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THE FIRST EIGENVALUE OF SOME (p,q)-LAPLACIAN AND
GEOMETRIC ESTIMATES

SHAHROUD AZAMI

ABSTRACT. We study the nonlinear eigenvalue problem for some of the
(p, q)-Laplacian on compact manifolds with zero boundary condition. In
particular, we obtain some geometric estimates for the first eigenvalue.

1. Introduction

Let M be a compact domain in a complete, simply connected, Riemann-
ian manifold M of constant sectional curvature. Studying the eigenvalues of
geometric operators is an important tool for Riemannian manifolds. There
are many mathematicians who investigate properties of the spectrum of Lapla-
cian and estimate the spectrum in terms of the other geometric quantities of
M (see [4], [5], [6], [7], [9], [11], [12]). In [1], Abolarinwa obtained the clas-
sical estimates of Faber-Krahn inequality and Cheeger-type inequality for the
first eigenvalue of p-Laplacian operator. In this paper we study the princi-
pal eigenvalue of some (p, ¢)-Laplacian on Riemannian manifold and reprove
some of classical results introduced in above for the (p,¢)-Laplacian of any
p>1 qg>1.

1.1. Eigenvalues of (p, g)-Laplacian

Let (M, g) be a compact domain in a complete, simply connected, Riemann-
ian manifold M of constant sectional curvature and f : M — R be a smooth
function on M or f € WHP(M) where W1P(M) is the Sobolev space. The
p-Laplacian of f for 1 < p < oo is defined as

(1) Dy f = div([V P2V f)
= [VIP72Af + (p = 2)|V P~ (Hess [)(V [,V ]),
where f(z) # 0 for x € M, f(z) =0 on OM,
(Hessf)(X,Y) = V(VI)(X,Y) = V.(X.f) - (VyX).f, X.Y € X(M)
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and in local coordinate, we have
(Hessf)(0;,0;) = 0;0;f — T'};0c f-
When p = 2, A = A, is the natural Laplace-Beltrami operator Af =
div(grad f). In this paper, at the first, we consider the nonlinear system intro-
duced in [8], that is
Apu = —Au|®v]fv in M
(2) Agv = =Au|¥w|Pu in M
(u,v) € WhP(M) x Wha(M),
where p > 1, ¢ > 1 and «, 8 are real numbers satisfying
a+1 +1
+ pri p =

We say that X is an eigenvalue of (2), whenever for some u € Wy (M) and
v e Wyl (M),

(1) [ vl o = [ ful ol oo,

(3) a>0,8>0, 1.

(5) /M (V|7 2(Vv, Vip)dp = A/M || |v|Puspdy,

where ¢ € WIP(M), ¢ € WH4(M) and WP (M) is the closure of C5°(M)
in Sobolev space W1P(M). The pair (u,v) is called eigenfunctions. A first
positive eigenvalue A; ;4 of (2) obtained as

inf{A(u,v) : (u,v) € W P(M) x Wg'(M), B(u,v) =1},

where

1 1
A(u,v) = ot / |Vul|Pdp + Bi/ |Voulldu,
P Jm 4 Jm

B(u,v):/ lu||v|Puvdp.
M

In what follows, we use some identities arising from the co-area formula ([3],
[10]). Suppose that M(t) ={zx € M : f(z) >t} and N(t) ={z € M : f(z) =
t}, where ¢t is a regular value of |f|. We denote by dN(t) the Riemannaian
measure of the set N(t). For any 0 < f € C§°(M) and 1 < p < oo, we have

— = -1
[ [ st

> 1
Vol(M(t)) = /M(t) dy = /0 ( /N O
Vol(OM (£)) = / IV fldp = /O AN (t)dt.

N(1)

and
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Theorem 1.1. Let M be a domain in a complete, simply connected Riemann-
ian manifold M of constant sectional curvature. Let B, (x) be a geodesic ball
of radius m, centred x € M in M, such that Vol(M) = Vol(B,(x)). Then the
following estimate holds for (2),

AMpg(M) Z A1 p.q(By(2)).

The equality holds if and only if M = By (x).

