Bull. Korean Math. Soc. 55 (2018), No. 1, pp. 175-186
https://doi.org/10.4134/BKMS.b160922
pISSN: 1015-8634 / eISSN: 2234-3016

SUBGRADIENT ESTIMATES FOR A NONLINEAR
SUBELLIPTIC EQUATION ON COMPLETE
PSEUDOHERMITIAN MANIFOLD

YINGBO HAN, KAIGE JIANG, AND MINGHENG LIANG

ABSTRACT. Let (M, J,0) be a complete pseudohermintian (2n + 1)-mani-
fold. In this paper, we derive the subgradient estimate for positive solu-
tions to a nonlinear subelliptic equation Apu + aulogu + bu = 0 on M,
where a < 0, b are two real constants.

1. Introduction

In [4] and [9], S. Y. Cheng and S. T. Yau derived a well known gradient
estimate for positive harmonic functions in a complete noncompact Riemannian
manifold.

Proposition 1.1 ([4,9]). Let M be a complete noncompact Riemannian m-
manifold with Ricci curvature bounded from below by —K (K > 0). If u(z) is
a positive harmonic function on M, then there exists a positive constant C =
C(m) such that |V f|* < C’(\/?—F%) on the ball B(R) with f(z) = Inu(x). Asa
consequence, the Liouville theorem holds for complete noncompact Riemannian
m-manifolds of nonnegative Ricci curvature.

In [3], S.-C. Chang, T. J. Kuo and J. Z. Tie modified the arguments of [4],
[9] and [1] and obtained the following result.

Theorem 1.2 ([3]). Let (M, J,0) be a complete noncompact pseudohermitian
(2n + 1)-manifold with

2Ric(X,X) — (n—2)Tor(X, X) > —2k| X|

for all Z € Th o and k > 0. Furthermore, we assume that (M, J,0) satisfies
the CR sub-Laplacian comparison property (5). If u(x) is a positive pseudo-
harmonic function with [Ab,T] =0 on M. Then for each b > 0, there exists a
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positive constant Cy = C2(K) such that

|Vpul? (n + 5 + 2bk)? 2 O
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on the ball By, (R) of a large enough radius R which depends only on b, k.
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On the other hand, for Riemannian case, L. Ma in [8] studied the local
gradient estimate for the positive solution to the following equation:

Au+ aulogu +bu =0

on a complete noncompact Riemannian manifold, where a < 0, b are real
constants.
In this paper, we consider the following nonlinear subelliptic equation

(2) Apu~+ aulogu+bu =0

in a complete pseudohermintian (2n 4 1)-manifold (M, J,6). We obtain the
following results:

Theorem 1.3 (cf. Theorem 3.1). Let (M, J,0) be a complete pseudohermitian
(2n + 1)-manifold. Suppose that

2Ric(X,X) — (n—2)Tor(X, X) > —2k| X|

for all X € Tvo ® Tp1 and k > 0. Furthermore, we assume that (M, J,0)
satisfies the CR sub-Laplacian comparison property (5). If u is the positive
solution of

(3) Npu+ aulogu =0
with [Ny, T] =0 on M, let f(z) = logu(z). Then we have
[Voul* | n+af+4+7+28k
7t

2
lnu—i—Bu—g
U

n+af
(n+aB + 4+~ + 2Bk)? 4 44+~v4+28k C
) sdtyroa? T E T s TR

on the ball B,,(R) of large enough radius R which depends only on a, 8,7, k,
where a < 0, 8 >0 and v > 0 are constants such that n + af > 0.

Remark 1.4. By replacing u by enu, equation (2) reduces to equation (3).
Remark 1.5. When a = 0 and y = 1, the estimate (4) reduces to the estimate

(1).

Remark 1.6. One of key steps in Yau’s method for the proof of gradient esti-
mates of harmonic function is the Bochner formula involving the Riemannian
Ricci curvature tensor. In the CR analogue of the Yau’s gradient estimate, the
crucial step is then the CR Bochner formula 2.2. Note that the right-hand side
involves a term (JVj,u, Vyug) that has no analogue in the Riemannian case, so
we have to overcome this difficulty.
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2. Preliminaries

We first introduced some basic materials in a pseudohermitian (2n + 1)-
manifold (see [6], [7] for more details). Let (M, &) be a (2n + 1)-dimensional,
orientable, contact manifold with contract structure £&. A CR structure com-
patible with ¢ is an endomorphism J : & — & such that J> = —1. We also
assume that J satisfies the following integrability condition: If X and Y are in
¢, then so are [JX, Y]+ [X,JY] and J([JX, Y]+ [X,JY]) = [JX,Y] - [X,Y].

