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RECURSION FORMULAS FOR ¢-HYPERGEOMETRIC AND
g-APPELL SERIES

VIVEK SAHAI AND ASHISH VERMA

ABSTRACT. We obtain recursion formulas for g-hypergeometric and g-
Appell series. We also find recursion formulas for the general double
g-hypergeometric series. It is shown that these recursion relations can
be expressed in terms of g-derivatives of the respective g-hypergeometric
series.

1. Introduction

Recently, recursion formulas for multivariable hypergeometric functions have
received considerable attention. The first paper in this direction was by Opps,
Saad and Srivastava [3] giving the recursion formulas for the Appell function
F;, followed by the work of Wang [12], who studied the recursion relations of all
Appell functions. The authors have carried out a systematic study of recursion
formulas of multivariable hypergeometric functions including fourteen three
variable Lauricella functions, three Srivastava’s triple hypergeometric functions
and four k-variable Lauricella functions [5] and Exton’s triple hypergeometric
functions [6]. The recursion formulas for the general triple hypergeometric func-
tion [10] were obtained in [7]. These results unified and generalized the results
in [5] for the three variable hypergeometric function. In [8], recursion formulas
for general Kampé de Fériet series and Srivastava and Daoust multivariable
hypergeometric function [9] were presented.

In the present paper, we begin a study of recursion formulas satisfied by
basic (or ¢-) hypergeometric series. In particular, we shall obtain the recursion
formulas for generalized basic hypergeometric series ,.¢s and g-Appell series.
We also find recursion formulas for the general double ¢g-hypergeometric series
[1]. The recursion formulas for three and higher variable g-series will be taken
up in a subsequent paper.
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The generalized basic (or ¢-) hypergeometric series is defined by [1]

r¢s(ala .. -aar;bla .. -7bs;q7x)

(1) B oo (al;q)m...(ar;q)m \m (72,1) 1+s—r o
B mz::o b1;)m - (bs; Om {( D™q }

with (?):m(”;_l), where ¢ # 0 when r > s+ 1.
The series ¢ terminates if one of the numerator parameters is of the form
¢ ",n=0,1,2,...and ¢ # 0. If 0 < |g| < 1, the series ¢ converges absolutely

for all = if r <s, and for |z| < 1 if r = s+ 1. The series ,¢, also converges
absolutely if |¢| > 1 and |z| < (20l

la1-ar]?
Jackson introduced the g-analogues of the four Appell double hypergeometric
series defined by [2]

unless it terminates.

[eS)

1) (,. ! e _ (a39) mq+mo (0:0)m (b/§Q)m mi, ms.

() 27 ab Viegsm,y) = Z o @Dy @Dy D img T Y
mi,mo=
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@ (g b be _ (@5@) my +my (050 mg (V5@ my  my, ma.
(3) @ab Ve, g w,y) = Z O(q;q)ml(1q:,q)72n2(C;q):nl(C’;q)izzx R
mi,ma=

. aiq)m (al; Ymo (0;0)m b/; )m mi,,m
(4) <I>(3)(a,a';b7 biciqsa,y) = Z ( f;;q):lml(;l;q)"ii(z§Q);(l+i2 A
ml,mg:O
4 . .y _ - (a'A,Q)m m (b;q)m m mi,,m
(5) ‘I)( )(a;b, C, 8/7%1'79) - Z (Q;Q)ml(q;z;rm;(C;q)mll(Jrc’;é)mzx 1y 2,
mhmz:O

The series in (2)—(5) are absolutely convergent when |q|, |z],|y| < 1, by the
comparison test with the series anol,mgzo x™ry™2  and their sums are called
the g-Appell functions.

A g-analogue of the general double hypergeometric series is defined as follows

1]

A:B;Cc |aa tbpico,
(6) (PD:E;F |:dD . eE;fF7q’x7y:|
o]

. (@45 Qrmy+ms (055 O, (€05 Doms
(dD; Q)m1+m2 (q7 €E; q)ml (q7 fF; (])m2

ml,m2:0

« {(—1)”’1+7n2q(m1;m2):| 1+F-C

D—-A m
{ (~1)72q(")] ™y,

my\11+E—B
(~1)™q(">)] [
where a4 abbreviates the array of A parameters a1, as,..., aa, etc. and ¢ # 0
when min(D—A,1+ E—B,14+ F—C) < 0. The series (6) converges absolutely
for |z|, |y| < 1 when min(D — A,1+ F —B,1+ F —C) >0 and |q| < 1. The
series in (6) is called the ¢-Kampé de Fériet series when B = C and E = F.



RECURSION FORMULAS FOR ¢-HYPERGEOMETRIC SERIES 209

2. Recursion formulas for ¢,

In this section, we obtain recursion formulas for g-hypergeometric series ¢
given by (1). Following abbreviated notations are used. We, for example, write
r¢s for the generalized g-hypergeometric series ,¢s(ai,...,ar;b1,...,bs;q, )
and ,¢s(a;q™, xq"?) stands for the series ,¢s(a,...,a1-1,a1q™, a1, .- ., Gr;
b1,...,bs;q,2¢™?), etc. Throughout the paper, the symbol n denotes a non-
negative integer.

Theorem 2.1. The following recursion formulas hold true for the numerator
parameter a;, L =1,...,7, of the basic hypergeometric series ,¢s:

wr i i;él(ai; I
ds(@q") = r¢s + (1) T T ap T N gt
r¥s r¥s Hi:l(bi;q)l nlzzzl

(7) X T¢s(a1q7 <., a1-19, alqnlaal+1qa ..., arq, le7 ey bSQ7 qu—‘rs—?“)’

_ H::l i;él(ai; Q)l "
r¢s alq_n = r¢s —(—1 s Talms’— q_nl
(@q™) =1 T Onah 2=

ni+1

’I’L1:1
X ros(arq,...,a1—1q,a1q” 0141y - -+ Arq, 014G, - .

(8) beq, zq T57T).

Proof. From definition of the g-hypergeometric series ¢ and the relation

al(ll_jlm)} (a5 ¢)m,

(9) (1q; q)m = {1 +

we get the following contiguous relation:

H::u;éz (ai;q)
Hf:1(bi§ 91

(10) X T¢S(a1qﬂ"'7a7“q7b1q7"’7bsq7xq

r¢s(alq) = T¢s + (71)1+Siralx

1+s—r).

Replacing a; by a;q in (10) and using (10), we have
_ H:ﬂ i;él(a'i?(Z)l 2
rs(@g®) = vy + (1) TS T N g
H¢:1(bi§ a1 ngl
(11) X r(ybs(al% sy @114, alqnlaal+1Q7 -e ey 0rq, blqa ceey bsQa xq1+877‘)'
Tterating this process n times, we get (7). For the proof of (8) replace the
parameter a; by a;g~! in (10). This gives

H::Li;éz(ai?(ﬁl _1
Hf:1(bi§Q)1

(12) X T¢S(a1qa <oy a1-14, 01419, - - -, 014, blqa (R bSQ7 xq

r(bs(alq_l) =, Qs — (_1)1+Siralx

1+s—r).

Iteratively, we get (8). O
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Note that the contiguous relation given by Eqgs. (10) and (12) were obtained
by Swarttouw [11].

Corollary 2.2. The following recursion formulas hold true for the numerator
parameter a of the q-hypergeometric series 2¢1(a,b; c; q, x):

(13) 201(aq”, b;c;q, )

L=b &~ o
- > g adi(ag™ bg; eq; g, ),

ni=1

= 201(a,b;¢;q,x) + ax

(14) 2¢1(aq ", b;¢; q, x)

1-b & _ _
= 201(a,b;¢¢,2) —az— > M adi(ag ™ by cg; g, @).

