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HARMONIC AND BIHARMONIC MAPS ON DOUBLY

TWISTED PRODUCT MANIFOLDS

Abdelhamid Boulal, Mustapha Djaa, and Seddik Ouakkas

Abstract. In this paper we investigate the geometry of doubly twisted

product manifolds and we study the harmonicity and biharmonicity of
maps between doubly twisted product Riemannian manifold. Also we

characterize the conformal biharmonic maps and construct some new
proper biharmonic maps.

1. Introduction

Let φ : (Mm, g) → (Nn, h) be a smooth map between two Riemannian
manifolds. The energy functional of φ is defined by

E(φ) =
1

2

∫
K

|dφ|2dvg,(1.1)

where K is a compact subset of M .

Definition 1. φ is called harmonic if it is a critical point of the energy func-
tional E(K) for all compact subsets K ⊂M .

The Euler-Lagrange equation associated to (1.1) is given by the vanishing
of the tension field

(1.2) τ(φ) = Trg∇dφ = 0.

For more detail see [1], [5], [6] and [8].

Definition 2. A map φ : (M, g) → (N,h) between Riemannian manifolds is
called biharmonic if it is a critical point of the bienergy functional:

(1.3) E2(φ) =
1

2

∫
K

|τ(φ)|2vg

for all compact subset K ⊂M .
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The Euler-Lagrange equation associated to (1.3) is given by the vanishing
of the bitension field

(1.4) τ2(φ) = −Jφ(τ(φ)) = −
(
∆φτ(φ) + tracegR

N (τ(φ), dφ)dφ
)
,

where RN is the curvature tensor field on N and Jφ is the Jacobi operator
defined by

Jϕ : Γ(φ−1(TN)) → Γ(φ−1(TN))(1.5)

V 7→ ∆φV + tracegR
N (V, dφ)dφ.

One can refer to [2], [3], [4], [7] and [8] for background on biharmonic maps.

2. Some results on doubly twisted product manifolds

In this section, we give the definition and some geometric properties of dou-
bly twisted product manifolds.

Definition 3. Let (Mm, g) and (Nn, h) be two Riemannian manifolds, and
f1, f2 : M × N → R be smooth positive functions. The twisted metric on
M ×f1,f2 N is defined by

(2.1) G = (f1)2π∗g + (f2)2η∗h,

where π : (x, y) ∈ M ×N → x ∈ M and η : (x, y) ∈ M ×N → y ∈ N are the
canonical projections. For all X,Y ∈ T (M ×N), we have

G(X,Y ) = f21 g(dπ(X), dπ(Y ) + f22h(dη(X), dη(Y )).

Theorem 1. Let (Mm, g) and (Nn, h) be two Riemannian manifolds. If ∇
denote the Levi-Civita connection on (M ×f1f2 N,G), then for all X1, Y1 ∈
H(M) and X2, Y2 ∈ H(N) we have:

∇XY = ∇XY +X(ln f1)(Y1, 0) +X(ln f2)(0, Y2)

+ Y (ln f1)(X1, 0) + Y (ln f2)(0, X2)

− 1

2
g(X1, Y1)(

1

f21
gradMf

2
1 ,

1

f22
gradNf

2
1 )

− 1

2
h(X2, Y2)(

1

f21
gradMf

2
2 ,

1

f22
gradNf

2
2 ),

where X = (X1, X2), Y = (Y1, Y2) and ∇XY = (∇MX1
Y 1,∇NX2

Y 2).

Proof follows from the Kozul formula and the following lemma:

Lemma 1. Let X1, Y1, Z1 ∈ H(M) and X2, Y2, Z2 ∈ H(N). Then

X(f21 ) · g(Y1, Z1) = 2X(ln f1)G((Y1, 0), Z),

X(f22 ) · h(Y2, Z2) = 2X(ln f2)G((0, Y2), Z),

Y (f21 ) · g(X1, Z1) = 2Y (ln f1)G((X1, 0), Z),

Y (f22 ) · h(X2, Z2) = 2Y (ln f2)G((0, X2), Z),



HARMONIC AND BIHARMONIC MAPS 275

Z(f21 ) · g(X1, Y1) = g(X1, Y1)G((
1

f21
gradMf

2
1 ,

1

f22
gradNf

2
1 ), Z),

Z(f22 ) · h(X2, Y2) = h(X2, Y2)G((
1

f21
gradMf

2
2 ,

1

f22
gradNf

2
2 ), Z),

where X = (X1, X2), Y = (Y1, Y2) and Z = (Z1, Z2).

From Theorem 1, we obtain:

Corollary 1. For all X1, Y1 ∈ H(M) and X2, Y2 ∈ H(N), we have

∇(X1,0)(Y1, 0) = (∇MX1
Y1, 0) +X1(ln f1)(Y1, 0) + Y1(ln f1)(X2, 0)

− 1

2
g(X1, Y1)(

1

f21
gradMf

2
1 ,

1

f22
gradNf

2
1 ),

∇(X1,0)(0, Y2) = X1(ln f2)(0, Y2) + Y2(ln f1)(X1, 0),

∇(0,X2)(Y1, 0) = Y1(ln f2)(0, X2) +X2(ln f1)(Y1, 0),

∇(0,X2)(0, Y2) = (0,∇NX2
Y2) +X2(ln f2)(0, Y2) + Y2(ln f2)(0, X2)

− 1

2
h(X2, Y2)(

1

f21
gradMf

2
2 ,

1

f22
gradNf

2
2 ).