Proof. Let v > 0, u > 0 be the pair of eigenfunctions associated with A ,, 4(M).
Using a symmetrization procedure, we define a radially decreasing function
u*: By, - RT. Let My = {z € M : uw(z) >t}, Ny ={zx € M : u(z) =t}
and N} = {z € B, : u*(x) = t} such that Vol(M;) = Vol(B,,) for each t. Let
dN; and dN; are the (n — 1)-dimensional volume elements of sets N; and N
respectively. By Holder inequality we have

(S ane)"

(J, \Vu|—1dNt)p71

(6) / |VuP~1dN, >
Ny

Since Vol(M;) = Vol(B,) and by

d d 1
—Vol(M,;) = N, 1 — —dNr”
I vol(a,) /N e Vol(B,) = /N: NG

1 b 1 *
(/N T = (/ - T

for any real number k. Now, by the co-area formula for gradient

p
- o (Jy,dN)
/ \VulPdp = / </ |Vu|p_1dNt) dt > / ' S dt
" o \Un, O (fy, IVul1dN,)

o0 (fN* dNt*>p o0
z/ : 71dt:/ / |Vu* P~ N} | dt
P .
0 (fN; Vu*|—1dNt*) 0 ;
:/ [Vu* [Pdpu.
B

n

Similarly, [, |Vo|%du > fB |Vv*|%du, where v* defined as u*. Therefore

we get

1
)\1,pq == a+ / |V |pd + / |V |qdﬂ
1
>ﬂ Vu |pd,u—|-ﬂ+ / IVo*|9dy
p  JB, q B,

= Al,p,q(Bn)
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If M = B,(z) is the geodesic ball of radius 7 in M, then equality is hold
and conversely if the equality is hold, then [, |VulPdu = [, |Vu*[Pdu which

implies that M = B, (x). O
We denote the Cheeger’s isoperimetric constant by
., Vol(OM,)
M = f TRV Mc Ma
CM) =t o) MecC

where the infimum is taken all over manifold M, with compact closure in M
and OM, is assumed to be smooth.

Theorem 1.2. Let M be a compact manifold with smooth boundary mn a com-
plete Riemannain manifold. Then for the first eigenvalue of we have

a+1 C +1 C
M) = 2D [ a4 22 / ol

where (u,v) be the pair of posztwe ezgenfunctzons correspondmg to A1 pq(M).

Proof. Let (u,v) be the pair of eigenfunctions corresponding to A , (M) where
u >0, v > 0. By applying co-area formula for ¢ € C5°(M) we have

[ welau=[ ([ N

- & Vol(aMt)
= . 7V01(Mt) VOI(Mt)dt

> inf (%) /_O; Vol (M, )dt

N iI*}f (%) M pdu = C(AM) /M e

Suppose ¢ = uP, by using the Holder inequality

() [ Jupde< [ Furlau=p [ uld
M M M
</ Iupdu> " ([ wara)’
M M

[ v = (<22 / [ulPds.
Hence

a+1 CM),, ) B+1,C(M) iy
M) = S D [ g+ E Sy [ o

by this we get

O
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Another class of (p, ¢)-Laplacian is defined as follows
(7) Aput+Agu=div ((|VulP~> + [Vu|?*)Vu) , ue W =Wwy*(M)NW, (M),

where 1 < ¢ < p < oo and introduced in [2]. We say that A € R is an eigenvalue
of (7) if there exists u € W, u # 0 such that

(8) —Apu— Agu = NulP~%u

or equivalently
(9) / |Vu|p72Vu.Vvdu+/ |Vu|q72Vu.Vvdu:)\/ |u|P~2uvdp
M M M

for any v € WHP(M)NW14(M). The first positive eigenvalue A1 , 4(M) of (7)
is obtained as

(10) M p.g(M) = inf {/ [VulPdu —l—/ [Vu|Tdp : / lulPdp = 1} .
M M M

Similar to the proof of Theorem 1.1 we have:

Corollary 1.3. Let M be a domain in a complete, simply connected Riemann-
ian manifold M of constant sectional curvature and B, (x) be a geodesic ball of
radius m in M such that Vol(M) = Vol(By(x)). Then the following estimate
holds for (10),

AMp,g(M) Z A1 p.q(By(2)).
The equality holds if and only if M = B,(x).
Theorem 1.4. Let M be a compact manifold with smooth boundary in a com-
plete Riemannain manifold. Then for (10) we have
C(M C(M
( ))p y ( ))q’
p q
where (u,v) be the pair of positive eigenfunctions corresponding to A1 pq(M) .