1

7l1:1

Using contiguous relations (10) and (12), we get another form of the recur-
sion formulas for ,¢,.

Theorem 2.3. The following recursion formulas hold true for the numerator
parameter a;, L =1,...,7, of the basic hypergeometric series ,¢s:

(15) r(bs (al qn)

n T .
_ n Hi:l’i?&l(ai’q)"l n1 gntgni(ni—1) | {ym () e
- Z s b rapq ( ) q

n q Hi:l( i?q)nl

n1:0
X r0s(arq™ ... arg™ b1g™ . bsg™ g™
(16) r¢s(al qin)

_ zn: [n} [Tic1 (06 O, () g = LD {(_l)mq(@)r*s”
1,0 = (05 @), :

3 14+s—
X r¢s(alqn17"'7a171q7117al+1qn13"'7a7‘qn17blqn17"'7bsqnlaanl( +e T))a

1(1+sfr))

)

n1:0

where [, ], is the g-binomial coefficient defined by [1]

{n} _ (& Dn
ml, (GO0 (G Dn—n,
forny =0,1,... . n.

Proof. We prove (15) by applying mathematical induction on n. For n = 1,
the result (15) is true obviously. Assuming (15) is true for n = m, that is,

(17) r¢s(al qm)

i m H::l i;él(ai; q)”l ny n1,ni(n1—1) |: n (nl)
= 2y (=1)"q= :|
Z |:TL1:| q Hi:l(bi; Q)nl :

X pds(arq™, ... arg™ b1g™ . bsq™ g

14+s—1r

111:0

n1(1+577‘)).
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Replacing a; — a;q in (17) and using the contiguous relation (10), we get
(18) r¢s (al qm+1)

m T i q)n np\]1t+s—r
_ Z [m] Hz:sl,z;él(c.l q) lxnlalnlq”f {(71)7“(1(2)}
nl,  ILizi (b @)ny

x {T‘d)s (alqnl [ ’arqnl7b1qnl PR ,bsqnl”qun(l‘FS*T))

I4s—r) Hz:m;éz(aiqm;% ba(arg
& T S
[T (big™ 5 9)1

arg™ g g™ g AT L

n1=0

+ (_1)1+s—7'alqn1an1( 7L1-i-17 )

ey

Simplifying, (18) takes the form
(19) r(bs (al qm+1)

mtl npy7lHs—r [Timi u(aisq)
R AP T
q q

n1=0 L 1 Hi:l(bi;Q)nl

X qnl (nl_l)r(bs (a’lqn17 CE) arqnl ) blqnla ey bsqnl ) anl(l—"_s_?-))'

Using ¢-Pascal identity [1]

. +1
MRS
g ! q g

in (19), we get
(200 ,os(ar ™)
- mil {m+ 1] Mm”laflqm(m—n [(_1),1161(79)}1%4
m q Hi:l(bi§ Q)n1
X rhs(arg™, ... arg™, big™, ... g™, xg™

This establishes (15) for n = m + 1. Hence result (15) is true for all values of
n. The second formula (16) is proved in a similar manner. d

77.1:0

1+sfr)).

Corollary 2.4. The following recursion formulas hold true for the numerator
parameter a of the q-hypergeometric series 901 (a,b;c; q,):

(21) 2¢1(aqn7b; C;q,l’)
q

2@51 (aqnl ) bqnl ; cqnl 34, ‘T)v

o L™ (¢ @)n,
(22)  api(ag ", byc;q, @)
n —ni(ni+1)
n b;q)n, (—x)™"a™q— =z . .
=D [n} 05)n (). ) g 201(a, g™ 5 cq™; q, x).
n1=0 1 q~t € q)nq
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As the g-series 9¢; is symmetric for the numerator parameters a and b,
interchanging a and b of the above corollary, will give recursion formulas for
numerator parameter b.

Theorem 2.5. The following recursion formulas hold true for the denominator

parameter by, | =1,...,s, of the basic hypergeometric series ,ps:
(23) r®s(big™™)
e i (U —a) ¢ gt
= r¢ + (_1)1+S rxbl sZ_ —
’ [licy (T =0i) == (g™ — bi)(g™ ! = by)
X T¢S(alq, ..., arq, blqa RS bl—lqa blq2_nl ) bl+1Q7 .. 7bsq, mql-&-s—f’).
Equivalently,
n " [n H’;l(ai; q)mxnlb;“qf’“ n (%) 14s—r
rs(big™") = [ } s [(—1) g\ ]
n;O m q~1 Hi:l(bi;Q)rn (blq_n;Q)nl
(24) X r0s(arg™, ... arg™ big™, . bsqnl,anl(wsf’”)).

Proof. Using the definition of basic hypergeometric series and the relation
1 bi(1—q™ 1
— _ {1 I 1(1—q )] 7
(lg="5 @) m a=br | (b;q)m
we can easily obtain the following contiguous relation:
[T (1 —a)
H?:1(1 —b;)(q —br)

1+sfr)'

7*¢s(blq71> =, ¢s + (_1)1+Sirxbl

(25) X Td)s(alq»'~~aar(Jab1qv~'~vbs(J7mq
Again replacing b — byg~! in (25) and using (25), we get

qn1—1
"= by) (g = by)

T 2
r®s(b %) = rPs -1 1+s—r b I;Iizl (1 _ (11')
bs(big™") = rps + (1) x le’:L#z(l " anﬂ @

(26) X r¢s(al(I7 <oy Ard, le? ceey bl—1Q7 blq27n17bl+lqa cety bst quJrsf'r)'

Iterating this method on ,.¢¢ with bjg~™ for n times, we get (23).
We give a proof of (24) using mathematical induction. For n = 1, the
formula (24) is valid. Assume that the result (24) is true for n = m, that is,

m 7_’7 . ni bnl q—n1 nq 14s—r
s b —my _ m Hz_l(a“q)nlx 1 —1)™ (2)
dslbua™) = 3 {m]ql [T=1 (03 @)y (ig= ™5 0) s [( e ]

(27) X 7’¢S (alqnl PRI 7a’r‘qn1 9 blqnla ey bsqnl ) an1(1+5—7')).

1

n1:O

Replacing b; by bq~
(28) +os(big™™ ")

in the above relation and using (25), we get
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i [ :| Hl 1(az,Q)n1 nlbm —2m
— -1 Hz 1Z¢l(b27Q)n1(blq 7Q)n1(blq m=1. Q)nl

ni (nl) Is=r ny ni n1 ny ny(14s—r)
><[(—1) q 2} rds(arg™ ... arq" 01" beg™ g )

+ Z { } [Ty (@33 @)y aa™ 10 g
1] T (05 Qa1 (01075 @y 42(big ™™ 15 @),y

n 14+s—r
x [(—1)"1“(1( O] g™ e T b b

xq(n1+1)(1+sfr)).

This gives
(29) r¢s(big™™ )
! —k —m+k—1 —k
= r¢8 + Z q ’ 71)m+17k ( 1 _ blqim+k72 + 1 — blqkfl
- Hz'=1 <% Q)i ¥ b g (S0
[lici i (0is (b i (ig=™ Y5 @)1

x r¢s(a1qk, R aqua blqk7 ey bsqka qu(lJrsir))

+

1oy (a6 @mrz™ o Hgmm ! [ -1 m+1q(m;1)]1+s—r
[Tz (b33 Qms1 (beg™ ™5 @)1

1 1
r¢s(a1qm+ . ~uarqm+

m+1 ) nipn1 ,—ny s—r
— Z |:m + 1} H;:l(aﬁ (1)7113j 1bl 'q [(71)711(](”21)} 1+
1 q—! Hf:l (bla Q)nl (blqimil; Q)nl

X rds(a1q™ ... arg"  b1g" . bsg™ xq"l(l"'s_r)).