Theorem 2. Let (Mm, g) and (Nn, h) be two Riemannian manifolds. If ∇
denote the Levi-Civita connection on (M ×f1f2 N,G) and R̂ is the curvature

tensor associate to ∇, then for all X1, Y1, Z1 ∈ H(M) and X2, Y2, Z2 ∈ H(N)
we have

R̂((X1, 0), (Y1, 0))(Z1, 0)

= (RM (X1, Y1)Z1, 0)− g(Y1, Z1)(∇MX1
gradM ln f1, 0)

+ g(X1, Z1)(∇MY1
gradM ln f1, 0)

− g(∇MY1
gradM ln f1 − Y1(ln f1)gradM ln f1, Z1)(X1, 0)

+ g(∇MX1
gradM ln f1 −X1(ln f1)gradM ln f1, Z1)(Y1, 0)

− |gradM ln f1|2
(
g(Y1, Z1)(X1, 0)− g(X1, Z1)(Y1, 0)

)
+ (

f1
f2

)2|gradN ln f1|2
(
g(Y1, Z1)(X1, 0)− g(X1, Z1)(Y1, 0)

)
+ g(X1(ln f1)Y1 − Y1(ln f1)X1, Z1)(gradM ln f1, 0)

+ (
f1
f2

)2g
(
X1(ln(f21 .f2))− Y1(ln(f21 .f2)), Z1

)
(0, gradN ln f1),

R̂((X1, 0), (Y1, 0))(0, Z2)

= X1(Z2(ln f1))(Y1, 0)− Y1(Z2(ln f1))(X1, 0)

+ h(Z2, gradN ln f1)
(
Y1(ln f2)X1 −X1(ln f2)Y1, 0

)
,

R̂((X1, 0), (0, Y2))(Z1, 0)
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= g
(
∇MX1

gradM ln f2 +X1(ln
f2
f1

)gradM ln f2 −X1(ln f2)gradM ln f1

+
(
gradM ln f1(ln f2) + (

f1
f2

)2gradN ln f1(ln f2)
)
X1, Z1

)
(0, Y2)

+
[
Z1(ln f2)Y2(ln f1)− Y2(Z1(ln f1))

]
(X1, 0)

− g(Y2(ln f1)X1, Z1)(gradM ln f2, 0)

+ (
f1
f2

)2g(X1, Z1)
(

0,∇NY2
gradN ln f1 + Y2(ln

f1
f2

)gradN ln f1

− Y2(ln f1)gradN ln f2

)
,

R̂((X1, 0), (0, Y2))(0, Z2)

= − h
(
∇NY2

gradN ln f1 + Y2(ln
f1
f2

)gradN ln f1 − Y2(ln f1)gradN ln f2

+
(
gradN ln f2(ln f1) + (

f2
f1

)2gradM ln f2(ln f1)
)
Y2, Z2

)
(X1, 0)

+
[
X1(Z2(ln f2))− Z2(ln f1)X1(ln f2)

]
(0, Y2)

+ h(X1(ln f2)Y2, Z2)(0, gradN ln f1)

− (
f2
f1

)2h(Y2, Z2)
(
∇MX1

gradM ln f2 +X1(ln
f2
f1

)gradM ln f2

−X1(ln f2)gradM ln f1, 0
)
,

R̂((0, X2), (0, Y2))(0, Z2)

= (0, RN (X2, Y2)Z2)− h(Y2, Z2)(0,∇NX2
gradN ln f2)

+ h(X2, Z2)(0,∇NY2
gradN ln f2)

− h(∇NY2
gradN ln f2 − Y2(ln f2)gradN ln f2, Z2)(0, X2)

+ h(∇NX2
gradN ln f2 −X2(ln f2)gradN ln f2, Z2)(0, Y2)

−
(
|gradN ln f2|2 − (

f2
f1

)2|gradM ln f2|2
)
h(Y2, Z2)(0, X2)

+
(
|gradN ln f2|2 − (

f2
f1

)2|gradM ln f2|2
)
h(X2, Z2)(0, Y2)

+ h(X2(ln f2)Y2 − Y2(ln f2)X2, Z2)(0, gradN ln f2)

+ (
f2
f1

)2g
(
X2(ln(f22 .f1))− Y2(ln(f22 · f1)), Z2

)
(gradM ln f2, 0),

R̂((0, X2), (0, Y2))(Z1, 0)

= X2(Z1(ln f2))(0, Y2)− Y2(Z1(ln f2))(0, X2)

+ g(Z1, gradM ln f2)
(

0, Y2(ln f1)X2 −X2(ln f1)Y2

)
,
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R̂((0, X2), (Y1, 0))(Z1, 0)

= − g
(
∇MY1

gradM ln f2 + Y1(ln
f2
f1

)gradM ln f2 − Y1(ln f2)gradM ln f1

+
(
gradM ln f1(ln f2) + (

f1
f2

)2gradN ln f1(ln f2)
)
Y1, Z1

)
(0, X2)

−
[
Z1(ln f2)X2(ln f1)−X2(Z1(ln f1))

]
(Y1, 0)

+ g(X2(ln f1)Y1, Z1)(gradM ln f2, 0)

− (
f1
f2

)2g(Y1, Z1)
(

0,∇NX2
gradN ln f1 +X2(ln

f1
f2

)gradN ln f1

−X2(ln f1)gradN ln f2

)
,

R̂((0, X2), (Y1, 0))(0, Z2)

= h
(
∇NX2

gradN ln f1 +X2(ln
f1
f2

)gradN ln f1 −X2(ln f1)gradN ln f2

+
(
gradN ln f2(ln f1) + (

f2
f1

)2gradM ln f2(ln f1)
)
X2, Z2

)
(Y1, 0)

−
[
Y1(Z2(ln f2))− Z2(ln f1)Y1(ln f2)

]
(0, X2)

− h(Y1(ln f2)X2, Z2)(0, gradN ln f1)

+ (
f2
f1

)2h(X2, Z2)
(
∇MY1

gradM ln f2 + Y1(ln
f2
f1

)gradM ln f2

− Y1(ln f2)gradM ln f1, 0
)
.

