents only the
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results of @ through a graphical technique in relation to
the lightning protection angle to the object height. However,
this technique does not demonstrate the mathematical
equation and numerical data in practice. Thus, the
graphical results are difficult to utilize when calculating the
lightning protection angle.

Second, although the numerical information technique,
which is directly connected between the lightning protection
angle and the object height (illustrated by DEHN’s
document [28]), each result of the numerical information
corresponds to the graphical technique of lightning
protection angle of IEC 62305. Moreover, as stated in [28],
the proposed results of the lightning protection angle (& )
is not appropriate to be utilized in practice since it can be
used only for the object height, which is an integer number,
e.g., when the height is 1, 2, 3,..., 20, 30, 45 and 60 meters.
Therefore, it cannot be used under practical environments,
because the height of the real object may not be the integer.
Furthermore, the correlation and results from this technique
cannot be described through the associated mathematics.
Third, the basic equation of the lightning protection angle
was illustrated by Hasse & Wiesinger [29, 30]. However, it
is still difficult to use due to its computational complexity
and the result of @ is shown in terms of radian, which
needs to be converted to degrees, so it is not widely
utilized.

Finally, the equal surface area technique is proposed to
analyze the lightning protection angle. Generally, the
equal surface area is an equivalent area (A;=A,) at the
corresponding condition of the lightning protection angle
(@) and striking distance (R) as illustrated in Fig.1 and (1).
Also, the striking distance is the jumping distance between
the lightning leader and streamer. Moreover, the streamer
occurs from the inductive effect of the lightning leader,
which is composed of 2 components, the top of the object
and the ground. Thus, the striking distance can be shown in
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Fig. 1. Model of Equal Surface area technique

the striking distance to the top of the object (R,) and the
striking distance to the ground (R,) as presented in Fig. 1,
Many researches have defined R to be equivalent to R, and
R, (R=R,=R,) [12, 19, 27]. Therefore, the relation of (1)
can be used to analyse the lightning protection angle
equation, as shown in (2). However, this equation is
difficult to use for the calculation because of computational
complexity and the solution must be determined by
numerical methods. In addition, the equal surface area (A,
= A,) is not accepted by a few researchers [31], so it is not
widely utilized.

A =A=A= [ f(A)edA = [ f(A)sdA,

eq

AREAL AREA2
2a —sin(2a -2 arcsin(R ;H) )
A R—H (2)
2| (—2) +arcsin =0
{( 2 ) ( z )}

where
A, is the equivalent area (A; = A,), as shown in (1)
f(A)) is the corresponding mathematical function of 4,
f(A,) is the corresponding mathematical function of 4,
a is the result of lightning protection angle
R is the striking distance (R = R, =R.)
H is the height of vertical conducting rod

As mentioned above, the existing techniques have
several constraints, which make it difficult to be practically
implemented. Moreover, those constraints have not been
improved. Therefore, in this paper, a novel equation to
calculate the lightning protection angle from the
mathematical model of a vertical conducting rod is
proposed. Also, this equation can be solved by the
fundamental trigonometry theorem. Essentially, it is a
shorter correlation than other techniques, which is more
easily utilized. Moreover, it has a prominent point which
overcomes the existing techniques, as follows:

* The proposed novel equation can be used to analyze the
lightning protection angle (& ) with low computational
complexity, gives reliable results and is easier than
others to employ.
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* The result of @ through this novel equation can be
used with realistic objects at any height, while, the
result of & through the numerical information technique
of DEHN [28] can only be utilized when the object
height is an integer number.

* The novel equation generates a result @ in terms of
degree which is easy to use in practice. While, the result
of the lightning protection angle equation through Hasse
& Wiesinger [29] is shown @ in terms of radian.

* Results of the novel equation are comparatively
analyzed to confirm the accuracy with existing
techniques. As a result, these are equivalent. Thus, the
novel equation is appropriate to be utilized in practice.

