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Abstract. We extend Bowen’s decomposition theorem to topologically
Anosov homeomorphisms on first countable, locally compact, paracom-

pact, Hausdorff spaces which are not necessarily metrizable and not nec-

essarily compact

1. Introduction

We first recall the following remarkable result in dynamical systems.

Theorem 1.1 (Spectral Decomposition, [7]). Let f : M → M be an Axiom
A diffeomorphism of a compact C∞ Riemannian manifold M . One can write
the non-wandering set Ω(f) = Ω1 ∪ Ω2 ∪ · · · ∪ Ωs, where the Ωi are pairwise
disjoint closed sets with

A. f(Ωi) = Ωi and f |Ωi
is topologically transitive;

B. Ωi = X1,i ∪X2,i ∪ · · · ∪Xni,i with Xj,i’s pairwise disjoint closed sets,
f(Xj,i) = Xj+1,i, (f(Xn+1,i) = X1,i) and fni |Xj,i topologically mixing.

In the above Theorem, part A is due to Smale [16] and part B is due to
Bowen [6]. A simple corollary of this spectral decomposition theorem is that
an Anosov diffeomorphism of a connected manifold is topologically mixing -
a connected manifold cannot be decomposed into disjoint closed sets. Using
Bowen’s decomposition theorem, Sigmund [15], was able to prove that the set
of Bernoulli measures is dense among the invariant measures.

Smale’s spectral decomposition theorem has been extended to homeomor-
phisms on compact metric spaces [3]. It states that the set of non-wandering
points of an expansive homeomorphism f with the shadowing property on a
compact metric space can be decomposed into a finite pairwise disjoint closed
and f -invariant sets such that the restriction of f to these sets is topologically
transitive. Such sets are called the basic sets. Further each basic set admits
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a decomposition into disjoint closed subsets such that the restriction of some
iterate of f to these subsets is topologically mixing [3].

Yang [18], further extended Smale’s spectral decomposition theorem to non-
compact metrizable spaces with the additional requirement that the chain re-
current set be compact. In [5], a generalization of Smale’s spectral decompo-
sition theorem is obtained for piecewise-monotonic maps wherein the decom-
position is made in terms of basic and solenoidal sets. In [1], authors use their
main result to prove that any homoclinic class of a generic diffeomorphism has
a spectral decomposition in the sense of Bowen.

It is well known that some dynamical properties of homeomorphisms on
compact metrizable spaces may not be dynamical properties on noncompact
spaces. For example a map may have expansivity or shadowing with respect
to one metric but not with respect to another metric that induces the same
topology on a noncompact metrizable space. One can refer Examples 6 and 7
of [10]. The second author and others have extended Smale’s spectral decom-
position theorem to those spaces which are not necessarily metrizable and not
necessarily compact. They have obtained the following result.

Theorem 1.2 ([10]). Let X be a first countable, locally compact, paracom-
pact, Hausdorff space and f : X → X an expansive homeomorphism with the
shadowing property. Then the non-wandering set Ω(f) can be written as a
union of disjoint closed invariant sets (called as basic sets for f) on which f is
topologically transitive. If X is compact, then this decomposition is finite.

The goal of this paper is to extend Bowen’s Theorem to first countable,
locally compact, paracompact, Hausdorff spaces (not necessarily metrizable
and not necessarily compact). This paper is organized as follows. In Section 2,
we give preliminaries required for the development of the paper. In Section 3,
giving necessary details of stable and unstable sets, we prove our main theorem.