3. Harmonic maps on doubly twisted product manifolds

Let (Mm, g), (Nn, h) and (P p, k) be Riemannian manifolds of dimensions
m,n and p respectively. Let f1, f2 : M ×N → R be smooth positive functions,
and (M ×f1f2 N,G) be the doubly twisted product manifold.

3.1. Harmonicity of φ : (P, k) −→ (M ×f1f2 N,G)

Theorem 3. If ϕ : P →M and ψ : P → N are regular maps, then the tension
field of

φ : (P p, `) −→ (M ×f1f2 N,G)

x 7−→ (ϕ(x), ψ(x))

is given by the following relation:

τ(φ) =
(
τ(ϕ), τ(ψ)

)
+ 2
(
dϕ(gradP (ln f1 ◦ φ)), dψ(gradP (ln f2 ◦ φ))

)
− e(ϕ)

( 1

f21
gradMf

2
1 ,

1

f22
gradNf

2
1

)
◦ φ(3.1)
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− e(ψ)
( 1

f21
gradMf

2
2 ,

1

f22
gradNf

2
2

)
◦ φ.

Proof. Choose a local orthonormal frame (ei)i with respect to ` on M . Then
by definition of tension field, we have

τ(φ) = trk∇dφ
= ∇eidφ(ei)− dφ(∇Peiei)

= ∇̂(dϕ(ei),dψ(ei))(dϕ(ei), dψ(ei))−
(
dϕ(∇Peiei), dψ(∇Peiei)

)
= ∇(dϕ(ei),dψ(ei))(dϕ(ei), dψ(ei)) + 2(dϕ(ei), dψ(ei))(ln f1)(dϕ(ei), 0)

+ 2(dϕ(ei), dψ(ei))(ln f2)(0, dψ(ei))

− e(ϕ)
( 1

f21
gradMf

2
1 ,

1

f22
gradNf

2
1

)
◦ φ

− e(ψ)
( 1

f21
gradMf

2
2 ,

1

f22
gradNf

2
2

)
◦ φ−

(
dϕ(∇Peiei), dψ(∇Peiei)

)
=
(
τ(ϕ), τ(ψ)

)
+ 2
(
dϕ(gradP (ln f1 ◦ φ)), dψ(gradP (ln f2 ◦ φ))

)
− e(ϕ)

( 1

f21
gradMf

2
1 ,

1

f22
gradNf

2
1

)
◦ φ

− e(ψ)
( 1

f21
gradMf

2
2 ,

1

f22
gradNf

2
2

)
◦ φ.

�

From Theorem 3, we deduce:

Corollary 2. The tension field of

φ1 : (M, g) −→ (M ×f1f2 N,G)

x 7−→ (ϕ(x), y0)

is given by

τ(φ1) = (τ(ϕ), 0) + 2(dϕ(gradM (ln f1 ◦ φ)), 0)

− e(ϕ)(
1

f21
gradMf

2
1 ,

1

f22
gradNf

2
1 ) ◦ φ.

Corollary 3. The tension field of

φ2 : (N,h) −→ (M ×f1f2 N,G)

y 7−→ (x0, ψ(y))

is given by

τ(φ2) = (0, τ(ψ)) + 2(0, dψ(gradN (ln f2 ◦ φ)))

− e(ψ)(
1

f21
gradMf

2
2 ,

1

f22
gradNf

2
2 ) ◦ φ.
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Corollary 4. If ϕ = IdM and ψ = IdN , then

τ(φ1) = (2−m)(gradM ln f1, 0)− m

2f22
(0, gradNf

2
1 ),

τ(φ2) = (2− n)(0, gradN ln f2)− n

2f21
(gradMf

2
2 , 0).

From definition of conformal map and Theorem 3, we obtain:

Theorem 4. Let ϕ : M →M be a conformal map with dilatation λ. Then the
tension field of

φ : (M, g) −→ (M ×f1f2 M,G)

x 7−→ (ϕ(x), ϕ(x))

is given by

τ(φ) = (2−m)
(
dϕ(grad lnλ), dϕ(grad lnλ)

)
+ 2(dϕ(grad ln f1 ◦ φ), dϕ(grad ln f2 ◦ φ))

− m

2
λ2
( 1

f21
(gradf21 + gradf22 ),

1

f22
(gradf21 + gradf22 )

)
◦ φ.

3.2. Harmonicity of φ : (M ×f1f2 N,G) −→ (P, k)

Let φ : (x, y) ∈ (M ×f1f2 N,G) −→ φ(x, y) ∈ (P, k) be a smooth map. If we
denote by

φN = φxN : (N,h) −→ (P, k)

y 7−→ φxN (y) = φ(x, y)

and

φM = φyM : (M, g) −→ (P, k)

x 7−→ φyM (x) = φ(x, y),

then for all X ∈ H(M), Y ∈ H(N) and (x, y) ∈M ×N , we have:{
d(x,y)φ(X, 0) = dxφ

y
M (X) = dxφM (X),

d(x,y)φ(0, Y ) = dyφ
x
N (Y ) = dyφN (Y ).