This proves (24) for n = m + 1. O

7n+1 ) m+1,xq(m+1)(1+s—7')).

biq .., bsq

Note that the contiguous relation (25) was obtained by Swarttouw [11].

Corollary 2.6. The following recursion formulas hold true for the denomina-
tor parameter ¢ of the q-hypergeometric series o¢1(a, b; ¢; q, ©):

(30)  2¢1(a,bieq "5 q, )
= 201(a,b;¢;9,x)

n ’I’L11

+cx(l - a) Z TR 201(aq, bg; cg* " q, x).

nl—l

Equivalently,

(31) 2¢1(aab; Cq_n;%x)
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COMCERT) 201(ag™,bq" 5 cq™ 5 q, ).
q- 1 bl n1 k) ni

R [n] (@;@)ny (b; @)ny ™ g™
-y .
7L1:0

3. Recursion formulas for g-Appell series

In this section, we obtain recursion formulas for g-Appell series. Follow-
ing abbreviated notations are used. We, for example, write ®(1) for the se-
ries @ (a; b,V ¢; q; ,9), @D (ag™) for the series @M (ag™;b,V; ¢c; ¢; 2, ) and
&M (ag™ , ¢ x) stands for the series ) (ag™ ; b, b'; ¢; ¢; ¢z, y), etc. Through-
out, Ny stands for ny + ns.

Recursion formulas for ®1):

Theorem 3.1. The following recursion formulas hold true for the numerator
parameter a of the q-Appell series ®1):

W (ag™) = oW 4+ az

1-b & _ N
—, > ¢ W ag™ by, cq,qy)

ni=1

-V & _ N
(32) tays— D a7 oW ag™ Vg, cq).
¢ ni=1
Equivalently,
1-b <
W (ag™) = oM + aTT— Z g 1MW (ag™ by, cq)
ni=1
1= - n1—1g(1) ny 1/
(33) tayy— D> a" oW (ag™ Vg, cq, q7).
n1:1
Also
1)/, —n (1) L=b ey 1-m
W (ag™") = @V —axr— > g " @ (ag' " bg, cq,qv)
n1:1
1-v - —n1g(1) 1-ny 3/
(34) —ay— > ¢ "W (ag' ", Vg, cq).
n1:1
Equivalently,
-n 1-b S -n -n
(b(l)(aq ) = (b(l) — al’ic Z q 1@(1) ((lql labQ7Cq)
ni=1
L=V O~ a () 1oms gy
(35) —ay— > a " @V (ag' " Vg, cq,qz).
ni=1

Proof. From the definition of g-Appell function ®*) and the relation

ag™ (1 —q™)  a(l—q™)
(36) (aq; @) my+ma = {1 + T =T,

:| (a; Q)ml +ma
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we have the following contiguous relation:

(37) oM (aq)

b 11—y
®W(aq,bq, cq,qy) +ay ‘P( )(aq,b'q, cq).
C

1—
— oM
+ax1_ 11—

To calculate ®)(ag?), we replace a — agq in (37) and again use (37). This
gives

1—b
oM (ag?) = oM +azs— [é(l)(aq,bq,cq qy) + ¢ @Y (ag?, by, cquy)}

1-—
(38) +ay——o

%
T [®(1)(aq, b'q,cq) +q @Y (ag? Vg, cq)}

Iterating this technique n times on ®(1) with parameter ag”, we obtain (32).
Next, we prove the result (33). Using the definition of ®() with the following
result

(39) (aq; @)my+m> = {1 +

a(l—q™)  ag™ (1 —q™)
+ (a; q)m1+m2

1—a 1—a
we get the following contiguous relation:

(40) ¢ (ag)

b
‘P(l)(aq b'q, cq, qx).

1-b 1-
— @(1) + ag’;l (I)(l) (aq, b(L Cq) + ay 1—

Now, replacing a — ag in (40) and using (40), we get the following result for
dM (ag?):

1-b
20 (ag?) = 0+ awy— [V (ag, b, cq) + gV (ag?, ba, cq)]
1—
1—
Iteratively, we get (33).

For the proof of (34), we replace a — ag~' in (37). This gives the following
contiguous relation:

(42)  2W(ag")

Y
(41) +ayT—, [‘P(l)(aq,b’q,cq,qx) +Q‘P(1)(aq27b'q7cq,qx)} :

1—b 1—v
=W —qq7! T dW(bq, cq,qy) — ag™" U — oM (g, cq).
— C — C

Applying the above contiguous relation for n times, we get (34).

Similarly, for the proof of (35), we replace a — ag~! in (40) and obtain the
following contiguous relation:

43)  @W(ag)

1—b 1=V
=M —gq! T3 oM (bg, cq) — ag™" yli‘p(l)(b’q,cq,qx)-
—c —c
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Tterating this technique n times on ®) with parameter ag~—", we obtain (35).
O

Using contiguous relations (37) and (42), we get another form of recursion
formulas for ®(1).

Theorem 3.2. The following recursion formulas hold true for the numerator
parameter a of the q-Appell series ®1):

. . ni,n2 ,No
1) (0 omy n (05 @)ny (Vs Qs 2" y"™20™2 N, (N—1)
) (qu ) - Z |:TL1, TL2:| . (C, q)N2 q

(44) x @M (ag™2, bg" b q", cq™?, ¢"y),

NQSTL

1 —ny\ __ n (bﬂ q)nl (b/a Q)n'z (71')”1 (7y)n2aN2
il >(aq ) = szgn [nhnz] - (¢ q)N,

11 (ng+1) (na+1)
_n n21 _n2 "22 (I)(l)(

(45) X q b, b g™, cq™?, g y),

where summation Tuns over all n; > 0, i = 1,2, such that n1 +ns < n, and

[nnn] . @D <qu32’2% Dn—n

is the g-multinomial coefficient [1].

Proof. The proof of (44) is by mathematical induction on n € N. For n = 1,
(44) is true. Assuming (44) is true for n = m, that is,

M (agm) = 3 { m } (03 @y (V5 @) 27192072, (v,

(46) x @MW (agM2, bg™, b q", cq™?, " y),

where summation runs over all n; > 0, i = 1, 2, such that ny + ny < m.
Replacing a — aq in (46) and using the contiguous relation (37), we get

b; @)y (V5 @)y 2™y 202 2
(I)(l)(aqm,+1): Z [ m ] (b:9)n, (V'3 9) Y qu

Nggm nl’nz q (C’q)NQ
1 —bg™)
% (I)(l) No ba™ b/ no No nq N2(
{ (ag™?,bq™ ,b'q", cq™?, ¢ y) + wagq T —cg™)
x @MW (agN> T bg™ T b "2, cgN2 T g T y) + ya g™
(1-V¢")

(47) oM (agN>t bg™ b ", eg™N2 T qnly)} :

(1= cq™?)
Simplifying, (47) takes the form,
N2

. . /. Ny, n2
@(1)(aqm+1) — Z (Qa Q)’m(b7 Q)’nl (b ) Q)nz ry-a

m+1—N2)
(@ D (6 Do (G D mt1-N, (G D N

(1—q
ni+nz<m-+1
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x V20 (ag™2 bg™ 1 g, cqN?, g™ y)

Q) (b: Q) b/; ny Ty N3
Z (4 D) m (03 Qny (V5 @)ny 2" y"2a (1—q¢™)

+
(6 D (@ Do (G D ms1-N2 (65 Q)N

ni+nz<m+1
X qNZ(N2—1)(D(1)(an2,qu , b/qn27 ch27 qmy)

3 (@ D (b; )y (V5 @y ™ ™2 a2V a

+ s
ni+na<m+1 (Q7 q>n1 (qa Q)n2 (q, q)m+lfN2 (C; q)N2
(48) X qN§—n2 (I)(l)(an2’ bg™ b g, cq™2, 7y).
After some manipulation, we get
q)(l)(aqm-&-l) = Z |: m+1 :| (b, q)nl (b/; q)n2 (EnlynzaNQ qu(NQ_l)
nitngemtr b 072 (¢ q) N,
(49) x @M (ag™2, bg™ b q"2, cg™?, g"My).