2. Preliminaries

We shall consider throughout topological spaces which are first countable, lo-
cally compact, paracompact, Hausdorff and maps which are homeomorphisms.
Let X be a non-empty set and let 4X = {(x, x) |x ∈ X}, called as the diagonal
of X × X. For a subset M of X × X define MT = {(y, x) | (x, y) ∈ M}. Set
M is called symmetric if MT = M . The set M [x] = {y ∈ X|(x, y) ∈ M}
is called the cross section of M at x ∈ X. A set M ⊂ X × X is proper if
for any compact subset S, the set M [S] = ∪x∈SM [x] is compact. Let U be a
neighborhood of 4X . Then U ∩UT is a symmetric neighborhood of 4X . Thus
one can work with symmetric neighborhoods without loss of generality. Let
Un = {(x, y) | there exist z0 = x, z1, . . . , zn = y ∈ X such that (zi−1, zi) ∈ U
for i = 1, 2, . . . , n}. Intuitively, if U is a topological equivalent of an ε

n -ball at a
point, then Un would be a topological equivalent of an ε-ball at a point. For a
dynamical system (X, f), we denote f × f by F . The theory of uniform spaces
was introduced by A. Weil in [17].
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Definition ([11]). Let X be a non-empty set. A uniform structure on X is a
non-empty set U of subsets of X ×X satisfying the following conditions:

i. if U ∈ U , then 4X ⊂ U ,
ii. if U ∈ U and U ⊂ V ⊂ X ×X, then V ∈ U ,

iii. if U ∈ U and V ∈ U , then U ∩ V ∈ U ,
iv. if U ∈ U , then UT ∈ U ,
v. if U ∈ U , then there exists V ∈ U such that V ◦ V ⊂ U .

The elements of U are called the entourages of the uniform structure and the
pair (X,U) is called a uniform space. Every uniform space comes equipped with
uniform topology based on {D[x] | (D,x) ∈ U × X}. Note that every locally
compact Hausdorff space is Tychonoff, so has a uniform structure. Paracom-
pactness implies that the neighborhoods of the diagonal form a uniformity.
Also, local compactness and paracompactness imply that the proper neighbor-
hoods form a base for the uniformity [11]. Also, for any point x ∈ X and any
neighborhood G of x in X we can find a neighborhood U of 4X such that
U [x] ⊂ G. If f is a homeomorphism on a paracompact, locally compact space
X, then X can be decomposed into clopen f -invariant subsets each of which is
σ-compact as well as locally compact [2].

Recently metric dynamical properties like expansivity, shadowing, specifica-
tion have been extended to the non-metric setting [10], [13]. Authors in [12]
have defined and studied positively expansive and expansive measures on uni-
form spaces. The notions of Devaney chaos and entropy are also studied for
uniform spaces ([4], [8], [14]).

Let (X, d) be a metric space and f : X → X be a homeomorphism. The
map f is said to be metric expansive if there exists a constant c > 0 such that
x 6= y in X implies d(fn(x), fn(y)) > c for some integer n [3]. The constant
c is called an expansive constant for f . For δ > 0, a δ-chain is a sequence
{x0, x1, . . . , xn}(n ≥ 1) such that d(f(xi), xi+1) < δ for i = 0, 1, . . . , n − 1. A
δ-pseudo-orbit is a bi-infinite δ-chain. A sequence {xi} is said to be ε-traced by
a point x in X if d(f i(x), xi) < ε, holds for each i. The map f is said to have
the metric shadowing property if for every ε > 0, there exists a δ > 0 such that
each δ-pseudo-orbit for f is ε-traced by some point of X [3].

We work here with spaces which are not necessarily compact and not nec-
essarily metrizable. A homeomorphism f : X → X is topologically expansive if
there exists a closed neighborhood D of 4X such that for any pair of distinct
points x, y ∈ X, there exists an n ∈ Z such that Fn(x, y) 6∈ D; D is called an ex-
pansive neighborhood for f [10]. It is observed that metric expansivity implies
topological expansivity but not vice versa. Also, for compact metric spaces
both metric and topological expansivity are equivalent. If f : X → X is an
expansive homeomorphism of a first countable, locally compact, paracompact
Hausdorff space, then there is a proper expansive neighborhood [10].