Theorem 5. The tension field of φ : (M ×f1f2 N,G) −→ (P, k) is given by:

τ(φ) =
1

f21

(
τ(φM ) + (m− 2)dφM (gradM ln f1) + ndφM (gradM ln f2)

)
+

1

f22

(
τ(φN ) + (n− 2)dφN (gradN ln f2) +mdφN (gradN ln f1)

)
.(3.2)

Proof. Any local orthonormal frame {Ei, i = 1,m} and {Fj , j = 1, n} on
(Mm, g) and (Nn, h) respectively, induces a local orthonormal frame on the
doubly twisted product manifold (M ×f1f2 N,G) by

{Ui = (Ei, 0), Um+j = (0,
1

f
Fj) : i = 1,m, j = 1, n}.
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Using formula of tension field, we have:

τ(φ) = trG∇P dφ

=

m+n∑
k=1

∇P dφ(Uk, Uk)

= +

m∑
i=1

{ 1

f1
∇Pdφ(Ei,0)

1

f1
dφ(Ei, 0)− dφ(

1

f1
∇̂(Ei,0)

1

f1
(Ei, 0))

}
+

n∑
j=1

{ 1

f2
∇Pdφ(0,Fj)

1

f2
dφ(0, Fj)− dφ(

1

f2
∇̂(0,Fj)

1

f2
(0, Fj))

}
,

τ(φ) =

m∑
i=1

1

f1

{
Ei(

1

f1
)dφ(Ei, 0) +

1

f1
∇(Ei,0)dφ(Ei, 0)− dφ(Ei(

1

f1
)(Ei, 0)

+
1

f1
((∇MEi

Ei, 0) + 2Ei(ln f1)(Ei, 0)

+
m

2
(

1

f21
gradMf

2
1 ,

1

f22
gradNf

2
1 ))))

}
+

n∑
j=1

1

f2

{
Fj(

1

f2
)dφ(0, Fj) +

1

f2
∇(0,Fi)dφ(0, Fj)− dφ(Fj(

1

f2
)(0, Fj)

+
1

f2
((0,∇NFj

Fj) + 2Fj(ln f2)(0, Fj)

+
n

2
(

1

f21
gradMf

2
2 ,

1

f22
gradNf

2
2 ))))

}
,

τ(φ) =
1

f21

{
− dφM (gradM ln f1) +∇dφM (Ei)dφM (Ei)− dφM (∇MEi

Ei)

− (1−m)dφM (gradM ln f1) +
m

2f22
dφN (gradNf

2
1 )
}

+
1

f22

{
− dφN (gradN ln f2) +∇dφN (Fj)dφN (Fj)− dφN (∇NFj

Fj)

− (1− n)dφN (gradN ln f2) +
n

2f21
dφM (gradMf

2
2 )
}

hence

τ(φ) =
1

f21

(
τ(φM ) + (m− 2)dφM (gradM ln f1) + ndφM (gradM ln f2)

)
+

1

f22

(
τ(φN ) + (n− 2)dφN (gradN ln f2) + +mdφN (gradN ln f1)

)
.(3.3)

�
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3.3. Harmonicity of φ : (M ×f1f2 N,G) −→ (P ×α1,α2 B,G
′)

Let (Mm, g), (Nn, h), (P p, `) and (Qq, ρ) be Riemannian manifolds of dimen-
sions m,n, p and q respectively, f1, f2 : M ×N → R (resp α1, α2 : P ×Q→ R)
be smooth positive functions, and (M ×f1f2 N,G = Gf1f2) (resp (P ×αQ,G′ =
Gα1,α2)) be the doubly twisted product manifold of (Mm, g) and (Nn, h) (re-
spectively (P p, `) and (Qq, ρ)).

Theorem 6. Let ϕ : (M, g) −→ (P, `) and ψ : (N,h) −→ (Q, ρ) be smooth
maps. The tension field of

φ : (M ×f1f2 N,G) −→ (P ×α1,α2
Q,G′)

(x, y) 7−→ (ϕ(x), ψ(y))

is given by:

τ(φ) =
1

f21

[
(τ(ϕ), 0) + (m− 2)(dϕ(gradM ln f1), 0) + n(dϕ(gradM ln f2), 0)

+ 2(dϕ(gradM (lnα1 ◦ φ)), 0)− e(ϕ)(
1

α2
1

gradPα
2
1,

1

α2
2

gradQα
2
1)
]

+
1

f22

[
(0, τ(ψ)) + (n− 2)(0, dψ(gradN ln f2)) +m(0, dψ(gradN ln f1))

+ 2(0, dψ(gradN (lnα2 ◦ φ)))− e(ψ)(
1

α2
1

gradPα
2
2,

1

α2
2

gradQα
2
2)
]
.(3.4)

Proof. Let (Ei)i (resp(Fj)j) be an orthonormal frame on (M, g) (resp(N,h)).