This establishes (44) for n = m + 1. Hence by induction result given in (44) is
true for all values of n. The second recursion formula (45) can be proved in a
similar manner. O

Note that if we use contiguous relations (40) and (42), we get the following
form of the recursion formulas for &),

Theorem 3.3. The following recursion formulas hold true for the numerator
parameter a of the g-Appell series ®M):

. . ny,na ,Na
1)/ ny _ n (03 @)y (V3 @)y ™1y 2a™ )y, 1)
¥ ag") = Z [7117 nzL ()N, K

(50) x @M (ag™2, bg" b q", cq™?, "2 ),

NQSTL

(I)(l)(aqfn)— Z [ n ] y (b;q)nl(b/;Q)nQ (—x)”l(—y)nzaNz

& o,

(51) Xq

where summation runs over all n; >0, i = 1,2, such that ny + no < n.

ni(ni+1)  na(na+1)
pl pl

oM (bg™ b q", cq™2, "),

We now present recursion formulas for the remaining numerator parameters
b, b of the ¢g-Appell function ®1). We omit the proof of the given below
theorems.

Theorem 3.4. The following recursion formulas hold true for the numerator

parameters b, ' of the q-Appell function ®1):

I
(1) ny _ &(1) - @ n1—1 (1) n
(52) o (bg") = +bx1_c E q"t 7 ®Y(aq,bg™, cq),

ni=1
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1—a &
D (pg=) = L) _ pg = —n1 (1) —n1+1
(53) (g™ =2 bxl—c glq "o (ag,bgT™ T eq),
ni=
l—a &
My — oM / -1 5(1) ! ny
(54) P (bg") =@ +bylic Elqm @ (agq,b'q", cq),
ni=
l—a &
Wy g™) = oD _p —n1 (1) /—ni+1
(55) (g ") = Yy 1 Elq LW (ag, b'q ™ eq).
ni=

Here we establish another form of the above theorem.

Theorem 3.5. The following recursion formulas hold true for the numerator
parameters b, ' of the q-Appell function ®1):

n n a;q)n xnlbnlqnl(nl_l) ) ) )
(56) @M (bg") =) [nl] (@ 9)r, ) oM (ag™ , bg™, cg™),
q ) ny

711:0

n ny Ly . —> (n1+1)
(57) @(I)UJQ—”) = Z " (a5 q)n, (—2) 10" g 3 (I)(l)(aqnl cq™)
2w, (ol el
n n —
. n a;Q)n, n1p/ 1qn1(n1 1) N . .
(58) oW Wg") =) [HJ (0 y(c, ” M (ag™ g™, cg™),
n1=0 q ’ ni
n —ny(ny+1)
~ ] (a5q)n, (—y)b g W/ mi on
(59) (I)(l)(b/q "= [ } Y (ag™, cqg™).
nlz:() Ll g1 (C; Q)nl

Theorem 3.6. The following recursion formulas hold true for the denominator
parameter ¢ of the q-Appell function ®M):

(60) @M (cg™™)

n ’I’Llfl
= oW 4 cx(l—a)(1-0) Z a ®W (aq, b, cg®> ™)
1 1_1 _ ) ’
P P P s
n qn171

®M(ag,b'q,cg* ™, q" ).

+eyl—a)1-0) >

ni=1

@ =@ -9
Equivalently,
(61) @M (g™

n ni—1
q

=W 4 ex(l—a)(1—0) Z (@ — ) (g1 —¢)

gt

(" == o)

®M(ag, bq, cg* ™, q"My)
ni=1
n

+eyl—a)1-1) >

ni=1

oM (ag,b'q,cg* ™).
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Proof. Using the definition of g-Appell function &) and the relation

1 c(1—qm™)  cqm™(1—qm 1
_ [y p=g™) ™= g™)

(Cq_l; Q)m1 +mao q—=c q—=c (C; Q)7nl+m2
we get the following contiguous relation:
1

(¢=c)(1—c¢)
1

(g—c)(1—¢)

W (cg™) = W 4 cx(1 —a)(1—b) ®W (aq, bq, cq)

(62) + Cy(l - a)(l - b/) (P(l)(a(b b/q7 cq, qx)

Iteratively, we get (60).
By using the definition of ¢g-Appell function ®) and the relation

1 c(l—qg™ cq™? (1 — g™ 1
_ [y pcd=g™)  eq™—g™)

(cq™3 @) my+mo q—c q—c (&3 @)my+ms

we get (61).

219

O

Recursion formulas for ®(?): Now, we present the recursion formulas for
the numerator parameters a, b and b’ of the g-Appell function ). We omit

the proofs of the following theorems.

Theorem 3.7. The following recursion formulas hold true for the numerator

parameter a of the qg-Appell series ®(2):

n

b ny— n
> ¢ P (ag™ by, eq, qy)

1—
@ (ag™) = 0@ 4 azs

n1:1
1=V - n1—1(2) ni1 1/ /
(63) tay— > a0 (ag™ Vg, ).
n1:1
Equivalently,

n

> '@ (ag™ by, cq)

n1:1

1
2@ (ag™) = 0@ 4 azs

10 - ny— n

(64) tay— > a0 (ag" Vg, g, qv).

n1:1
Also
(2) -n (2) 1-b S —n1 §(2) 1-nq
) (ag™") = @@ —ax— > ¢ P (ag' " bg, cq,qv)
n1:1

1-b &

(65) —ayr— > a " (ag' " Vg, ).

7l1:1
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Equivalently,
@) —n 2) 1=b ™ @y 1om
¥ (ag™) = B —azr—" 3" @ (ag ™, by, cq)
ni=1
1=V N e @ dm
(66) 70’2—,’1_0, Z q o (aq ,bq,cq,q:r).
ni=1

Theorem 3.8. The following recursion formulas hold true for the numerator
parameter a of the q-Appell series ®(2):

. . N1 ,,M2 4N
(13(2)(0,(]”): Z |: n :| (b7Q)n1(b/7q)nzx ty*ta? qu(Ng—l)

ni+nz2<n L, M2 q (C; q)nl (CI; Q)ng

(67) x @ (ag"?, bg™ Vg™, cq™ g, " y).

Equivalently,

(I)(2) ) = n (b’ q)”l (b/; q)7l2 xnlynz aN2 N3(N2—1)
(aq ) N Z ny,Mn . /. q

ni+n2<n 1,72 q (C’ q)nl (C 3 Q)n2

(68) X @(2) (anz , bqn1 , b/an, q C/qnz, q”zx).

Also

@(2)(aq_") _ Z n (b: @), (V' @)y (—)™ (—y)"2a N>
niy, N2 (C' ) (C" )

ni+n2<n q y4)ny 3q)ng

(69) X qfw nalng+l) <I>(2)(bq”1,b’q"2, g™, g™, g"My).

