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ON EULERIAN ¢-INTEGRALS FOR SINGLE AND
MULTIPLE ¢-HYPERGEOMETRIC SERIES

THOMAS ERNST

ABSTRACT. In this paper we extend the two g-additions with powers in
the umbrae, define a g-multinomial-coefficient, which implies a vector
version of the g-binomial theorem, and an arbitrary complex power of a
JHC power series is shown to be equivalent to a special case of the first
g-Lauricella function. We then present several g-analogues of hypergeo-
metric integral formulas from the two books by Exton and the paper by
Choi and Rathie. We also find multiple g-analogues of hypergeometric
integral formulas from the recent paper by Kim. Finally, we prove several
multiple g-hypergeometric integral formulas emanating from a paper by
Koschmieder, which are special cases of more general formulas by Exton.

1. Introduction

We will prove several Eulerian g-integrals using the g-beta function in or-
dinary and vector form. In each of the following references, as well as the
present paper, we refer to the original papers by Koschmieder [9-11]. Ear-
lier in [2] we proved multiple g-hypergeometric transformations by using the
g-beta integral and the g-binomial theorem. Then, in [5], we started with a
g-integral representation of the fourth g-Lauricella function. Then we found
four g-hypergeometric integral transformations between the same g-Lauricella
function with vector g-beta function coefficients.

The outline of the present article runs as follows: In this section we present
the necessary definitions together with a g-integral representation of the first
g-Lauricella function, which goes back to the original paper by Lauricella [12].

In Section 2 we start with general forms of integrands in the g-beta integral
according to Exton and find special cases by using known g-summation formu-
las. An example by Rainville [13] is given, where powers of the JHC g-addition
is used as function argument. In the latter part, multiple g-analogues occur
because of the corresponding multiple g-hypergeometric formulas. They all
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180 T. ERNST

have correct hypergeometric limits. In Subsection 2.1 we investigate products
of two power series in the integrand.

In Section 3 we first find a general multiple g-integral formula and continue
with g-analogues of some of Koschmieder’s formulas [11]. The variety of these
formulas is illustrated with many examples by Exton, an example by Rainville
[13], where a multiple ¢g-addition and powers of the JHC g-addition are used
as function arguments. Finally, in Subsection 3.1 we show that the previous
formulas can be generalized to multiple Eulerian g-integrals in an obvious way.

We only make the definitions which differ from [3], except from some special
cases. For the following definition, compare with [3, p. 22].

Definition 1. Let S, denote the additional poles of Iy, vertical if ¢ is real and
slanting if ¢ is complex. Then the g-beta function, a function

(C\({Z<0}US,))* xCws C,
is defined as follows:

Ly(z+y)
Definition 2. Similarly, if # and ¢ have dimension n, the vector g-beta func-
tion, a function (C\ ({Z < 0} U S,))*" x C — C, is defined as follows:

Ly(#)Tq(9)

Tq(Z +9)

Definition 3. We extend the two g-additions as follows: If we write a letter
in the form

(2) By (%, 9) =

(3) VE(a@qﬂ)k\/VE(O‘Eqﬂ)kv
this means the two linear functionals
(4) T = (ady ﬁ)"k VA" = (e, B)”k.

This definition will be used in formulas (27) and (69).
Definition 4 ([3, p. 387, p. 437]). The g-Lauricella functions are

(@5 Q) (b; @) @™

(5) o\ (a,b:dq:7) =Y
(6) o (@ byl @) =

n = a, ba m,ffm
(7) @é)(a,b;ﬂq;w)52%7

(@5 @)m TT;—1 (b q>ma‘x;nj

8 q)(")(a,bl,...7bn;c\q;m1,...,xn) =
™% e g T (T d),

(]
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The convergence regions for the above functions are [4] for

(9) O\ (a,5;67) ¢ || @y -+ By |wa] < 1.

For

(10) (@, by c|) : max(|zy],...,|zn]) < 1.

For

(11) ®& (a,b;17) + [Va| @q - Dg [Van] < 1.
For

(12) o (a,b; ¢|F) : max(|z1],. .., |z.]) < 1.