If ∇ (resp∇̃) denote the Levi-Civita connection on the doubly twisted product
manifolds (M ×f N,Gf ) and (P ×α Q,Gα) respectively, then we have

τ(φ) = trG∇̃dφ

=
1

f1
∇̃(dϕ(Ei,0)

1

f1
(dϕ(Ei, 0)− dφ(

1

f1
∇(Ei,0)

1

f1
(Ei, 0))

+
1

f2
∇̃(0,dψ(Fi)

1

f2
(0, dψ(Fi)− dφ(

1

f2
∇(0,Fi)

1

f2
(0, Fi))

=
1

f21

[
− (dϕ(gradM ln f1), 0) + (∇Pdϕ(Ei)

dϕ(Ei), 0)

+ 2(dϕ(gradM (lnα1 ◦ ϕ)), 0)− (dϕ(∇MEi
Ei), 0)

− (1−m)(dϕ(gradM ln f1), 0)− e(ϕ)(
1

α2
1

gradPα
2
1,

1

α2
2

gradQα
2
1)
]

+
m

f22
(0, dψ(gradN ln f1)) +

1

f22

[
− (0, dψ(gradM ln f2))

+ (0,∇Bdψ(Fi)
dψ(Fi)) + 2(0, dψ(gradN (lnα2 ◦ ψ)))

− (0, dψ(∇NFi
Fi))− (1− n)(0, dψ(gradN ln f2))
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− e(ψ)(
1

α2
1

gradPα
2
2,

1

α2
2

gradQα
2
2)
]

+
n

f21
(dϕ(gradM ln f2), 0)

=
1

f21

[
(τ(ϕ), 0) + (m− 2)(dϕ(gradM ln f1), 0) + n(dϕ(gradM ln f2), 0)

+ 2(dϕ(gradM (lnα1 ◦ ϕ)), 0)− e(ϕ)(
1

α2
1

gradPα
2
1,

1

α2
2

gradQα
2
1)
]

+
1

f22

[
(0, τ(ψ)) + (n− 2)(0, dψ(gradN ln f2)) +m(0, dψ(gradM ln f1))

+ 2(0, dψ(gradN (lnα2 ◦ ψ)))− e(ψ)(
1

α2
1

gradPα
2
2,

1

α2
2

gradQα
2
2)
]
.

�

From Theorem 6, follows:

Corollary 5. The tension field of

φ = IdM×N : (M ×f1f2 N,G) −→ (M ×α1α2
N,G′)

(x, y) 7−→ (x, y)

is given by

τ(φ) =
1

f21

(
gradM ln(fn2 (

f1
α1

)m−2)− n

2(f2α1)2
gradMα

2
2, 0
)

1

f22

(
0, gradN ln(fm1 (

f2
α2

)n−2)− m

2(f1α2)2
gradNα

2
1

)
.

Corollary 6. If ϕ : M → M and ψ : N → N are harmonic maps, then the
tension fields of

φ1 : (M ×f1f2 N,G) −→ (M ×N, g ⊕ h)

(x, y) 7−→ (ϕ(x), ψ(y))

and

φ2 : (M ×N, g ⊕ h) −→ (M ×α1α2
N,G′)

(x, y) 7−→ (ϕ(x), ψ(y))

are given by the following formulas:

τ(φ1) =
1

f21

[
(m− 2)(dϕ(gradM ln f1), 0) + n(dϕ(gradM ln f2), 0)

]
+

1

f22

[
(n− 2)(0, dψ(gradN ln f2)) +m(0, dψ(gradM ln f1))

]
,

τ(φ2) =
[
2(dϕ(gradM (lnα1 ◦ φ1)), 0)− e(ϕ)(

1

α2
1

gradPα
2
1,

1

α2
2

gradQα
2
1)
]

+
[
2(0, dψ(gradN (lnα2 ◦ φ2)))− e(ψ)(

1

α2
1

gradPα
2
2,

1

α2
2

gradQα
2
2)
]
.
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Corollary 7. The tension fields of

Id1 : (M ×f1f2 N,G) −→ (M ×N, g ⊕ h)

(x, y) 7−→ (x, y)

and

Id2 : (M ×N, g ⊕ h) −→ (M ×α1α2 N,G
′)

(x, y) 7−→ (x, y)

are given by the following formulas:

τ(Id1) =
1

f21

[
(m− 2)(gradM ln f1, 0) + n(gradM ln f2, 0)

]
+

1

f22

[
(n− 2)(0, gradN ln f2) +m(0, gradN ln f1)

]
,

τ(Id2) =
[ 1

α2
1

(gradM (α2
1), 0)− m

2
(

1

α2
1

gradMα
2
1,

1

α2
2

gradNα
2
1)
]

+
[ 1

α2
2

(0, gradN (α2
2))− n

2
(

1

α2
1

gradMα
2
2,

1

α2
2

gradNα
2
2)
]
.

Therefore,

(1) Id1 is harmonic if and only if

f
(m−2)
1 fn2 = C1(y) and fm1 f

(n−2)
2 = C2(x),

where C2 ∈ C∞(M) and C1 ∈ C∞(N).
(2) Id2 is harmonic if and only if

(2−m)α2
1 = nα2

2 + C1(y) and (2− n)α2
2 = mα2

1 + C2(x),

where C2 ∈ C∞(M) and C1 ∈ C∞(N).

