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FOURIER SERIES OF HIGHER-ORDER EULER FUNCTIONS
AND THEIR APPLICATIONS

DAE SAN KiM AND TAEKYUN KIMm

ABSTRACT. In this paper, we give some identities for the higher-order
Euler functions arising from the Fourier series of them. In addition, we
investigate some formulae related to Bernoulli functions which are derived
from our identities.

1. Introduction
As is well known, the Euler polynomials are defined by the generating func-
tion

2 . "
+1° —;En(x)a, (see [1-20]).

(1.1)

et
When z =0, E, = E,(0) are called Euler numbers. For any real z, we define
(1.2) (x) =z —[z] €[0,1).

Note that (x) is the fractional part of z. Then E,,({z)) are functions defined
on (—o0,00) and periodic with period 1, which are called Euler functions. For
m € N, the Fourier series of E,,({x)) is given by

o0

(1.3)  En((@)= > afMel e (oM e ), (see[9, 10, 13))

n—=—oo

where

1
(1.4) al™ :/ Ep(z)e”CntDmi@ge (= /1),
0
From (1.4), we note that
(1.5)
(1)

gm) — ™M (m-1) _ Ma(m,g) L mlay,
! ((2n+ 1)7T’i)m_1

" (2n + 1)mi n (2n+ 1)772')2
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Thus, by (1.5), we get

m!

((2n + 1)mi m €N), (see [9, 10]).

(1.6) a(™ =2 G (

So, from (1.3) and (1.6), we have

e(2n+1)7‘r7.m

(1.7) Epn = 2m)/ Z see [9, 10]).

+1° (
= 27’], + >7n

By (1.7), we get

(1.8) E,, = 2m! Z ) Pk (m € NU{0}).

e — oo 2n +

Thus, from (1.8), we have

(oo}

(2m+1)!

m 1
(1.9) Eami1 = (=1)"""2- a2m2 Z (2n 4 1)2m+2’ (see [9, 10, 13]).

By (1.9), we get

(oo}

]. m E m m
(1.10) ZW:H) +1mw2 2 (see [9, 10]).
n=0 :

For r € N, the higher-order Euler polynomials are defined by the generating
function

2 T . o0 tn
—= ) et =N "ED ()= 10, 13, 14, 17, 19]).
(1.11) (et+1> e ,;) (@) (see [9, 10,13, 14, 17, 19))

When z = 0, ET(LT) = SLT)(O) are called the higher-order Euler numbers (see

[17, 19]). For any real number x, Eﬁ,?((ac)) are functions defined on (—o0, 00)
and periodic with period 1, which are called Euler functions of order r. In this
paper, we give some new identities of the higher-order Euler functions which

are derived from the Fourier series of E,(f)(<a:>) In addition, we investigate
some formulae related to Bernoulli functions.

2. Fourier series of higher-order Euler functions

From (1.11), we note that

(2.1) EN(x+1)+EW (2) =2E0"Y(x), (m>0).
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Indeed

m=0
2 r—1 2 r
2.9 — xt xt
22 2<et+1> ‘ <ef+1>
- t
— (r—=1) (r) .
= Z}O (257 V(@) - B (@) —.
For z =0 in (2.1), we have
(23 (1) = 285D (0) — EQ(0), (m > 0).
Thus, by (2.3), we get
(2.4) EG(0) = ER (1)  ER(0) = B ~1(0).

Assume that m > 1 and r > 1. Then Eﬁ,?((x)) is piecewise C'*°. In addition,
E,(,TL)(<ac>) is continuous for those (r,m) with EY (0) = Ef,:fl)(O), and discon-
tinuous with jump discontinuities at integers for those (r,m) with E,(,;)(O) #
Eg_l)(()). The Fourier series of Ef,?((x)) is

(25) Z CT(;",m)e27rin:r’

n=—oo

where

1 1
Cflr,m) — / E7(T7L") (<x>)€—2ﬂ-inzd$ — / ET(:L*) (x)e—Qﬂ-inmdx
0 0

(2.6) - mi—l [Ef’:il(x)e_%im]; + %/ Efﬂrl( Yo 2mine g
- [ - B 0] + 2 g
= L (D) - B, 0) 4 2ty
Replacing m by m — 1 in (2.6), we have
(2.7) ?C (rm) _ ctrm=1) 4 2 (E,(,Z) 0 - E};f“(o)) |

Case 1. Let n # 0. Then we have

(rm) _ M am-1) L (pe) ) _ pr-D)
o 2min Cn * Tin ( m (0) mn (0))
m (m-—1 -
— 70(7“771 2) - (7') 0) — E(T 1) 0
2min ( 2min " * min ( m=1(0) m-1 ( )>
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mm—1) Lm0y m 1 ()
_ A 2 A(rm e E
(2min)? Cn + 2 (min)? (

1
— (ED0) - B¢ 0)
+ - (ED©) - ESO0)

_mm=1) (m=2 o 1 () (r-1)
~ (2min)? ( 2min C + win (E 2(0) = B (0)>

ty (7Ti1n)2 (B0 - ESZP0) + % (B (0) - EG(0)
m(m —1)(m —2

- (2m)7£)3 )Cff’m‘g)
+ m(W;Q_ 1) (7Tiln)3 <E,(:;),2(0) - E,(T::;)(O))

s (B0 - B (0) + - (BR(0) - B V(0)