Let D and E be neighborhoods of 4X . A D-chain is a sequence {x0, x1, . . .,
xn} (n ≥ 1) such that (f(xi−1), xi) ∈ D for i = 1, 2, . . . , n. A D-pseudo-orbit
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is a bi-infinite D-chain. A D-pseudo-orbit {xi} is said to be E-traced by a
point y ∈ X if (f i(y), xi) ∈ E for all i ∈ Z. A homeomorphism f : X → X
is said to have the topological shadowing property if for every neighborhood
E of 4X , there exists a neighborhood D of 4X such that every D-pseudo-
orbit is E-traced by some point y ∈ X [10]. It is observed that for general
topological spaces metric shadowing and topological shadowing are independent
concepts. However, for compact metrizable spaces topological shadowing and
metric shadowing are equivalent [10]. If f is topologically expansive and has
topological shadowing property, then f is called a topologically Anosov map.

3. Bowen’s decomposition theorem for topologically Anosov
homeomorphisms

In this section we prove Bowen’s decomposition theorem for topologically
Anosov homeomorphisms on first countable, locally compact, paracompact,
Hausdorff spaces.

Let x ∈ X and B be a neighborhood of 4X . The local stable set of x relative
to B is W s

B(x) = {y ∈ X : F i(x, y) ∈ B for all i ≥ 0} and the local unstable
set of x relative to B is Wu

B(x) = {y ∈ X : F i(x, y) ∈ B for all i ≤ 0} [10].
The stable set of x is W s(x) = {y ∈ X| for all neighborhood B of 4X , there
exists n ∈ N such that F i(x, y) ∈ B for all i ≥ n} and the unstable set of x is
Wu(x) = {y ∈ X| for all neighborhood B of 4X , there exists n ∈ N such that
F i(x, y) ∈ B for all i ≤ −n} [10]. One can observe that f(Wσ(p)) = Wσ(f(p))
for σ = u, s. Also,

W s(x) ⊂ ∪n≥0f
−n(W s

D(fn(x))), Wu(x) ⊂ ∪n≥0f
n(Wu

D(f−n(x))),

where D is a neighborhood of 4X . We now recall Lemma 19 and Proposition
20 proved in [10].

Lemma 19 ([10]). Let f be a topologically expansive self homeomorphism on a
first countable, locally compact, paracompact Hausdorff space. If B is a proper
expansive neighborhood for f and x is a periodic point, then Wσ

B(x) ⊂Wσ(x),
where σ = s, u.

Proposition 20 ([10]). Let f be a topologically expansive self homeomorphism
with topological shadowing property on a first countable, locally compact, para-
compact Hausdorff space. Then we can find neighborhoods B and D of 4X and
a continuous map t : D → X such that

(1) W s
B(x) ∩Wu

B(y) contains at most one point for any x, y ∈ X,
(2) W s

B(x) ∩Wu
B(y) = {t(x, y)} if (x, y) ∈ D,

(3) W s
B(x) ∩D[x] = {y | y = t(x, y), where (x, y) ∈ D},

(4) Wu
B(x) ∩D[x] = {y | y = t(y, x), where (x, y) ∈ D}.

Conley’s Fundamental Theorem of dynamical systems initiated the study of
chain recurrence classes [9]. Chain recurrence is one type of recurrence with
“errors” allowed along the orbit. However some of these classes gained interest
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with the advent of Smale’s spectral decomposition theorem. Let x, y ∈ X. If
there is an A-chain from x to y and a B-chain from y to x for all neighborhoods
A,B of 4X , then we write x ∼ y. The set CR(f) = {x ∈ X : x ∼ x} is called
the chain recurrent set for f . The relation ∼ induces an equivalence relation
on CR(f); the equivalence classes are called chain components of f [10].