Moreover, this paper utilizes the proposed novel
equation to determine the lightning protection angle by
installing it at the vertex of the royal pagoda in Khema-
pirataram temple, Thailand.

The remainder of this paper is organized as follows. The
novel approach to lightning protection angle equation is
described in section 2. The results of the novel equation
are compared with the result of the existing techniques in
section 3. A practical implementation of the proposed
novel equation is shown in section 4. Finally, conclusions
are presented in Section 5.

2. The Analysis of a Novel Equation of Lightning
Protection angle

In this section, the mathematical model and a novel
equation of lightning protection angle are described.
Generally, the angle of lightning protection at any level
of height is implemented with a vertical conducting rod.
According to Electrogeometric model (EGM) [9-16, 31-35],
it can be illustrated in Fig. 2. The model of a vertical
conducting rod relates to the rolling sphere method is
shown [31-34]. Striking distance (R) is defined to be
equivalent to the striking distance to the top of an object
(R) and the striking distance to the ground (R,)
respectively [12, 19, 27]. Moreover, the four critical
parameters, namely, the lightning protection angle (& ), the
striking distance (R), the lightning current (/) and the
height (H) must be determined. Hence, the relationship of
striking distance is given by [19].

R :10.[0.65 (3)
According to Fig. 2, the significant parameters for

analysis of the novel equation can be determined by
considering Fig. 3 and (4) to (9).

S =tan(a)e(v2RH )esin (arccos(4 / 2R2;H )] )]
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X, =~2RH -H? (5)

Y =(2RH - H?) —(tan(a) o\2RH o sin(arccos(\/T ))J
(6)

X = 2R esin(a —arcsin(X=1L) )

E = Recos(a —arcsin(—11)) ®)

Z=(H* +(\/2RH—H2)2)% )

where

=

is the striking distance, as shown in (3) [19]

is the height of vertical conducting rod

is the distance of radius protection area [19, 27]

is the lateral distance [11, 35-37]

is the difference distance between X, and S

is the distance which has angle @ degree from the
height of vertical conducting rod

is the distance from lightning leader to be orthogonal
with X distance [30]

Z is the Hypotenuse distance as (H* + X,)""

NN

b

From the relationship between (4) to (9), they are
concerned with the component angles, namely B, €, v,
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Fig. 4. Model of proposed lightning protection angle

@, A and O respectively. Therefore, these are shown in
Fig. 4.

As depicted in Fig. 4, the novel equation should directly
relate between lightning protection angle (& ) and object
height (H). Essentially, it can also be analyzed by the
trigonometry term [38-42]. Therefore, those component
angles, that need to be considered, are expressed as follows
(10) to (15).

B :arccos(R ;H) (10)
£=(90 -0) (11)

v = arcsin(——) (12)
® = o —arcsin(——) (13)
A=p-20 (14)

/H

0= in(,|— 15
arcsin( 2R) (15)
where

« is the lightning protection angle

B is the angle between R, and R,

€ 1is the angle between R, and Z

v is the angle between R, and Horizontal level

@ is the angle between R, and E

A is the difference angle between S and 2+ @
0 is the angle between X, and Z

According to Fig. 3 and 4, by analyzing (5), (9) and (15)
through the Law of cosine [38-39], the relationship of the
object height (H) can be shown as (16).

H=[(N2RH* +(N2RH — H*)* ~2(\J2RH o\2RH — H* ) cos 9]%
(16)

Referring to (16), it can be considered to update the
relation of 6, which is expressed in (17).

6 =0.5earccos( ) a7

Moreover, the parameter € in (11) can be modified
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through the relationship of (17). Thus, it can be expressed
in (18).
R-H

R

£=(90"-6)=0.5¢(180" —arccos( ) (18)

According to (7), (8), (9), (13) and (18), these are
analyzed to determine the most important parameters,
namely @ and &, as shown in (19) - (20), respectively.

e 1 .
w = ———(arcsin
5 2( (

) (19)

o = @ + arcsin(

) (20)

From (19) and (20), the both relationships can be
analyzed to modify the & asshown in (21).