Equivalently,

L R S R B C
ni+n2<n nLN2| (&;Q)n, (€3 @)y
m(m+l) "2(nz+1)

(70) xq 2 3 (bg™,b'q", cq™, 'q", q"x),
where summation runs over all n; >0, 1 = 1,2, such that Ny < n.

Theorem 3.9. The following recursion formulas hold true for the numerator
parameters b, b’ of the q-Appell function ®:

1 _ n
(71) q)(Z)(bqn) — q)(z) 4 b a Z qnlfl @(2) (aq’ bqnl,Cq),
1-c
ni=1
1 _ n
(72) @ (bg) =@ — bz a Z ¢ P (ag,bg™™ T ¢q),
1-c =
(73) @ Wg") = 0® + o'y — Z g 2P (ag,b'q™ ),

ni=1
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1
(74) AW g ) =@ —i'y 1 @ (ag,b'qgT™H, ).

n1:1
Here we establish another form of the above theorem.

Theorem 3.10. The following recursion formulas hold true for the numerator
parameters b, b’ of the q-Appell function ®:

n cOn nipna ni(ni—1)
(9 @@= > 1] O 0 g o),
q

n1=0 ni (qu)’n.l
n —ni(ny+1)
. o nlbnlqlf
76) @3 (bg™™) = [n} (@ ¢)n, (=7) @ (ag™, cq™),
) o0 =30 |1 T ( )
n . nip/M1 ng(ni—1)
2)(p! ) — n (aaQ)nly N4 1q ! (2) ni p/ oni S ny
(77) (g™ mzz:o LHL @ O (ag™, b'q"™, dq™),
nlb,nlq*"1(21+1)

2@ (ag™, ' q™).

@) (3 —1) — — [n (a5 ¢)n, (—Y)
(78) @¥(b'qg™™) n;o {nl} - (@ d)n,

Theorem 3.11. The following recursion formulas hold true for the denomi-
nator parameters ¢ and ¢ of the q-Appell function ®2):

(79)  ®P(cg ™)

= CI)(2) + Cx(l - a)(l - b) Z (qn1 — g)(qnlfl — C)

71171

3 (ag, bq, cg* ™)

)

n1:1

(80) ®@(dg™™)
= 3@ 4y(1—a)(1-V) Z

nlfl

77,1—1

@ (ag,b'q,d'g*™™).

n1 —C nl—l_c/)

Equivalently,
81 P (g

ni

- Xn: [”] (a5 9)ny (b5 @)n, 2™ g~ > (ag™, bg™, cq™)

ni g1 (C; Q)nl (Cq vQ)nl

n1:0

(82)  2P(dg™)

= i [n} (05 s (5 sy 4™ 0y s s g,
Ml (@) (@),

ni =0

Recursion formulas for ®®):
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Theorem 3.12. The following recursion formulas hold true for the numerator
parameters a, a’ of the q-Appell function ®®:

1-b <& _ N
(83) % (ag") = @ +az — 3 ¢" 71 0P (ag™ by, cg),
ni=1
—n 1-b - -n —n
(39 B (ag ) =0 —ar 1 3 ¢ 8O (g, by ),
ni=1
1V &
B (4 ) — $(3) / n1 1503)(,/ n1 B/
(85) o (d'g") =D —szl_cnz:1 O (a'q™,b'q, cq),

1=V &
(86) B (d/q) =) —d'y — Z g o) (a'qgTmH Vg, eq).

n1:1

The above theorem can also be written in an another form.

Theorem 3.13. The following recursion formulas hold true for the numerator
parameters a, a’ of the q-Appell function ®®:

n b n n1 ni nl(nl 1)
(87) 2P (aq") Z { } e G ) (ag™ bg" ™),
_ s 4 )nq

—ny(ni+1)

(88) @(3)(aq—n) — En: |:TZ:| y (b Q)nl( ()nlanlq 2 @(3)(bqn1’cqn1)’

C7 Q)nl

WA qnl(mfl)

00 0= 3 1] B

O3 (a'q™, b g™, cq™),

(€3 @n,
ny M1 —ni1(ni+1)
(90) 3) lfn Z |: :| nl( y()cq()]‘ 2 @(3)(blqn176qn1)'
1=0 s q)ny

The formulas for &) (bg*™) and &) (¥ ¢*") are obtained by replacing a <+ b
and a’ <> b’ in Theorems 3.12-3.13, respectively.

Theorem 3.14. The following recursion formulas hold true for the denomi-
nator parameter ¢ of the q-Appell function ®®):

(91) @@ (eq ™)

n ni—1

o) 4 ex(l—a)(1-b) Y (g™ _Cq)(lanl—c)

® (ag, bq, cg* ™)

’I’L1:1

+ey(l—a)(1=¥) Z R —3)(q"1*1—c)

3 (d'q,b'q, cq®> ™, " a).

’I’L1:1
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Equivalently,
(92) P (cg™)

n

I IRNHRTI e e

nlfl

) (ag,bq, cg* ™, q"y)
n1:1
n

tey(l-a)(1-v) Y 1

(g™ —c)(gm~t—c)

’I‘Ll*l

23 (d'q,b'q, cq®> ™).

ni=1
Recursion formulas for ®4):

Theorem 3.15. The following recursion formulas hold true for the numerator
parameter a of the q-Appell series ®*):

1-b _
®W(ag") = ©W +ax— > ¢ 10N (ag"™ by, cq.qv)
’IL1:1
1-b - ni1—1g(4) ni /
(93) tay— > a7 W (ag™ by, ).
n1:1
Equivalently,
1-b <
™ (ag™) = oW + aTT— Z g1 oW (g™, by, cq)
’IL1:1
1-b & n1—1g(4) ni !
(94) TeyT—o Z q" @ (ag™ , bg, ' q, qz).
7l1:1
Also
@ (0 — d® gl N @) gl
W (ag") = W —azr— > ¢ W (ag" " by, cq, qy)
ni=1
1-b & —n1 g (4) 1—nq /
(95) —ayr— > 0 "W (ag' T by, ).
TL1:1
Equivalently,
-n 1-b & —-n —n
W (ag™") = W —azr— > g7 W (ag" " by, cq)
ni=1
1-b & —n1 g (4) 1-ng /
(96) —ayr—; > a "W (ag' ™ by, g, qx).
ni=1

Theorem 3.16. The following recursion formulas hold true for the numerator
parameter a of the q-Appell series ®*):

eW(agmy = Y | " (b ), 2™ y™20™ ;)
ni,n2], (&5@)n, (€5 Q)ns

ni1t+n2<n
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(97) x W (ag™?, g™, g™, g, g™ y).
Equivalently,
R A=
nitng<n BT g A M H e
(98) x @ (ag™2 bg™2, cq™, ", "2 ).
Also

ny, N2 (¢;@)ny (5@ ns

‘1)(4)((1(1_") = Z [ n :| - (b§Q)N2 (—x)"l(—y)"2a1\72

ni+ne<n

ny(ny+1) _ no(ng+1)
2 2

(99) Xq~ W (bgN2, cq™, g2, " y).

Equivalently,
2Wag ™= Y { n } (b3 q) v, (—2)™ (—y)"2a™?
ny,na| (€ @ni (5 @)ns

1 (g +1) (no+1)
_n1 7’21 _n2 "22 @(4)(

ni+nz2<n

/ _no

(100) X q g™, cq™, 4", ¢ x).

The formulas for <I>(4)(bqi") are obtained by replacing a < b in Theo-
rems 3.15-3.16.