(11) A1p.qg(M) = (

Proof. Let u > 0 be the eigenfunctions corresponding to A1 p 4(M). From the
proof of Theorem 1.2 we have

[ vurdnz /de Ly,
/|Vu|qdu> /| ))

These complete the proof. (I

and

Theorem 1.5. Let M be an n dimensional complete simply connected Rie-
mannian manifold of negative constant sectional curvature —k. Let M be a
domain in M. Then the follow inequality holds for (10)

Atp.a(M) = ( )
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Proof. Let By(x) be a geodesic ball of radius n in M where z € M and
Vol(M) = Vol(B,(x)). For y ¢ B,(x) we define p(y) = d(z,y). p(y) is dif-
ferentiable with ||Vp|| = 1, because of M is simply connected with negative
sectional curvature. By the Laplacian comparison theorem Ap > (n — 1)yv/—k.
If v is the outer unit normal along the boundary of B, (x), then (Vp,v) < 1.
Therefore

Vol(0B,(x)) = dA
B,

> / (Vp,v)dA = / Apdp
dB, B,

> (0= DVE [ A= (n - )VERVO(B,),
B7]

which implies that

(n— 1)WV=F < C(By(z)) = W

thus (11) results that

(n— 1)\/—716)1)_’_(

AM,p,g(By(z)) = ( p p

Now, by Corollary 1.3, we get

(1]
2]
3]

(4]

[5]

[6]

7]
(8]

[9]

Mpat) 2 (P Ep y (Z DV, .

References

A. Abolarinwa, The first eigenvalue of p-Laplacian and gometric estimates, Nonl. Anal-
ysis and Differential Equations 2 (2014), no. 3, 105-115.

N. Benouhiba and Z. Belyacine, A class of eigenvalue problems for the (p,q)-Laplacian
in RN, Int. J. Pure Appl. Math. 80 (2012), no. 5, 727-737.

I. Chavel, Eigenvalues in Riemannian geometry, Pure and Applied Mathematics, 115,
Academic Press, Inc., Orlando, FL, 1984.

S. Y. Cheng, FEigenfunctions and eigenvalues of Laplacian, in Differential geometry
(Proc. Sympos. Pure Math., Vol. XXVII, Stanford Univ., Stanford, Calif., 1973), Part
2, 185-193, Amer. Math. Soc., Providence, RI.

Q.-M. Cheng and H. Yang, Estimates on etgenvalues of Laplacian, Math. Ann. 331
(2005), no. 2, 445-460.

E. M. Harrell, IT and P. L. Michel, Commutator bounds for eigenvalues, with applications
to spectral geometry, Comm. Partial Differential Equations 19 (1994), no. 11-12, 2037—
2055.

S. Kawai and N. Nakauchi, The first eigenvalue of the p-Laplacian on a compact Rie-
mannian manifold, Nonlinear Anal. 55 (2003), no. 1-2, 33-46.

A. El Khalil, S. El Manouni, and M. Ouanan, Simplicity and stability of the first eigen-
value of a nonlinear elliptic system, Int. J. Math. Math. Sci. 2005, no. 10, 1555-1563.
P. F. Leung, On the consecutive eigenvalues of the Laplacian of a compact minimal
submanifold in a sphere, J. Austral. Math. Soc. Ser. A 50 (1991), no. 3, 409-416.



THE FIRST EIGENVALUE OF SOME (p, q)-LAPLACIAN 323

[10] P. Li, Geometric analysis, Cambridge Studies in Advanced Mathematics, 134, Cam-
bridge University Press, Cambridge, 2012.

[11] A.-M. Matei, First eigenvalue for the p-Laplace operator, Nonlinear Anal. 39 (2000),
no. 8, Ser. A: Theory Methods, 1051-1068.

[12] H. Takeuchi, On the first eigenvalue of the p-Laplacian in a Riemannian manifold,
Tokyo J. Math. 21 (1998), no. 1, 135-140.

SHAHROUD AZAMI

DEPARTMENT OF MATHEMATICS

FACULTY OF SCIENCES

IMAM KHOMEINI INTERNATIONAL UNIVERSITY
QAZVIN, TRAN

Email address: azami@sci.ikiu.ac.ir