The non-wandering set of f is Ω(f) = {x ∈ X | for any open neighborhood
G of x in X, fn(G)∩G 6= ∅ for some n > 0} [7]. Let f be a self homeomorphism
of a first countable, locally compact, paracompact, Hausdorff space then both
CR(f) and the chain component R of f are non-empty, closed and f -invariant
subsets of X. It is known that if f has the topological shadowing property,
then Ω(f) = CR(f). For a topologically Anosov map f , the set Per(f) of
periodic points of f is dense in CR(f) and chain components are both open
and closed in CR(f).

Theorem 3.1. Let X be a first countable, locally compact, paracompact, Haus-
dorff space and f : X → X be an expansive homeomorphism with the shadow-
ing property. Then there exist a subset S of a basic set R and k > 0 such
that fk(S) = S, S ∩ f j(S) = φ (0 < j < k), fk|S is topologically mixing and

R = ∪k−1
j=0f

j(S).

Proof. Let A be a proper expansive neighborhood for f . Let B be a symmetric
neighborhood of 4X such that B3 ⊂ A and let E = B ∩ F−1(B) which is also
a symmetric neighborhood of 4X . Since f has the shadowing property, there
exists a neighborhood D of 4X such that every D-pseudo orbit is E-traced by
some point of X.

By Theorem 1.2, Ω(f) can be written as a disjoint union of basic sets. Let

R be a basic set and let S = Wu(p) ∩R, where p ∈ R ∩ Per(f) is a periodic
point with period m. Then S is a closed subset of R. We now prove that S is
open in R.

Note that D[S] is an open set containing S. Let q ∈ D[S] be a periodic point
of period n. Then (p, q), (q, p) ∈ D. By Lemma 19 and Proposition 20 in [10],
Wu(p)∩W s(q) 6= φ. Let y ∈Wu(p)∩W s(q). Since p and q are periodic points,
the tracing point y is also periodic [10]. Therefore y ∈Wu(p)∩W s(q)∩R. For
k > 0, fkmn(y) ∈ fkmn(Wu(p)) = Wu(fkmn(p)) = Wu(p). Thus we have for
every k > 0,

(1) fkmn(y) ∈Wu(p) ∩R.

Let G be an open set in X containing q. Then there exists a neighborhood
U of 4X such that U [q] ⊂ G. Now y ∈ W s(q) implies that for the above
neighborhood U of 4X , there exists l ∈ N such that F i(q, y) ∈ U for all i ≥ l.
This further implies that F jmn(q, y) ∈ U for large j, i.e., for large j,

(2) (q, f jmn(y)) ∈ U.

By (1) and (2), q ∈ U [Wu(p)∩R]. Then there exists z ∈Wu(p)∩R such that
(z, q) ∈ U . Without loss of generality, we can assume that U is symmetric.
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Therefore (q, z) ∈ U and hence z ∈ U [q]. Since U [q] ⊂ G, we have z ∈ G. Thus
every neighborhood G of q has a non-empty intersection with Wu(p)∩R proving

that q ∈Wu(p) ∩R = S. This prove that D[S] ⊂ S implying S = D[S]. Hence
S is an open set.

We now show that f(S) = Wu(f(p)) ∩R. Clearly, f(Wu(p) ∩R) ⊂ f(S)

and f(S) = f(Wu(p) ∩R) ⊂ f(Wu(p) ∩R). We therefore have f(S) =

f(Wu(p) ∩R). Now, f(S) = f(Wu(p)) ∩R = Wu(f(p)) ∩R. Since p is a
periodic point of period m, we have fm(S) = S. We can find 0 < k ≤ m

such that fk(S) = S. Note that R = ∪k−1
i=0 f

i(S). For if R − ∪k−1
i=0 f

i(S) 6= φ,

then for x ∈ R−∪k−1
i=0 f

i(S), there exists an open set V containing x such that

V ⊂ R − ∪k−1
i=0 f

i(S) as R − ∪k−1
i=0 f

i(S) is an open set. For non-empty open
sets S and V , by transitivity of f|R there exists an integer a ∈ Z such that

fa(S) ∩ V 6= φ implying f i(S) ∩ V 6= φ for some 0 ≤ i ≤ k − 1 as fk(S) = S.