Tin
m—1

m)! i (mg-1 1 (r) (r—1)
= WC@(L )+ Z 1 (i) (Em—k+1(0) - Em—k—i—l(o)) ;
k=1

where (z), = z(x —1)---(x —=n+1) for n > 1, and (x)o = 1. Here we note
that

1 1
07(17",1) — / EY‘)(.T)e—Qﬂ'inrdm — / (.13 + E§T)) e—27rinmdx
0 0

1 1
_ / me—QTrin;de + E%T) / e—QTrina:dx
0 0

(2.9)
1 —2minz]l 1 ! —2minx
= —— [ze } + - e dx
2min 0 2minx J,
B 1
-~ 2min’

Thus, by (2.8) and (2.9), we get

rn —m! 2(m)k71 r r—1
(2.10) Crm = ———+ 3 @rin)t (Er(n)—k+1(0) - Efn_k)ﬂ(o))

=2 2((2::)2)1«1 (Efr:)—kﬂ(o) - Ef,’;:,iil(())) .

Here we used the fact that E{” 0) = tttn (11 " 17.)Ell(0) -y (0).
Case 2. Let n = 0. Then, we note that

1
r,m r 1 r
(2.11) o™ = [ EW(2)de = —— {Efn)ﬂ(:v)]
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= m+ mt 1 (Er(:znzrl( ) Er(rizrl(o))
2 r—1 T
=l (Ev(n+1)(0) - E7(n)+1(0)) :

Assume first that E( 0) = Er(,f_l)(()). Then E,(Tf)(l) = EY) (0) and m > 2.
Note that E%)(@c)) is piecewise C'*° and continuous. Hence the Fourier series
of E,(:;)(<x>) converges uniformly to Ey(,f)(@))7 and

(2.12)
Eg)(<$>) = quLl (Ef;;ll)(m Eg_)‘rl(o))
+ Z (Z 27rzn) (Eg) k+1(0) - Ef::a_&m)) p2mina
n;;go

Before proceedings further, we recall the following facts about Bernoulli func-
tions By, ({x)):

27rzn3c

(2.13) Bm((z)) = —m! Z iy (M2 2, (see (L, 18)),
and
e2rine Bi({z)) forxz¢Z
(2.14) B Z 2min. { forz €Z, (see [1,18]).
n;éO

The series in (2.13) converges uniformly, but that in (2.3) converges only point-
wise. We note that (2.12) can be rewritten as

B (@) = — (ESJ{;P@) - B,(0))
Z (B0 - B )R Y
ht Tt
= m%l (0D 0) - B, (0)
@15) 3 2L (0D ) - B L 0) Bulle))
k=2
+2(EG0(0) - E(0) x {OBIW) e

Therefore, we obtain the following theorem.
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Theorem 2.1. Let m > 2, r > 1. Assume that B (0) = Efrrl)(O),
(a) Eﬁ?((m}) has the Fourier series expansion

B () = 2 (B 0) - B (0)

m+1
+ Z (Z 27rm)7 (E,(:;) ri1(0) — Ef}: il_ﬂo))) p2mine

for all x € (—o00,00), where the convergence is uniform.
r 2 r—1
(b) ED () = = (BN 0) - BLL ()

P32 (B 0~ B 0) Bl
k=2

for all x € (—o0,00), where By ({(z)) is the Bernoulli function.

Assume next that E (0) # Eﬁi‘”(@). Then we note that E,(,f)(l) +
Efqz)(())7 and hence Eﬁ,?((m}) is piecewise C*® and discontinuous with jump dis-
continuities at integers. Thus the Fourier series of E’ ({(x)) converges pointwise
to Eﬁ?((z)) for ¢ Z, and converges to 3 (E,(,f) (0) + Eg)(l)) = ET(;_I)(O) for
x € Z. Thus, we obtain the following theorem.

Theorem 2.2. Let m > 1, r > 1. Assume that Eg)(l) # E,(f;fl)(()).
(a)

2
— (B0 - B )

+ Z <Z 27mn (Ef,:) a1 (0) — Ef;:;il(o))) 2mina

n—foo

_ E£;>(<x>) forz ¢ 7
E,(q:_l)(O) for xz € Z.
Here the convergence s pointwise.

(v) % (Efi;?(@) - B.4(0)
+Z L (B0 0) = By (0)) Bed(a)

- E,S:><<x>> fora ¢ Z,
and

B 0) - B (0)

+ 2( k) (Ef’: ’1)“(0) - Eg)karl(O)) By ({(x))

ubﬂsJr
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= EU=Y(0) forzeZ.
Here By ({(x)) is the Bernoulli function.
Remark. Note that

n

LN gy N[5 D0 .
=D SR ED DI DL+l I C)
n=0 n=0 \k=0
— ! —1)e1t2a2+--
- Z(_l)n Z lnl 2 I 3 Na goat2aat,
ne0 I aplag! - (1) 1(2) 2. ..
Let P(i,5) a1 +2as+---=14,a; +ag+ - =j. Then
oy (S Y e
- B ol a1 - (mml)am
14+e® =\ = Plrmon) ailas! am.(l_)a (m.)a
oo m xm
_ _1\m 1 _1\n T
= Z_:O( 1) Z_;)n( 1)*Sy(m, n) T (see [13, 9)),

where S3(m,n) is the stirling number of the second kind. By the definition of
Euler number, we get

1 1 2 1 — ™
—_— = — | == -1)"E,—.
1+e = 2(1+em) sz::()< ) m!
Thus, we see
E, = 22(—1)"n!52(m,n), (see [9, 13)).
n=0
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