Definition 5 ([3, p. 367 {]). The vectors
(@), (b), (9:), (ha), (@), (V'), (g5), (he)
have dimensions
A, B,Gi, H;, A", B' G, H].
Let
1+B+B +H;,+H —-A-A-G;—G,>0,i=1,...,n.
Then the generalized ¢-Kampé de Fériet function g-Kampé de Fériet function
is defined by

(13)

Cpipimnl S maet, | G

(b) = (ha);--+ 5 (hn)
=2 {(@)s0)m (@) (a0, ) [T (((9:): 5, (97) 07 m5)25)
((0); g0)m (0") (g0, m) TTj—y ()5 @5 )m,; (W) (a5, m5) (15 4) ;)

m
« (_1)2;:1 m;(1+H;+H;—G;—G;+B+B' —A-A")

AN GG Gt G, l (@) (05 (00) |z (@) (605 (9}) ]

x QE ((BJrB’fAfA’)(T;),qo) ﬁQE <(1+Hj+H]’.ijfG;.)(”;j>,qj).

j=1
It is assumed that there are no zero factors in the denominator. We assume that
(a’)(qo,m), (97)(q;,m;), (b')(qo,m), (h})(q;,m;) contain factors of the form
(a(k): @)k, (5:0)1. (s(k): @) or QE (f(17).
Definition 6 ([3, p. 368 {]). The vectors
(@), (b), (9:), (ha), (@), (V'), (g5), (hs)

have dimensions
A B G H A B G H.

Let
1+B+B' +H+H —-A-A-G-G >0.
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Then the generalized ¢-Kampé de Fériet function is defined by
(14)

paraare | (@30 on) | i ()
BABRHEH' | by (1)s. s () (’):(h’l);...;(h;)

{(a); 4o)m(a’) (g0, m )Hj:l(«gj);QJ>mj((g§‘)(qj’mj)x;‘nj)
(

= ((0);.90)m (V) (g0, ) TT5—y ({(R): @5, () (05,105 (L 45,

1) t_ymj(I+H+H ~G-G'+B+B'—A-A)
m - ms
X QE(B+B/ /)(2),%)]1;[1(;3]3 ((1+H+H’—G—G/)( 2]),%-),
where
(15) G=aVavEavyaVvAglN).

We recall the following definition from [3, p. 110]:
Definition 7. Given an integer k, the formula
(16) m0+m1+~-~+m]—:k

determines a set Jy,,....m; € N7+,
Then if f(z) is the formal power series Y ;o @', it’s k’'th JHC-power is
given by

(B

(17) S| (alxl>ml<g)qq<?>,

|m|=kmi€Jmg,...,m

:Oalxl)]c = (agHy a1z By --- )k

where T = (mq,...,mpy).
In an equivalent way we can define a g-analogue of the function
(18) Fui, 1,y tun, @) = (1 —ugzy — - — upwy) ¢

The function F(uy,x1,...,Uy,x,) is just a special Lauricella function <I>X") in
its region of convergence as the following reasoning shows.

Definition 8. Assume that 72 = (mq,...,my,), m =mq+---+m, and a € C*.
The g-multinomial-coefficient (%)q is defined by

a _ <_a; q>m(_1)mq—(gﬁ)+am
(19) <m) = 150 (5 D (G,

In accordance with (17) and (19), we can now define the following g-analogue
of (18), a vector version of the g-binomial theorem.
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Definition 9.
(20)

Corollary 1.1.
amai am —a > <a7q>ma_{,—ﬁ
(21) (18, ¢"™ a1 By - By ¢ )™ = Y o

Remark 1. There are several ¢g-Taylor formulas, some of them very similar, and
some with g-integral remainder term. All of these formulas can be generalized
to n variables, where the summation indices and the variables are written in
the same form, but with vectors. The formula (21) is a very simple example of
such a vector ¢-Taylor formula.

All the integral representations of Lauricella functions from the original pa-
per by Lauricella [12, pp. 145-147] are given without proofs in Exton [6]. We
will now find a g-analogue of the first one by using the previous definition for
a power of a JHC sum. The other integral representations, which use another
beta integral due to Dirichlet, are not suitable for g-deformation, since they
require a more complicated multiple integral.

Theorem 1.2 (A g-analogue of [12, p. 145], [6, p. 48 2.3.3], a ¢-integral repre-
sentation of the first ¢-Lauricella function).
(22)

B, (b, ¢~ b)®\" (a, b; lg; )

1 1
_ / "'(n)"'/ ur " (qua @)y by -1
0 0

to (qun; Q)cnfbnfl(]- Elq qamlulxl Bq to Elq qamnunxn)iadq(ul) te dq(un)

Proof.
(23)
LHS = i MF bi +mi,c1 — b1, ..., by +mp,c, — by
mi,...,mnp=0 (L q)m ! c1+my,...,Ch +mMy
! e Ty T
_/* (0T ey D (@D miT 71 g iy ™ L2 R,
0 Myeney my,=0 <17q m 0

2. Eulerian g-integrals for g-hypergeometric series

We start with g-analogues of some general integrals from Exton [7, p. 32 ff]:
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Theorem 2.1 (A g-analogue of [7, p. 32 2.1.6])). Assume that f(x) can be
written as the power series

(24) flz) = Z cpx”
n=0
Then we have
L1 (g () = B (e 5) S {0 Dnn
@) [ e e @) = Be.n) 3 -

Proof. Use the g-beta integral formula and the fundamental properties of the
I'y function. U

Theorem 2.2 (A g-analogue of [7, p. 33 2.1.1.2])).