Theorem 7. Let ϕ : (Mm, g)→ (Pm, `) and ψ : (Nn, h)→ (Qn, ρ) be confor-
mal maps with dilation λ and µ respectively. Then the tension field of

φ : (M ×f1f2 N,G) −→ (P ×α1α2 Q,G
′)

(x, y) 7−→ (ϕ(x), ψ(y))

is given by

τ(φ) =
1

f21

[
((m− 2)(dϕ(gradM ln(

f1
λ

)), 0) + n(dϕ(gradM ln f2), 0)

+ 2(dϕ(gradM (lnα1 ◦ φ)), 0)− m

2
λ2(

1

α2
1

gradPα
2
1,

1

α2
2

gradQα
2
1)
]

+
1

f22

[
(n− 2)(0, dψ(gradN ln(

f2
µ

))) +m(0, dψ(gradN ln f1))

+ 2(0, dψ(gradN (lnα2 ◦ φ)))− n

2
µ2(

1

α2
1

gradPα
2
2,

1

α2
2

gradQα
2
2)
]
.
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Proof. Since ϕ and ψ are conformal, then we have

(3.5) τ(ϕ) = (2−m)dϕ(gradM lnλ) and e(ϕ) =
m

2
λ2

and

(3.6) τ(ψ) = (2−m)dϕ(gradM lnµ) and e(ψ) =
m

2
µ2

(see [1]). Substituting (3.5) and (3.6) in (3.4), Theorem 7 follows. �

From Proposition 7, we obtain:

Theorem 8. Let ϕ : (Mm, g)→ (Pm, `) and ψ : (Nn, h)→ (Qn, ρ) be confor-
mal maps with dilation λ and µ respectively. Then the tension field of

φ : (M ×f1f2 N,G) −→ (P ×Q, `⊕ ρ)

(x, y) 7−→ (ϕ(x), ψ(y))

is given by

τ(φ) =
1

f21

[
((m− 2)(dϕ(gradM ln(

f1
λ

)), 0) + n(dϕ(gradM ln f2), 0)

+
1

f22

[
(n− 2)(0, dψ(gradN ln(

f2
µ

))) +m(0, dψ(gradN ln f1))

= (
1

f21
dϕ(gradM ln fn2 (

f1
λ

)(m−2)), 0) + (0,
1

f22
dψ(gradN ln fm1 (

f2
µ

)(n−2)))

and φ is harmonic if and only if

fn2 · f
(m−2)
1 = C1(y)λ(m−2)(x),

fm1 · f
(n−2)
2 = C2(x)µ(n−2)(y).

Remark 1. From Corollary 7 and Theorem 8, we can construct an infinite
examples of harmonic maps.

4. Biharmonicity of φ : (M ×f1,f2 N,G) −→ (P p, k)

Lemma 2. Let λ ∈ C∞(M × N) be a mooth function and σ ∈ Γ(φ−1TP ).
Then

Jφ(λσ) =
1

f21

[
λJφM

(σ) + ∆M (λ)σ + 2∇φM

grad−Mλσ + (m− 2)(gradM ln f1)(λ)σ

+ (m− 2)λ∇φM

gradM ln f1
σ + nλ∇φM

gradM ln f2
σ + n(gradM ln f2)(λ)σ

]
(4.1)

+
1

f22

[
λJφN

(σ)+∆N (λ)σ+2∇φN

grad−Nλσ + (n−2)(gradN ln f2)(λ)σ

+ (n−2)λ∇φN

gradN ln f2
σ +mλ∇φN

gradN ln f1
σ +m(gradN ln f1)(λ)σ

]
.
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Proof. Let (Ei)
m
i=1 and (Fj)

n
j=1 be a local orthonormal frame on M and N

respectively. From the expression of Jacobi operator (formula (1.5)), we have

(4.2) Jφ(λσ) = traceG(∇φ)2(λσ) + traceGR
p(λσ, dφ)dφ.

By calculating each term, we obtain:

traceG(∇φ)2(λσ) =

m∑
i=1

[ 1

f1
∇φ(Ei,0)

1

f1
∇φ(Ei,0)

λσ −∇φ
∇̂ 1

f
(Ei,0)

1
f1

(Ei,0)
λσ
]

+

n∑
j=1

[ 1

f2
∇φ(0,Fj)

1

f2
∇φ(0,Fj)

λσ −∇φ
∇̂ 1

f2
(0,Fj)

1
f2

(0,Fj)
λσ
]
,(4.3)

m∑
i=1

1

f1
∇φ(Ei,0)

1

f1
∇φ(Ei,0)

λσ =
1

f21

[
− (gradM ln f1)(λ)σ − λ∇φM

gradM ln f1
σ

+ ∆M (λ)σ + 2∇φM

gradMλσ + λ∇φM

Ei
∇φM

Ei
σ
]
,(4.4)

m∑
i=1

∇φ
∇̂ 1

f1
(Ei,0)

1
f1

(Ei,0)
λσ =

1−m
f21

[
(gradM ln f1)(λ)σ + λ∇φM

gradM ln f1
σ
]

− m

f22

[
(gradN ln f1)(λ)σ + λ∇φN

gradN ln f1
σ
]
,(4.5)

n∑
j=1

1

f2
∇φ(0,Fj)

1

f2
∇φ(0,Fj)

λσ =
1

f22

[
− (gradN ln f2)(λ)σ − λ∇φN

gradN ln f2
σ

+ ∆N (λ)σ + 2∇φN

gradNλ
σ + λ∇φN

Fj
∇φN

Fj
σ
]
,(4.6)

n∑
j=1

∇φ
∇̂ 1

f2
(0,Fj)

1
f2

(0,Fj)
λσ =

1− n
f22

[
(gradN ln f2)(λ)σ + λ∇φN

gradN ln f2
σ
]