Theorem 3.17. The following recursion formulas hold true for the denomi-
nator parameters ¢ and ¢ of the q-Appell function ®:

(101) W (cg™)

— (I)(4) + cgj(l — a,)(l — b) Z (qnl - ;];(1(1:1171 _ C)

®W (ag, bg, cg>~ ™),

n1:1
(102)  ®W (g ™)

qnlfl

@(4) b / 2—mq )
nl_c/)<qn1_1_c/) (a(I7 q,Ccq )

= oW y(1—a)(1-b) i q

ni=1
Equivalently,
(103)  @W(eg™™)

ny

n . n b7 n N1 N1 4—
= Z |: n :| (a7 q) 1 ( q) lx ¢ q ¢(4) (aqnl I’ bqnl ? anl )7
g1

n1=0 m (C; Q)n1 (qun;q)nl
(104)  @W(g™™)

/1 —ng

S (n] o (@9 00 y™ ™M™ S o g
= E O (ag"™  bg™, g™ ).
[nl} et (D (), ( )

ni =0
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4. Recursion formulas for general double g-hypergeometric series

In this section, we present recursion formulas for general double g-hyper-
geometric series. Following abbreviated notations are used. We, for example,

write

q¢"aa=q"a1,....q" aa,
¢"aly = q"ay, ..., q"ai1,q"aiv1,...,q"aa, i=1,..., A, etc.
Also, we denote
A A
H aj;q 17 H aj;q nl?

A
H a;;q 17
=1 =1, =1

A A
(105) aA ni = H a]; 'IL17 q aA H q ajsq n17

j=1,%#1
A
H qa]7 nlvizl -,A, etc.,

=1,#1

q (lA
where n; and k are non—negative integers. Note that for n; = 1, we have
Further, for simplicity, we write ® in place of

aali = [aa], [a4]1 = [a}].
general double g-hypergeometric series (6) and ®(a;q™) for the series
:bp;c
@A B;C a/A; al B;CC
D:E;F dD eE,f’q’xy

Theorem 4.1. The following recursion formulas hold true for the numerator
A, of ®:

parameter a;, 1 =1,...,

D(aiq") = @ + ae (1)~ Z gt
ny= 1
o pABC ai‘q,aiq" bpgico, . 14+D—A
D:E;F qu . eEq,fF7q’ q yq
_"_ay(_l)Kz [az][cc] i qn1—1
T
dpllfe] 2=
1
A [ahq,aiq™ 1 bpiceq, | poa r,
(106) x BB [ Il el B
Equivalently,
N n
®(aiq") = @ 4 a;z(-1)K Z mt

mn1 b .
, 47 a; 1 qOB;CC '-rqu,quA:|

qa
qdp  :qep; fr’ "
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+agy(—D* Z g

n11

A:B;C qai\,q”laz bBanC 14D-A , Ko
Also
—ny _ K 1a4]bs] <~
P(aig™") = @ — a;z(—1) 17dD Jlen] E: q

1— ni
A:Bic [qaly,q a; : gbp;cc
X ¢ ;T
D:-BiF { qdp qu,f’q 14

n

1y [@i]lec] —m
—ay(=)" T nlzlq

1— ni
A:B;C |qa a; : bp;qce
(108) X ®ppip {q Aq(;ID ’ 65 qf ;g q” ,yqKz} .

K 1+D—A
1,$2q + :|

Equivalently,

®(aig™") = @ —a;z(-1 Z ™
ny= 1
1— ni
A:BiC [qaky, q a; : gbp;cc D—A
X Pp.pE [ qu . geg fqu,CCf] L yq }

n

—aiy(-1 Z g™

’ﬂll

1— —ni
A:Bie | qaly, q a; 1 bp;gce 1+D—A K
(109) X(I)DEF|: qu eE’qu,(L xrq »Yq :|7

where K1 =14+D—-A+FE—-B,and Ko =1+D—-A+F—-C.

Theorem 4.2. The following recursion formulas hold true for the numerator
parameter a;, i =1,..., A, of ®:

o= [ ] [ ]
nitna<n q

> {(_1)712(]( )} 1+F-C xnlyngqNg(Nz—l)aNg [a‘%]f\b [bB]nl [CC]n2
1
[dD]Nz [eE]nl [fF]nz
(110) x PG {QIJ\E;A .: ;1:1123 ;chfc @ pgm It (D=A), yq’”(”D’A””zKﬂ -
D E; F
Equivalently,
n ni+n D-A n 1+E—B

ooy = X || e ) T )

ni+na<n 172l



RECURSION FORMULAS FOR ¢-HYPERGEOMETRIC SERIES 227

% |:(_1)n2q(n22):| IHF-C Zmyn2 qN2(Nz—1)aNz [a’4] N, [0B]n, [cc]n,
! [dD]N2[6E]n1[fF]n2
N2 s 51 . oN2
A:B;C | q72aa 1 q" b q"Ce | i Kytna(14D—A) | ni(D—A)+naKo
(111) X q)D;E;F |:qN2dD . qnleE;qnng7Q7xq > Yq .
Also
e tmon D—A wiN11+E—B
dag = Y |0 eameg )T o)
ni,n2| 4
ni+na<n q
o (2] TC _nii4n nano+n) " ny  No a1 n, [bB]n, [cc]n.
[lcaa) T s g el e
A:B;C [ q™aky, a;i : 0B C0 | Ky tna(D—A) . ny(14D—A)+nsKs
(112) X (bD;E;F |:qudD :qnleE;qnszvlL xq »Yq .
Equivalently,
e amon1 D—A wiN11+E—B
dag = Y "] eameeg )T o)
ni,N2|
ni+na<n q
o (2] TC _nii4n nano+n) n s Na L@4] N2 [0B]ns [cC]n:
[lcara) T s g e e
A:B;C [ q™aky, ai : 0B M2 CO | Ky 4ns(14D—A) . ni(D—A)tnsKs
(113) X ¢D;E;F |:qN2dD . qnleE;qnngvlL xq > Yq .

Theorem 4.3. The following recursion formulas hold true for the numerator
parameter b;, i=1,..., B, of ®:

ny __ X _ 1 [a’A][bZ ] - ni—1
Dbig") = @+ b(-1) T D g

1’L1:1
A [qaa :qbls, ¢™bisco. g poa
(114) X(PD:E;F |:qu qu 7fF 7(]»55(] 7yq ?

D(big") = ® — bix(—1)™ [[22“27;]] doam

n1:1
A:Bio [qaa : gbly, ¢ by o Ki . D—A
115 x &7 R e .
(115) D'E’F[ qdp: qep ;fp TTC Y

Theorem 4.4. The following recursion formulas hold true for the numerator
parameter b;, i =1,..., B, of ®:

D(big") = Xn: ["] Mb%” [(—1)"1(,(21)}& g (D)

n1=0 3 q [dD]nl [eE}nl
A:B;c |q"aa 1 qMbpico. K D-A
(116) X CI)D:E;F [qnldD CqMep: fF,q,l'qnl lqunl( ) )

K1 —ny(ni41)
2

(big™") = i {”} lm]”l%]’“b;”(—x)m [(_1)n1q(”21)} q

[dD]nl [eE]’m
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A [qMaa @M bice. ik o (D—A)
(117) X (bDEF qnldD . qnleE;fF 7Qa$q 7yq °

)

Theorem 4.5. The following recursion formulas hold true for the numerator
parameter ¢;, i1 =1,...,C, of ®:

") = eyl — 2% - ny—
D(ciq") =  + ciy(—1)K [dDHfi] nlzlq !