This contradicts the choice of V . Hence R = ∪k−1
i=0 f

i(S).

Let q ∈ S be a periodic point of period n and let H = Wu(q) ∩R. We now
prove that H = S. Let D be the neighborhood of the diagonal as defined earlier.
Then D[S] = S and Wu

D(q) = {z ∈ X |F i(q, z) ∈ D for all i ≤ 0} implies that
Wu
D(q) ⊂ S. Since q has period n, Wu(q) ⊂ ∪j≥0f

mnj(Wu
D(f−mnj(q))) =

∪j≥0f
mnj(Wu

D(q)). Now Wu
D(q) ⊂ S implies fmnj(Wu

D(q)) ⊂ fmnj(S) = S
for all j ≥ 0. This further implies that ∪j≥0f

mnj(Wu
D(q)) ⊂ S and hence

Wu(q) ⊂ S. Thus H = Wu(q) ∩R ⊂ S.

Suppose p 6∈ H. Now q ∈ S implies q ∈ Wu(p) ∩R. Therefore for every
neighborhood W of 4X , W [q] ∩ (Wu(p) ∩ R) 6= φ. Let α ∈ W [q] ∩ (Wu(p) ∩
R). Then α ∈ W [q] implies (q, α) ∈ W . Without loss of generality, we can
assume that (α, q) ∈ W and hence q ∈ W [α]. Thus W [α] ∩ H 6= φ for every
neighborhood W of4X . Since H is closed therefore α ∈ H. On the other hand,
α ∈ Wu(p) implies that for every neighborhood C of 4X , there exists l ∈ N
such that F i(p, α) ∈ C for all i ≤ −l. This further implies that F−mnlj(p, α) ∈
C for every j ≥ 0, i.e., (p, f−mnlj(α)) ∈ C for every j ≥ 0. Since p 6∈ H there
exists j ≥ 0 such that f−mnlj(α) 6∈ H implying α 6∈ fmnlj(H) = H, which is a
contradiction. Hence S = H.

Note that f i(S) ∩ f j(S) = φ, 0 ≤ i < j < k. For if f i(S) ∩ f j(S) 6= φ for
some i, j such that 0 ≤ i, j < k, then choose x ∈ f i(S) ∩ f j(S) ∩ Per(f) ∩ R.
Such an x exists as f i(S) ∩ f j(S) is an open subset of R and Per(f) is dense

in R. By the preceding argument f i(S) = Wu(f i(p)) ∩R = Wu(x) ∩R and

f j(S) = Wu(f j(p)) ∩R = Wu(x) ∩R implying f i(S) = f j(S).
We now prove that fm|S is topologically mixing. Let U and V be non-empty

open subsets of S. Then for q ∈ V ∩ Per(f), we have S = Wu(q) ∩R. Since
fm(S) = S, we have fmj(S) = S and hence U ∩Wu(fmj(q)) 6= φ for every
j ∈ Z. Suppose q is a periodic point of period n. Then for 0 ≤ j ≤ n− 1, there
exists zj ∈ U∩Wu(fmj(q)) such that f−mnt(zj) converges to fmj(q) as t→∞.
Clearly, fmj(q) ∈ fmj(V ). Fix 0 ≤ j ≤ n − 1. Then there exits Nj > 0 such
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that for every t > Nj , f
−mnt(zj) ∈ fmj(V ). Let N = max{Nj | 0 ≤ j ≤ n−1}.

Then for every t ≥ N , we have t = sn + j for some s > 0 and 0 ≤ j ≤ n − 1.
For s ≥ N , we have f−mt(zj) = f−msn−mj(zj) ∈ V . Thus fmt(U) ∩ V 6= φ,
for t ≥ nN proving that fm|S is topologically mixing. �
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