Let {T, Z., Zs} be a frame of TM ® C, where Z, is any local frame of T7 o,
Zy = Zo € To1 and T is the characteristic vector field. Then {6, 6,69}, which
is the coframe dual to {T, Z,, Z}, satisfies df = iha0% N 6” for some positive
definite hermitian matrix of function (h,z3). Actually we can always choose Z,
such that h,3 = dap; hence, through this note, we assume h,3 = dap.

The Levi form (,)r, is the Hermitian form on T} ¢ defined by (Z, W), =
—i(df, Z N W). We can extend (,)r, to Ty by defining (Z, W), = (Z, W)y,
for all Z, W inTp,1. The Levi form induces naturally a Hermitian form on the
dual bundle of T} o, denoted by () Lz, and hence on all the induced tensor
bundles. Integrating the Hermitian form over M with respect to the volume
form dp = 6 A (dF)™, we get an inner product on the space of sections of each
tensor bundle. We denote the inner product by the notation (,).

The pseudohermitian connection of (J, ) is the connection V on TM @ C
(and extended to tensors) given in terms of a local frame Z, € T} ¢ by

VZ4 =00 75 VZi=0207Z5 VT =0,
where 07 are the 1-forms uniquely determined by the following equations:
doP =02 NO5 +ONTP,
0=7a NO%,
0=05+65.

We can write (by Cartan lemma) 7, = A,,0” with Ay, = A,,. The curva-
ture of Tanaka-Webster connection, expressed in terms of the coframe {f =
60,0, 09}, is

gzﬂig::dwgfwg/\w?;,
0 3 0 0
I = 119, = 1§ = 115 = 11§ = 0.
Webster showed that Hg can be written
5= gw@” N Wé‘p@p AN — Wé’pﬁ’j/\ 0403 AT —iTg A O,
where the coefficients satisfy
Rﬂ&p& = RaBaf; = R&B&p = de[%, Wﬁcw = nyaﬁ-

Here Rga 3 is the pseudohermitian curvature tensor, R,3 = Rza 3 is the pseu-
dohermitian Ricci curvature tensor and A,g is the torsion tensor. We define
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Ric and Tor by
Ric(X,Y) = RygX°Y?, Tor(X,Y) =i(A;5X°YP — ApsXY?)

for X = X*Z,,Y = YBZg on T .

We will denote components of covariant derivatives with indices preceded
by comma; thus write A,g~. The indices {0, ,a} indices derivatives with
respect to {1, Z,, Z5}. For derivatives of a scalar function, we will often omit
the comma, for instance, uo = Zou, Uy = ZgZau — w)(Zz)Zyu. For a real
function u, the subgradient V, is defined by Vyu € € and (Z, Vyu) = du(2)
for all vector fields Z tangent to contact plane. Locally Vyu = > uaZa +
Y o UaZs. We can use the connection to define the subhessian as the complex
linear map (VH)2u: Ty o @& To1 — Th0 D Toa by

(VI2u(Z) = V4 V.

In particular, |Vyul> = 2uqus, |Viul? = 2(uapusz + uaguas) and Ayu =

Za(ua& + u&a)~
We also need the following definition:

Definition 2.1. Let (M, J, 8) be a complete noncompact pseudohermtian (2n+
1)-manifold with

2Ric(X,X) — (n—2)Tor(X, X) > —2k| X|

for all Z € T} o and k is an nonnegative constant. We say that (M, J, 6) satisfies
the CR sub-Lapacian comparison property if there exists a positive constant
Co = Cy(k,n) such that

(5) Por < co(% +VE)

in the sense of distributions. Here r(z) is the Carnot-Cartheodory distance
from a fixed point zg € M.

We need the following lemmas.