R-H . R-H
I ))+arcs1n(7R ) @)

2

0.5¢ (180" —arccos(

o=

Essentially, the relationship of (21) is proved through
the trigonometry theorem [39-42]. Therefore, the novel
equation of @ can be obtained in the function of R and H

as (22).
(22)
)

) + arcsin(

N2RH - H? R-H
H R

a=05e (arctan(

where
R is the striking distance, as shown in (3)
H is the height of vertical conducting rod

In addition, the novel Eq. (22) and the whole
relationship of lightning protection angle techniques can be
comparatively shown in Table 1. Moreover, the details of
Table 1 can be described as follows:

First, referring to the document of DEHN [28], it shows
only the numerical information about lightning protection
angle. Nevertheless, it cannot illustrate the associated
mathematical equation. While, this novel equation is
obviously shown in the complete mathematical equation
and is easy to be used in practice. Second, the result of &
through numerical information from DEHN’s technique
can only be used on objects with a high integer number,
which does not cover realistic applications. However, the
novel Eq. (22) can deliver the result at any height of
object.

Third, this novel equation is simple and is in an easy
form with low constraints. Thus, it is easier to be utilized
than the equation of Hasse & Wiesinger [29] and the equal
surface area technique (A; = A,) of (2).

Fourth, all results of @ through the novel equation can
be demonstrated in degree units. The equation of Hasse &
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Table 1. The comparison of mathematical equations of
lightning protection angle [28, 29]

. Mathematical Equations of Lightning
Techniques | References Protection Angle
No Mathematical Equation & Results from
DEHN REF DEHN’s information.
[28] The total height is considered and adjusted to
be integer.
a :@oarctan[(%Jr%j 2RH - H*?
Hasse REF T
. & [29] 2
Wiesinger B (5) Oarccos(R 7H)
H R
Equal 20 —sin(2¢ —2 @ arcsin( R= H))
Surface
area Eq.(2) A R-H
> o . -
(A1=As) 72|:( e ) + arcsin( R ):|:0
V2RH-H . R-H
NOV?I Eq. (22) | =05 O[arctan( 2RH-H ) +arcsin( )]
Equation H R

Wiesinger is only shown in radian units. The result of
Hasse and Wiesinger’s equation must be multiplied with a
converted factor (180° /) as shown in Table 1. Thus, it is
computational complexity.

As previously mentioned above, the prominent points of
this novel equation are simplistic, shorter terms than others,
lower constraint and is easy to use in actual practice.
Nevertheless, this equation must be evaluated focusing on
result accuracy. Hence, the next section shows the
comparative analysis between the solution of the novel
equation and existing techniques.

3. Simulation Results

In this section, the novel equation result is compared
with three other techniques, DEHN, Hasse & Wiesinger
and the equal surface area (A; = A,). These results relate
to the object height as illustrated in Fig. 5 to 8. As a
result, the novel equation (as shown by the red line) has a
corresponding solution with the existing techniques.

Essentially, the important condition in this section are
simulated at 4 levels of lightning protection based on the
IEC standard 62305 [17-19] as shown in Table 2. Namely,
the minimum lightning current of 3, 5, 10, 16 kA and the
striking distance of 20, 30, 45 and 60 meters respectively.

This simulation focuses on object height of more than
2 meters. This is because the IEC 62305 [19] defines the
result of @ at object height of less than 2 meters (H < 2
meters) to be equal to the results of @ at object height of
2 meters (H = 2 meters).