− n

f21

[
(gradM ln f2)(λ)σ + λ∇φM

gradM ln f2
σ
]
,(4.7)

traceGR
p(λσ, dφ)dφ =

λ

f21
tracegR

p(σ, dφM )dφM

+
λ

f22
tracehR

p(σ, dφN )dφN .(4.8)

Subsisting (4.5), (4.6) and (4.7) in (4.4) and summing with (4.8) we obtain
(4.1). �
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Theorem 9. Let (Mm, g), (Nn, h), (P p, k) be Riemannian manifolds and
f1, f2 : M ×N → R be smooth positive functions. Then the bitension fields of
φ : (Mm ×f1,f2 Nn, G) −→ (P p, k) is given by

τ2(φ) =
1

f41

[
τ2(φM ) + (m− 2)JφM

(dφM (gradM ln f1))

+ nJφM
(dφM (gradM ln f2)) + 2∆M (ln f1)V

+ 2(m− 4)|gradM ln f1|2V + (6−m)∇φM

gradM ln f1
V

− n∇φM

gradM ln f2
V + 2n(gradM ln f2)(ln f1)V

]
+

1

f42

[
τ2(φN ) + (n− 2)JφN

(dφN (gradN ln f2))

+mJφN
(dφN (gradN ln f1)) + 2∆N (ln f2)W

+ 2(n− 4)|gradN ln f2|2W + (6− n)∇φN

gradN ln f2
W −m∇φN

gradN ln f1
W(4.9)

+ 2m(gradN ln f1)(ln f2)W
]

+
1

(f1f2)2

[
JφM

(W ) + JφN
(V ) + 2∆M (ln f2)W + +2∆N (ln f1)V

+ (2−m)∇φM

gradM ln f1
W + (2− n)∇φN

gradN ln f2
V

+ 2(n− 2)|gradM ln f2|2W + 2(m− 2)|gradN ln f1|2V

+ (4− n)∇φM

gradM ln f2
W + (4−m)∇φN

gradN ln f1
V

+ 2(m− 2)(gradM ln f1)(ln f2)W + 2(n− 2)(gradN ln f2)(ln f1)V
]
,

where

V = τ(φM ) + (m− 2)dφM (gradM ln f1) + ndφM (gradM ln f2),

and

W = τ(φN ) + (n− 2)dφN (gradN ln f2) +mdφN (gradN ln f1).

Proof. From Lemma 2, we obtain

Jφ(
1

f21
V ) =

1

f41

[
τ2(φM ) + (m− 2)JφM

(dφM (gradM ln f1))

+ nJφM
(dφM (gradM ln f2)) + 2∆M (ln f1)V

+ 2(m− 4)|gradM ln f1|2V + (6−m)∇φM

gradM ln f1
V

− n∇φM

gradM ln f2
V + 2n(gradM ln f2)(ln f1)V

]
(4.10)

+
1

(f1f2)2

[
JφN

(V ) + 2∆N (ln f1)V + (2− n)∇φN

gradN ln f2
V

+ 2(m− 2)|gradN ln f1|2V + (4−m)∇φN

gradN ln f1
V
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+ 2(n− 2)(gradN ln f2)(ln f1)V
]
,

Jφ(
1

f22
W ) = +

1

f42

[
τ2(φN ) + (n− 2)JφN

(dφN (gradN ln f2))

+mJφN
(dφN (gradN ln f1)) + 2∆N (ln f2)W

+ 2(n− 4)|gradN ln f2|2W + (6− n)∇φN

gradN ln f2
W(4.11)

−m∇φN

gradN ln f1
W + 2m(gradN ln f1)(ln f2)W

]
+

1

(f1f2)2

[
JφM

(W ) + 2∆M (ln f2)W + (2−m)∇φM

gradM ln f1
W

+ 2(n− 2)|gradM ln f2|2W + (4− n)∇φM

gradM ln f2
W

+ 2(m− 2)(gradM ln f1)(ln f2)W
]
.

By formulae (4.10), (4.11) and (1.4) we obtain Theorem 9. �

Example 1. If a, b ∈ R∗+ such a 6= b, then

φ : R×a,b R −→ R
(x, y) 7−→ x2 − y2

is a proper biharmonic map (i.e., biharmonic no harmonic map). From Theo-
rem 5 we have

τ(φ) =
2

a2
− 2

b2

and from Theorem 9, we have

τ2(φ) = 0.

Theorem 10. Let f ∈ C∞(M) be a smooth function and ϕ : (Mm, g) −→
(Pm, k) (m ≥ 3) be a conformal map with dilation λ. Then the bitension

φ : (x, y) ∈ (M ×f,f N,G) −→ φ(x, y) = ϕ(x) ∈ (P, k)

is given by

τ2(φ) =
1

f4

[
Jϕ(dϕ(gradM lnµ)) + (6−m− n)∇ϕgradM ln fdϕ(gradM lnµ)

+
(
2∆M (ln f) + 2∆N (ln f) + 2(m+ n− 4)|gradM ln f |2(4.12)

+ 2(m+ n− 4)|gradN ln f |2
)
dϕ(gradM lnµ)

]
,

where µ = fm+n−2λ2−m.

Remark 2. If (Pm, k) = (Mm, g) and ϕ(x) = x, then

τ(φ) =
m+ n− 2

f2
gradM ln f,

τ2(φ) =
m+ n− 2

f2

[
gradM (∆(ln f)) + 2RiciM (gradM ln f)
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+
1

2
(6−m− n)gradM (|gradM ln f |2) +

(
2∆M (ln f) + 2∆N (ln f)

+ 2(m+ n− 4)(|gradM ln f |2 + |gradN ln f |2)
)
gradM ln f

]
.