Lemma 2.2 ([5]). For a smooth real-valued function u and any v > 0, we have
Ny |Vyul? = 2/(VH) 202 + 2(Vyu, Ve Ayu)

(6) + 2(2Ric — (n —2)Tor)((Vyu)c, (Veu)c) + 4(JVpu, Vyug),

where (Vyu)o = ugZy is the corresponding complex (1,0)-vector of Vyu.
From Lemma 2.2, the authors in [2, 3] obtained the following:

Lemma 2.3 ([2,3]). For a smooth real-valued function w and any v > 0, we
have
1
Ab|Vbu|2 Zﬁ(AbU)Q + nu% + 2<Vbu, VNpu)
(7) + 2(2Ric — (n —2)Tor)((Veou)c, (Vou)c)
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2
— 2v|Vbu0|2 — 7|Vbu|2,
v
where (Vyu)o = ugZy is the corresponding complex (1,0)-vector of Vyu.

Lemma 2.4. Let (M, J,8) be a pseudohermitian (2n+1)-manifold with [Ny, T
= 0. If u(x) is the positive solution of

(8) Dpu+ aulogu =0,
then f =logu satisfies
(9) Ay fo = —afo—2(Vsfo, Vo f).
Proof. Since w is the solution of (8), we have
(10) Dof = —af — [VufI2
From [Ap,T] =0 and (15), we have
Dpfo = [Dbflo = —afo —2(Vfo, Vi f). 0

3. Subgradient estimates for a nonlinear subelliptic equation
In this section, we obtain the following results:

Theorem 3.1. Let (M, J,0) be a complete pseudohermitian (2n+1)-manifold.
Suppose that

(11) 2Ric(X,X) — (n—2)Tor(X, X) > —2k| X|

for all X € T1o® Tp1 and k > 0. Furthermore, we assume that (M, J,0)
satisfies the CR sub-Laplacian comparison property (5). If u is the positive
solution of

(12) Npu+aulogu =0
with [Ny, T] =0 on M, let f(x) =logu(x). Then we have
|Voul> n+af+4+v+26k
+a

2
1nu+ﬁu—g
U

u? n+ap
(n+aB+4+~+2Bk)? 4 4+q+28k  C
2(4 + v + 28k)? [QIHB “ n+af +R]

on the ball By, (R) of large enough radius R which depends only on a, 3,7, k,
where a < 0, f >0 and v > 0 are constants such that n+ af > 0.

Proof. Since u is the positive solution of (12), we have
(13) Dpf(,t) = —af(z,t) — Vo f(x, 1)

Now we define a real-valued function F(x,t, R,a,3) : M x [0,1] x RT x R* x
RT — R by

(14) F(z,t,a,B) = t(|Vof|* — aaf + Btn(2) £3),
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where R* = R\{0}, RT = (0,00) and n : M — [0, 1] is a smooth cut-off function
defined by

B (1 ifxe By (R),
n(@) =n(rz) = { 0 if 2 € M\B,,(2R),

such that —%77% <7 <0and |n’| < %, where we denote gn by 1’ and r(x)
is the Carnot-Carathéodory distance to a fixed point zy. By CR sub-Laplcian
comparison property (5), we have

C . C C
71+02) -

1 A — 1 /A >77 -
(15) o =" ' Br 2 =4 — S (5 &

where C' is a positive constant.
From Lemma 2.3, the assumption (11) and (15), we have

DoF = (N[ Vo f|? — aalspf + BtAy(nf2))
> Hnf3 + - (80f)? + 2ATf Vol f) 20k + DIV~ 2]V fol
—aalp f + Bt f + 5 Lm + 4fo(Ven, be0>)]

zt[nf§+%(ﬁbf) +2(Vof, Volspf) = 2(k + >|vbf|2—2u\vbfo|2

— aalpf + 2BtnfolNy fo + 28tn| Vi fol* — %fo + 4Bt fo(Ven, Vi fo)]

> g3+ - (Baf) + 2V, Vlsaf) — 20k + DIV~ 2093 fol?