As depicted in Fig. 5 to 8, the comparison results
between a novel equation and existing techniques at 4
levels were obtained. The results of all techniques
corresponded with each other.
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Nevertheless, the novel equation is the most reliable,
because various conditions of error, which occur in other
techniques, can be eliminated. The error of existing
techniques can be explained as follows:

* DEHN’s technique demonstrates the numerical data of
& only, which cannot obviously show the mathematical
equation to confirm an accurate result. Hence, the
correctness of this technique is unclear.

* The result of @ through Hasse & Wiesinger’s equation
is illustrated in radian units. However, it must be
converted into degree units through multiplication with
(180° /), which causes & to contain many decimal
digits or non-repeating decimal numbers [43]. Also, the
number must be rounded off. Therefore, @ delivers the
round-off error [42-44].

* The result of the equal surface area technique (A= A,)
is determined through the numerical method such as
the Newton — Raphson method [44] which directly
relates to the iteration number. The iteration number
must be appropriately defined to the condition of exact
solution [42-44]. Thus, & can deliver error when
iteration number is an unsuitable (error due to iteration)
[44]. Moreover, the equal surface area technique was
proved by A, and A, areas balance each other which this
assumption is not widely accepted [31].

Nonetheless, the novel equation can avoid errors as
shown above, because the novel equation outperforms the
existing techniques, (i.e., clear relationship, non-converting
to degree units, easy to analytically find exact result), as
mentioned in Table 1. Also, it was directly proved through
the assumption of the striking distance (R) according to
IEC 62305-3 [19]. Therefore, the result of the novel
equation delivers higher accuracy, precision, and reliability.

Furthermore, the comparison of error between the novel
equation and other techniques can be illustrated, such as
the maximum absolute error, the minimum absolute error
and the average absolute error as shown in Fig. 9to 11.

Fig. 9 shows the maximum absolute error between the
novel equation and two techniques, Hasse & Wiesinger
and the equal surface area (A;=A,), at 0.7291 degrees.

leveld B Max Abs Errorof ¢ (Novel Equation & DEHN)
0O Max Abs Errorof ¢ (Novel Equation & Hasse)

H Max Abs Error of ¢ (Novel Equation & A1=A2)

level3

level2

levell

4 6 8 10
Maximum Absulute Error, Max Abs Error (degrees)

Fig. 9. Maximum absolute error of « through the novel
equation with existing techniques
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0.0048
~0
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0.0088
~0
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0 0.05 0.1 0.15 0.2 0.25
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Fig. 10. Minimum absolute error of ¢ through the novel
equation with existing techniques

0.3531

leveld 0.2703 HAvg Abs Error of ¢ (Novel Equation & DEHN)

0.2703 OAvg Abs Error of ¢ (NovelEquation & Hasse)

0.4071|@Avg Abs Error of & (Novel Equation & A1=A2)
0.2740

0.2740

level3

0.4030
level2 0.2813
0.2813

0.3462
0.2926
0.2926

levell

0 0.5 1 1.5 2 2.5
Average Absulute Error,Avg Abs Error (degrees)

Fig. 11. Average absolute error of a through the novel
equation with existing techniques

Moreover, the highest error is 1.3799 degrees, which
occurs through comparative with the result of DEHN
respectively. These results are insignificant, due to the fact
that the solution of each technique is not completely
equivalent. The minimum absolute error as shown in Fig.
10, is very tiny and nearly zero which can be neglected.
Furthermore, Fig. 11 shows the average absolute error
which has very low tolerance of no more than 0.4071
degrees. As described earlier, these errors are diminutive
which do not influence the reliability of the novel equation
when implemented. Also, the novel equation can eliminate
the weaknesses of other techniques. Therefore, the novel
equation is the most appropriate to be utilized in actual
implementation.

The novel equation is proposed in this paper as (16),
which can be utilized to design the lightning protection
angle. The next section shows the application of the novel
equation.