Corollary 8. Let f(x) = ex. Then

φ : R×f,f Nn −→ R
(x, y) 7−→ x

is a proper biharmonic map (i.e., biharmonic no harmonic map) if and only if
dimN = 3.

Proof. From Theorem 10 and Remark 2, we obtain

τ(φ) = (n− 1)e−2x
d

dx

τ2(φ) = 2(n− 1)(n− 3)e−2x
d

dx
. �

Using Theorem 9 we obtain:

Theorem 11. Let f ∈ C∞(M ×N) be a smooth function and ϕ : (Mm, g) −→
(Pm, k) (m ≥ 3) be a conformal submersion with dilation λ. Then φ : (x, y) ∈
(M ×f,f N,G) −→ φ(x, y) = ϕ(x) ∈ (P, k) is a biharmonic map if and only if
the following equation is verified

0 = gradM (∆ lnµ)+2RicciM (gradM lnµ)+4(2−m)∇MgradM ln fgradM lnλ

+ (4−m)(2−m)gradM (|gradM lnλ|2)

+ 4(m+ n− 2)∇MgradM lnλgradM ln f

+
1

2
(6−m− n)(m+ n− 2)gradM (|gradM ln f |2)

−
[
2∆(lnµ) + (m+ n− 2)(6−m− n)|gradM ln f |2

]
gradM lnλ(4.13)

+ (6−m− n)
[
(2−m)|gradM lnλ|2

+ 2(m+ n− 2)d ln f(gradM lnλ)
]
gradM ln f

+
[
2∆M (ln f) + 2∆N (ln f) + (2−m)|gradM lnλ|2

+ 2(m+ n− 4)(|gradM ln f |2 + |gradN ln f |2)
]
gradM lnµ,

where µ = λ2−mfm+n−2.

Corollary 9. Let f ∈ C∞(M ×N) be a smooth function and ϕ : (Mm, g) −→
(Pm, k) (m ≥ 3) be a be conformal submersion with dilation λ. If ϕ is a proper
biharmonic map, then φ : (x, y) ∈ (M ×f,f N,G) −→ φ(x, y) = ϕ(x) ∈ (P, k)
is a biharmonic map if and only if the following equation is verified

0 = gradM (∆ ln f) + 2RicciM (gradM ln f)
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+
4(2−m)

m+ n− 2

[
∇MgradM ln fgradM lnλ+ |gradM lnλ|2gradM ln f

]
+ 2
[
(6−m− n)d ln f(gradM lnλ) + ∆M (ln f)

+ (m+ n− 4)|gradM ln f |2
]
gradM ln f + 4∇MgradM lnλgradM ln f

+
1

2
(6−m− n)gradM (|gradM ln f |2)

−
[
2∆(ln f)(6−m− n)|gradM ln f |2

]
gradM lnλ.

Example 2. Let ϕ : x ∈ Rm − {0} −→ ϕ(x) = x
|x|2 ∈ Rm − {0}. Then ϕ is a

conformal map with dilation

λ(x) =
1

| x |2
=

1

r2

and ϕ is a proper biharmonic map if and only m = 4.

Example 3. Soit

φ : (R4 − {0})×f N2 −→ (R4 − {0})

(x, y) 7−→ x

| x |2
.

Let α ∈ C∞([0,+∞[,R) and f = eα(r) where r = |x|. Then we have

grad ln f = α′
∂

∂r
,

| grad ln f |2 = (α′)2,

∆ ln f = α′′ +
3

r
α′,

grad(∆ ln f) = (α′′′ +
3

r
α′′ − 3

r2
α′)

∂

∂r

and φ is a biharmonic map if and only if α is a solution of the differential
equation

(4.14) α′′′ + 2α′α′′ − 1

r
α′′ − 3

r2
α′ − 6

r
(α′)2 + 4(α′)3 = 0.

Example 4. Let f ∈ C∞(R) be a smooth function. Then

φ : (Mm, g) −→ (M ×f,f R, G)

x 7−→ (x, y0);

φ is a proper biharmonic map if and only if{
gradR ln f 6= 0,
m
2 gradR(|gradR ln f |2) + |gradR ln f |2gradR ln f = 0.
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Let γ ∈ C∞([0,+∞[,R) be a smooth function. If we put f(t) = eγ(t), then
we have {

gradR ln f = γ′ ddt ,
gradR(|gradR ln f |2) = 2γ′γ′′ ddt .

Hence

τ(φ) = −mγ′(0, d
dt

),

τ2(φ) = −m(mγ′′ + (γ′)2)(0,
d

dt
)

and φ is biharmonic no harmonic map if and only f(t) = ( 1
m t+a)

1
m avec a ∈ R.

Example 5. Let α ∈ C∞([0,+∞[,R) be a smooth function. If f(x) = eα(x)

and

ψ : R −→ (R×f,f Nn, G)

x 7−→ (x, y0).

Then we have

τ(ψ) = α′(
d

dx
, 0),

τ2(ψ) =
(
α′′′ − 5α′α′′ − 2(α′)3

)
(
d

dx
, 0).

So ψ is a proper biharmonic map if and only if

(4.15) α′ 6= 0 and α′′′ − 5α′α′′ − 2(α′)3 = 0.

The solutions of equation (4.15) under the form β(x) = α′(x) = a
x are given

by a = 5±
√
41

4 (i.e., f(x) = xa).
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