CpBt

— aaly f + 2Bt folNy fo + 28|V fol* — ifo Btn| Vi fol®

— 4ty Vunl f5]-
From the definition of 1, we have n~!|Vyn|? < % Now we take v = ﬁQﬁ, we
have

CpBt 5
(16) AyE > t(n — 7)]‘?0 (Abf) +2(Vof, Vol f)
—2(k+ 5T)|vbf|2 —aalp f + 2B8tn folp fol-

From Lemma 2.4 and the definition of F', we have
(17)

2(Vo f, Vo Ap f) — aalSy f 4 28tn fo Ay fo
2V f, Vi[—af — Vo f[]) — aalo f + 28ty fo[—afo — 2(Vsf, Vi fo)]
— 20|V f|* = 2(Vsf, vb|vbf|2> — aalNy f = 2aBtnf — 4Bt fo(Vuf, Vifo)

= —2a|V,f|* - 2<be, Vb( +0<af Bt f§))

~aal — (1+ DIV = P53~ 208tmf3 — 48t fo(Vof. Vo)
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= (L )alVo P — (V0 VuF) — 4 2613 (V0 f, Vi) — abinf3
2 aF

> — (L+a)a|Vyff* — T Vo, Vo l') = —= = 26t f3 1V f|[Von| — aBinf3
>~ (14 a)alVif = 209, uF) — = 2 IVt — gt
> — (1 a)alVuf? - 29, VF) - 2 - %fo -

— aptnfg.
From (16) and (17), we have

Do 2 =2V f VoF) — aF 4 1[0 f) + (0 — S0~ agim) 3
2
(18) ~ 2kt g a1+ QTS = S EnITar .

From (15) and (18), we have
Ay(nF) = AenF + 2(Vn, Vo F) + A F

C
2 = ﬁF +2(Von, Vo) = 2n(Vy f, Vo F) — anF

S () + (0~ T2 apm) g3

(19) — 20k + 6% Fa(l+a)]|Vaf]? - COht

From the definition of F', we have

(20)

77f0|v fI7)-

F l1+a
Apf)? = (— —
(Ao f) (at
F?2  2(1+a)
Zaztz_

From (19) and (20), we have

_ Bin o

fo)
ﬂtn

(1+a)?
o2

28
F|vbf|2 - SSER Vo fl'+

nF? C
DNp(nF) > — =F+2(Vyn, Vo ) = 20(V f, Vo F) — anF

na?t R
+[n—ﬁ_ aftn — BnF]t fo
. [_%W 2kt - 5 = a1+ ) Vs

C
+[(12ia)|v A+ 5“7 e A L
nk? C

> _SF4o F)—2 FY — anF
> sy~ gL 2V Vo) = 20(Vo f, Vo F) —an

181

fo-
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Cpi 2fn 2
+[n - T aBtn — WF]“?JCO
2(1+ a) 4 ,
AT Y p oktn— = —a(1
tl— ktn ﬂ a(l+ a)tn]|Vy f|
52 2,2 2o
1-—
+t7718 [ 4(1+OZ)2 Rg]fo
nF? C
—=F+2 Fy—-2 F)—anF
eyl -Y s (Von, Vo F') = 20(V f, Vo F) — an
Cpt
T L=c Yo T
214+« 4
+ [—% F — 2ktn — 5 a(l 4 a)tn)| Vi f|?
when R is large enough such that 1 — 4(7{10‘:)2 7z >0. Fort<landn<1, we
have
F)? C
mssnF) = T Cp) a(Vin, V) 202901, D F) — atnnF)
Ccpt 25
(21) = S i 2T e
2(1 + ) 4 2
T YR~ 2k — = —a(l .
== (nF) = 2k 3 a(1 + a)tn]tn| Vi f]

Since (nF)(x(t),t, o, 8) = MaX,ep, (2R) (nF)(x,t,a, B) at a critical point (z(t),
t) of (nF), we have

(22) Vo F)(z(t),t, 0, f) =0 and = Ap(nF)(x(t), L, , ) <0

(¢
We claim that if (nF)(x(¢),t, «, 8) < 0, the theorem is true. So we assume that
(nF)(x(t),t,a, 8) > 0 at the point (z (t),t). From (22), we have at the point

(x(t), 1),
2tC 2C

(23) 21(Vir), VoF) = =2F|Vin)|* > =250 F > == F
and
=20 (Vy f, Vo F) = 2tnF (Vi f, Vi)
> =2t(nF)|Vy f||Ven|
(24) > 2t (nF) V4.
>~ Ly~ Lo,

From (21), (22), (23) and (24), we have at the point (z(t),t)
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(5) e S )P
@ C
2 ) — 2k - S — ol + 0 — Sl

Now we claim at ¢t =1,

TLOé2

4 C
m[2k+—+a(1+a)+—]

(20 @F)a).108) < ; z

for a large enough R which to be determined later. Here (1 + «) < 0 for some
a to be chosen later.