:B; :bB,5qct, ¢ e D—A . K
118 % ¢A..B,.C qaa )y > 1; x ) 2 ,
(118) DiESF | qdp iep; qfp 07 va

Pt A —cuyl— Ko [G“AHCZ.C} < —n1

ABiC [qaa 1 bpiqc, ¢ MG pia g
(119) X (PD:E~F |: qu . eE;qu 5 4;1q »Yq .

ll

Theorem 4.6. The following recursion formulas hold true for the numerator
parameter ¢;, i =1,...,C, of ®:

P(ciq") = z”: [:1] m(ﬁlym [(_1)"1(1(751)}}{2 g D)

A:Bic 4" aa 1 bpig"ce -
(120) X e BmdD:eg.gmfF;q;xq"“D oygm e

n1:0

P(cig™") = Zn: [”} . mcnl(_y)m {(_1)"1(1("‘;)}&q;"l‘;”“

n1=0 1 [dD]nl[fF]nl !
ABo [q"aa s bp;qM cn, ¢ _a
(121) X (I)D:E;F |: qn1dD . e’E;qnl,C];F 1;(]; zqn1(D ),quKz .

Theorem 4.7. The following recursion formulas hold true for the denominator
parameter d;, i =1,...,D, of ®:

- [aa]lbB] ¢ gt
O(dig™") =D+ dix(—l)Kl -
[dp)ler] ,; (qm = di)(gm " — dy)
A:Bic | qaa:igbpice g, 14D-A
X (I)D:E;F |:qdlD,q2nldz :gen; fF7 q;xq ,Yyq :l

oy laallee] < ¢
+ diy(—1) [d5][fr] Z (g —d;)(gm—t —d;)

:BiC gaa :bp,;qcc
E;F

ni=1

122 x &4 AT gz g™
(122) DEBF |y, g2 d; cepiqfe T Y
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Equivalently,
_ [aallbs] < gt
i) ™ dpllee] 2, G = dg@ =)
A:B;C qaa : qbp,;cc K,  D—A
X (I)D E;F |:qd 2— nld qu,fF7q7 zq »Yaq :|
X CLA CC n ’I’Llfl
+diy(—1)*2—
VDG ] 22 T d T )
A:Bie | qaa:bp,iqcc | 14p-A K,
(123) X CI)D:E';F' |:quD’q2—n1di . eE;qu7Q7 xq » Yq :| .

Theorem 4.8. The following recursion formulas hold true for the denominator
parameter e;, i =1,...  E, of ®:

e P e
(124) KB | A .
Equivalently,
e T R
(125) x DR [q:?f; g:f:ﬁ;iq mq"lKl,yq’”(DA)] .

Theorem 4.9. The following recursion formulas hold true for the denominator
parameter f;, i=1,..., F, of ®:

O(fig ") =2+ (-1 )KQny[ Allec] Z g

[dp]lfi] 2=, (g™ = fi) (g™ = fi)
(126) X ¥pipin {qu qigqbﬁqczc mf,  q;0q” ,yqKz] :
Equivalently,
P Z e 7 e R
(127) X B ]Bsg [qng 22:;1“1;07% anl(D—A)7yqn1K2:| .

5. g-differential recursion formulas

We can express recursion formulas of g-hypergeometric series obtained in
the previous sections in terms of g-derivatives of respective g-hypergeometric
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series. Note that the ¢-derivative operator D, , is defined for fixed ¢ by [1]

f(z) — f(zq)
(128) Dz,qf(x) - (1 _ q)x ) q 7é 1.
Indeed, as ¢ — 1, the g-derivative operator becomes ordinary differential oper-
ator, provided f is differentiable at z.
It can be verified that the nith-order g-derivative of generalized basic hy-
pergeometric series is given by

r .. ny\]1lt+s—r
D2ty = ozt [y ()]
’ Hi:l(bﬁ Q)nl (1 - Q)m
(129) X p0s(arq™, ... arg™ b1g™ . bsg™, xq"1(1+3_r)).

So (15), (16) and (24) can be expressed as:

(130) r¢s(al qn) = Z |:n:| M nl(nl D Dnlqr(bsa

= lm (a5 q)n,

n
— n l'nl(l - q)”l _ni(ng+1) _
(131) T¢s(alq n) = |: :| — V¢ 2 D;Ll Tqﬁs(alq nl)
Z nf, (az 1q; @, ,q

and

~ ™Mb (1 —q)™
132 rbs(brg™™) L T gmDM b,
(132) Ps(big Z { } o (g™ @), rar?

respectively.
Next, we obtain ¢-derivatives of ) with respect to z and y as follows:

(133) Dol = M‘I’(l)(aqm,qu,cqnl)’

(€ @)n, (1 =)™

b'sq)
134 D’nl @(1) — (a q)nl( ni ‘I)(l) n1 b/ ni ny

b q)n, (Vs O
135 D;zl D2 (I)(l) _ (CL q)Nz( 1 2 (I)(l) N2, bqnl,b/qnz, CqN2 )
(139) - Dbty Gomi-g% )

Using these g-derivatives of ®(1), we write recursion formulas (44)-(45), (50)-
(51), (56)-(59) of @) as follows:

nigym2 (] — N3 N2
D (ag") = Z{ n } a1y (1 —q)Na

Naen LT M2]4 (a3 q) N,
(136) x ¢V DR D2 o (gMy),
q)(l)(aqfn): Z |: n :| (l_q)NQxﬂu(qnly)nQ
Naon LM T2] g (a='q;9)N,

(137) x DP.DI2 &M (ag™ N2 gMy),
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ni, no _ \Nz2,N>
W (ag™) = Z { n } "y (1 —q)a
q

Na(Na—1 n n 1 n
(138) x g2 pm Dz o0 (g2 ),
(I)(l)(aq—n) _ Z |: n :| (1 - Q)Nz (qnzx)mynz
Nady L 2] 1 (@™'g @),
(139) X D;}qDqu@(l)(aq_N"’, q"*x),
LA nlbnl(l _ q)nlqnl(nl—l)
140 W (hg") = - D ),
i ) mZ:O 14 (b3 @)y *
B LA ni(] — q)nl 3
141 D (pg~™) = n LD;H dM (pg—™),
(141) (bg™™) MZ:O ) g D)
nooroq n1b1n1(1 _ q)n1q”1(n1—1)
142 D (pg") = Y DM e,
(142) ('q") mZ:O ], V5 @)n, v:q
L ~ [n] y(Q-g™ W) (3 g
(143) W (g™) = ~ D oM (' g™m).
mz::o Ml g ), P

Similarly, using the g-derivatives of ®(2)
n a; q@)n, (b; On ne g m oma
(144) Do = (i_ q)) Ei_;)ﬁl o (ag™,bg™, cg™),
3 ni
(@;Q)n, (V' @),
(€3 @)n, (1 =)™

(145) D;qu)@) — @(2) (aqn1 , b/qnl,clqnl),

ni pna g2 — (GON (53D, V3 Dns G(2) ¢, No pony 3 ma 1 oni 1 ono
(146) Dy, Dy @) = o o s @ (ag™, bg™ W™, g™ ¢g™),

we write the recursion formulas (67)-(70), (75)-(78), (81)-(82) as follows:

ni,m2(1 — 4\ N2 V2
B (ag") = Z[ n } 2"y (1 - ¢)Na

No<n L, 2 q (a;q)N2
(147) % qNQ(NQ_l)D;"}qD;quq)(Q)(q"ly),
—n n 1— q N3 i qnl no
B (ag™) = Z[n n] (=) am (q"y)
No<n L 177211 (a=tqg;q) N,
n n 2 —N. n
(148) X Dr}qDyfq(I)( )(aq 2 qMy),
@(2)(61(]”) _ Z |: n :| l'nlyn2(1 — q)NzaNz
No<n M, M2 q (a;q)Nz