4. Practical Implementation

In this section, the lightning protection angle (& ) has
been implemented by using the novel equation. A vertical
conducting rod is installed at the vertex of the royal pagoda

1026 | J Electr Eng Technol.2018; 13(2): 1021-1029

| A
|

Royal Pagoda

Fig. 13. The actual installation of a vertical conducting rod
at the vertex of the royal pagoda

Table 2. The condition of lightning protection level based
on the IEC 62305 [17-19]

. M%nimum Striking Distance Height
LEVEL | Lightning Current. IEC Standard.
Tmin (KA) R(meters) (meters)
1 3 20 (1<H<20)
2 5 30 (1<H<30)
3 10 45 (1<H<45)
4 16 60 (1 <H<60)

in Khema-pirataram temple, Thailand. Khema-pirataram is
one of the oldest temples in Thailand with an age of more
than 162 years. At the temple, there are Buddhist relics,
Sarira, placed in the royal pagoda [45] as shown in Fig. 12.
According to the investigation, it was found that the
height of the royal pagoda is 27.31 meters and is frequently
struck by lightning, because the structure of a royal pagoda
is tall and sharp. Moreover, it is located outdoors which
makes it high risk to lightning strikes. Therefore, the
vertical conducting rod of 0.6 meters, needs to be installed
at the vertex of royal pagoda. The total height is 27.91
meters as illustrated in Fig. 13 and Fig. 14(a). The analysis
of the lightning protection angle must consider the
constraints below.
* The total height in the case study is not an integer
number. Thus, DEHN’s technique cannot show the
solution of protective angle. In addition, the result
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Table 3. Results of lightning protection angle

. Height Lightning Protection Angle
Technique | Reference (meters) (degrees)
Level2 | Level3 | Level4
Novel | povation22.| 2791 | 25.4961 | 392399 | 46.7494
Equation
0.6 Royal Pagoda Vertical Conducting Rod
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(b) Top view
Fig. 14. The effectiveness of lightning protection angle

through Hasse & Wiesinger is shown in radian units
which are not appropriate for use.

* The equal surface area technique should not be utilized
practically due to it is computational complexity.

However, the novel Eq. (22) is more beneficial than
other existing techniques. Essentially, the total height of
this case study is more than 20 meters, which the IEC
62305 [17, 19] recommends it to be used at level 2-4, as
mentioned in Table 2. In addition, the 0.6 meters vertical
conducting rod has effectiveness for lightning protection of
the royal pagoda, as shown in Fig. 14(a), Fig. 14(b) and
Table 3.

From the details in this section, a novel equation was
presented. It has advantages when implemented such as it
is easy to use, has low constraints and delivers reliable
results. Moreover, it can save time when calculating the
protective angle of a vertical conducting rod where a
prominent point is exposed.

From the details in this section, a novel equation was

presented. It has advantages when implemented such as it
is easy to use, has low constraints and delivers reliable
results. Moreover, it can save time when calculating the
protective angle of a vertical conducting rod where a
prominent point is exposed.

5. Conclusions

This paper proposed a novel equation to calculate the
lightning protection angle. Also, it was proved through the
fundamentals of the trigonometry theorem and the striking
distance according to IEC 62305-3. Essentially, this novel
equation of & is a simple equation and has no complexity
of constraints, because it outperforms the existing techniques.
Therefore, it can be easily utilized for implementation, and
has more advantages over existing techniques. The result
of the novel equation delivers high accuracy and reliablility.

Furthermore, since objects such as, tall buildings, base
stations for communication, petroleum and chemical tanks,
solar farms, cultural heritage buildings and so on, are at
risk of being struck by lightning, vertical conducting rods
can protect against the lightning effects if installed
correctly. Therefore, the result of the lightning protection
angle is necessary, and can be easily analyzed through this
novel equation.

Finally, this paper presented a case study of estimating
lightning protection angle, a vertical rod was installed on
the vertex of the royal pagoda. In conclusion, this novel
equation is the most appropriately utilized method due to
no complexity of constraints when implemented, while
existing techniques have various limitations.
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