We prove it by contradiction. Suppose not, that is,

na? 4 C
—[2k+ = 1 —=|.
—2(1+a)[ + 3 +a(l+ao)+ R}
Since (nF)(x(t),t, «, B) is continuous in the variable ¢ and (nF')(z(0),0, «, 5) =
0, by intermediate-value theorem there exists a tg € (0, 1] such that

(F)(z(1), 1,0, 8) =

2

(27) (nF)((to). to, @, ) = _2?1(10[)[%4—;—&-@(14—04)—1—2].
From (25) and (27), we have
> (= Y ato) o) — o (nF)(to), to) — atn(nF) e (1o) o)
+n - % — afitn — %(HF)(HC(%)’ to) [t fg
T PN ST
> (= DIIFP (ot t0) = S (0F) alto) o) — atn(yF) (ko) 1)
e % ~aptn — %(nmu(to),t@)ﬁ?ﬁf&
+ 2 G lto) o) — 26— 5 — a1+ a) - SJenf P
= (1~ DYFY(alto). to) — 5 (0F)alto). to) — atn(nF) a(to), )
+[n— % — afitn — %(UF)(JU(??O)’ to)Jt*n” fg
that is
0> (g — Y0P (lto), to) — o (F ) alto), o) — atn(nF) (x(to), )
(08) -+l —apin— 2T ) to) 1) R
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From (28), we have

0> (g — )P (alto), to) — 2 (F)(a(to), o) — atn(nF) (x(1o), 1)
(29) -+ —apin— 2 ) ato) 1) 1

Moreover, we compute

(= DE) (o) o) — o~ aton
@) == Sk g et a) + 5= 2t
:mfi®@k+§+““+a”‘zﬂafi@@k+§
+aﬂ+a)+g)+2uiay+$—amn
22OjM@k+;+au+®)gtifiﬂgk+g
+Ml+a)¥g)+%Ji®+3L
where we use the condition a < 0.
n =~ apton — 25 (rF)(a(to), o)
>0 - 2 - 28R a(to) o)

cp 2/ no?

:n—R—naQ(_Q(lm)[Qk—i—4+a(l+a)+C

il

B
cp B 4 C
=n— — 4+ —[2k+ — 1 —
n R+1+a[ +ﬂ+a( +a)+R]
B 4 C ap
= —[2k+ = 1 - = .
[n+1+a[ +B+a( + a)]] Rita
Now we choose « such that
4+ 208k
1 _
(Ita) <=5
where we choose a such that —af < n, so have
B8 4
—[2k+ = 1 .
n+1+a[ +6+a(+aﬂ>0
Now we let
4+~v+ 28k
(31) (1+a)= 2T 7 20k

n+ af
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for some constant v > 0. Then for R = R(a, 8,7, k) large enough, we have

(= )P alto) 1) ~ 55— atan > 0

and

C 2
" fﬁ —afton — Fi(nF)(m(to),to) > 0.

This leads to a contradiction with (29). From (26) and (31), we have

(n+ap+4+v+28k)? 4 4+y+28k C

(nF)(z(1),1,0,8) < 2(4+’Y+26k)2 2k+-=—a

B n+af R]'
This implies
n+af +4+~+ 20k

2 2
wegljémqvbﬂ +a nraB f+6nf3)
2
(n+a5+4+’y+225k) [2k+é—a4+7+25k+9}.
24+ + 20k) B n+af R
When we fix on the set z € By (R), we have
9 n+af+4+~v+ 26k 9
Vaf? o S
4 26k)? 4 4 2
(n+af+d+y+28k)",, 4 A+7+260k  C,
24+~ +2pk)? 6] n+af R
on B, (R). O
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