Na(N2—1 n 2 n
(149) x g2\ pm Dz &) (g2 ),
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oW(ag ™) = 3 { n ] (1 —q)™ (¢"2z)™1y"

R N PR T
(150) x Dyt D2 &M (aqg~ N2 "),
n _TL b xnlbnl(l o q)nlqnl(nlfl) )
(151) ) (bg") = Do),
2 lnl, G0, g
LA ni(1 — q)nl B
152 3D (hg) = nl 2= A" b g@ g,
(152) (bg™") g::o ) g DEe ™)
n -n' ynl b/’ﬂl(l o q)n1q’ﬂ1(n1*1) @
(153) A (/' qn) = DM ),
D
_ (n]  ym(Q—g™ @) (4
(154) @ (g™ Z Y pme@ (g,
;o KN P U T
[n]  a™cm(l—q)"g™ @)
155 ) = D™ o),
( ) 2:: |71 | -1 (Cq_"; Q)nl »q
nor. ni /nl(l _ q)nlq—nl
156 3@ (g™ (] I DM 3@
(156) Ezj ) @,
The g-derivatives of ®®) are given by
157 DM p®) = (@ Dy (5 Dnsg(3) ag™ ,bg", cq™),
(157) W= G- T :
v;q)
158 Dn1 @(3) — (a q)nl( 1 @(3) ni b/ ny /. ni
(158) i @m0 —m (a'q™,b'q"™, c'q™),
D;Ll Dn2 (I)(S) (a‘7 q)nl (a’ ,Q)ng (bv q)nl (b/; q)n2
o (c;a)n, (1 — g™
(159) x (g™, a'q"™ bg" Vg™, e, 'q").

Using these g-derivatives of ®3), we can write recursion formulas (87)-(90) for
®B) as follows:

N g (1 o q)nl an (n1—1)

: ny __ . _n n 3)

(160) ) (ag™) = DLe®),
I m (1= g)m .
161 o3 ag™™) = n LD;” o3 ag™"™),
( ) ( ) nlzzo 171 | g-1 (a_l%q)nl 4 ( )
nor ny /M _ \ni,ni(ni—1)

(3)( 1 my _ nl y™a™(l—q)"g™ n & (3)

(162) d ((1 q ) Z 71 | . (a/§Q)n1 Dyqu) ,

2
I
o
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_ ~ [n y" (1 —g)™ (3) (1 —
(163) 3B (a/qg™) = [ } 2 DM oB(dgm).
Z ni = (a/ lq; Q)nl Y.q

n1:O

The recursion formulas for ®®)(bg*™) and &) (b'¢*") are obtained by replac-
ing a <> b and o’ <> b in (160)-(163), respectively.
Using the g-derivatives of ®* given by
. b q)

164 D;:ll @(4) — wq)(‘l) aqnl , bqnl , anl s
oD D = g, g™ :

(@; @)y (03 O,
(¢ @n, (1 =)™
166) D™ D> & — (a7 Q)N2( > 2
(106) DePi (€ @y (5 @)y (1 — )N
we can write the recursion formulas (97)-(100), (103)-(104) as

ni,n2 l_q)NzaN2
W (ag") = Z[ n } z™My"(
No<n n17 n2 q (a”q)NQ

(167) x ¢ D Dy o (g™ y),

n 4 4 n n n
(165) Do) = W (ag™, bg™, 'q"™),

W (ag™2, bg™2, cq™, g2,

n1, M2 1_q)N2aN2
@(4)((1(]”): Z { n :| z"y"2 (
2 b,

(168) x gM2(NemD pm e o) (g2 ),

47 Y,q

eW(ag™) = Y [ " ] ) (1) 2™ (g"y)"

Nz, L1 m2], (@™ 'q: )N,

(169) x D D2 @8 (ag™ N2 g™y),

oD(ag ) = 3 { n L_l (1= g™ y™(¢™2a)™

N2<n 1,12 (a_1Q;Q)N2

(170) x DP.Dr2 W (ag™ N2, g™ a),
respectively.

The recursion formulas for <I>(4)(bq
(167)—(170), respectively.

*n) are obtained by replacing a <+ b in

n
- n (1 —g)mg™ (1)
(171) W (cg™) = [ ] — DM oW,
nlzz:o n1] - (cq™; @)ny 4
n ni /nl(l_ )nqunl
172 @(4) C/qfn — |:TL:| y C q Dnl @(4)
(172) €= o] g i
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Finally, to obtain ¢-differential recursion formulas for ®, we use
()]
@by 5]y [(~1)"q()]
[dD]n, [e5]n, (1 —q)™
(173) « GABC [qnlaA 1q"bp;co anl’qu(D—A)] ’

DI ® =

D:E;F qnldD . qn1€E§fF;q; rq

bl [(-1724C]"
[AD]n, [fF)n, (1 —q)™

A:BiC | q"aa tbpiq"ce i (D—A) . miKs
(174) X (DD:E;F |:qn1dD . eE;qnlfF’q7xq » Yq ’

Dyo® =

Dy yDy5®
_ laadlbslulech, TP T g5 [ pyeng ()]
= Wobuleel i g [0 0] {c0md @ o)

N2 g™ bp: g2
A:B;C |4 "aa 1 q0BiqgTCe | Ki+na(D—A
(175) (I)D:E;F l:qNQdD CqMep ’; anfFv 7-an1 1+n2( )

to write recursion formulas (110)-(113), (116)-(117), (120)-(121), (125) and
(127) as

yqn1 (D—A)+n2K2:|

_ - N2
. n Na(Na—1), N2 (1 — @)
D(a; = ’ Y
( zq ) nlJrZﬂ;<n _’I’L17’I’L2_qq ' (ai;q)Nz
(176) x @y Dy DG @™ y),
) . N,
g = | "] gm0
ni+nz2<n "1, M2 q (ai§q)N2
(177) x "y Dyl Dy ®(q" @),
n n n n n
Paig™") = Z [n n} e g™ y)™
ni+nz<n b lgm
(1—q)2 apic [ay,qaNa; 1 bpseo
178 x ~—— 2 ___pm prz ABiC ) Ga; gy
(178) (a;'q;q)n, ©T v PEE dp  ep; fr POV
_ n
(I)(alq n) _ Z |:n . :| (anx)nlyTLQ
ni+nz<n b2l
(1—q)™2 ac [ay, ¢ Na; : bp;co
179 x ——— 2 pm pne gABiCH Ga Ty
(179) (a; ‘g q)n, TP dp epifp Y
n
n ™ bﬂl(l - Q)nl -
180 B(byq") = T gmmbpmg,
( ) ( q ) mz::() [nl]q (bi;q)m ¢ o
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_ " [n (1 —q)™ _
(181) D(biq ") = |: :| %D;“ CI)(q mbi),
nlz::o Ml (b7 G )n,
—~ [n] v "1 =9™
(182) @(Clqn) — |: :| Jv N 1T q’ﬂ1 ni Dnl ¢,
nlz=o Ml GRS .
N T T € S L
(183) D(cig™") = Z [ ] _17D%1q¢>(q tei),
Ml (GG On,
B n -’I’L- x"lem(l _ q)nlq—nl
184 N €iq ") = : D;Ll (1)7
(184 ( ) g::() [711] 4 (€™ @)n, 4
- ~[n] A -gme™
(185) (fig™") = L DM ®.
2, G, O
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