1
/ 2 Mgz 9)p-1 201 (7, 6 Ng; ya)dy ()
0

(26)
A . Lo
= By(a, B) 242kP1+2k { /\725’((]; ]E:?’Qkf%) |q; } )
Proof. Put f(z) = 2¢1(7,6; A|g; yz*) in (25). O

Theorem 2.3 (Almost a g-analogue of [13, p. 104 (4)]). Let k,s € N
(27)
Cly ey Cpy OG5 K5 @), DN 83 5), 2500
Bq(awB) p+2(k+23)¢r+2(k+s) l: d17 o 7dr7 A(q; kE+ s a+ ﬁ) ‘Q;t

1
= / @G Q) -1 prashr(ct,. .o cpidiy. .. dr|g;ta* (18, 2¢°)*)d, ().
0

Proof.
(28)

B e8] Cl;~~ L Cpi q > m ym (7;) 14+r—p—2s
RHS = Z A,dy, . driq)m [( D™ ]

m=0

X

1
/ 2T (2q; @) prsm—1dq ()
0

B [eS) <C1, Cpy q > tm m (" 1+r—p—2s a+km,ﬂ+8m
- n;)a,d dnam [(-1yma®)] L {a—l—ﬁ—i—m(k—ks)}
— S <C Ly---5Cps (qak Ol) (q;&ﬁ);q)mtm _ym (7;1) 1+r—p—2s
772 <,dl,...,dr,A(q,kJ+s;a+/8);q>m [( 1)™q }

X

B | _
Fq[a+6 } = LHS.
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Corollary 2.4 (A g-analogue of [7, p. 33 2.1.1.5])).

1
/0 2 qwiq)p—1 201 (7, 6 Algs y)dg ()
(29)

= By(, B) 3¢2 [ \ aéfﬁ lg; y}
Proof. Put k=1 in (26). O

We now give a couple of examples of when the ¢-Clausenian function in (29)
can be explicitly computed.
Corollary 2.5 (A g-analogue of [7, p. 33 2.1.1.4])).
1 .
30 / po—l Md . o { }
(30) ; (71 0)s q(z) = Bg(e, B) 261 iy @y
Proof. Put v =\ in (29). O

Corollary 2.6 (A g-analogue of the corrected version of [7, p. 33 2.1.1.6]).

1
/O Nz q)s—a—1 201(7, 6; & g; yz)dy(2)
(31)

:BQ(avé_O‘) ’ ‘y|<1

(3 9)~
Proof. Put A=a, =0 —ain (29). O

Corollary 2.7.

1
/ 2% (g2 Q)g1 26107, 6 algs 2q™ P10V d, ()
0

(32)
=T aaﬂaa+ﬁ_’y_5
N a—i—B—%a—i—ﬁ—&
Proof. Put a = A, y = ¢*"A=77% in (29). O

Corollary 2.8.

/ Y(q2;Q)s—r—n 201(—n,8; A|g; qx)dy ()

A=, A=8;q)n
<)‘3A70475;Q>n.

(33)

=By(a,14+0—-A—n)

Proof. Put vy =—-n, f=1+0—X—mn, y=gqin (29). O
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Corollary 2.9 (A g-analogue of [1, p. 287 (3.1)]).

' s A2 N
— . 259> .
_/0 " (qw3q) 1 (- N-1-p) 302 _N4;1+5’)\ lg; gz | dg(z)

X (3= ﬁ;q2>7
= By(8, 3 (N +1-B)) {
0, if N uneven.

(34)

,if N even;

Proof. Use the g-analogue of the Watson-Schafheitlin summation formula [3,
p. 281 (8.9)]. O

Corollary 2.10 (A g-analogue of [1, p. 285 (2.6)]).
o o, 7, =N
| o i o yitta T 0| )
(35) ( S +rid®)
= By(v,7) <177§+’Y§q )
0, if N uneven.

Jif N even;

N\Z M\Z

Proof. Use the g-analogue of the Watson-Schatheitlin summation formula [3,
p. 281 (8.9)]. d

We will now find nine g-analogues of [8, p. 332 (2.1)-(2.3)].
Corollary 2.11 (Three g-analogues of [8, p. 332 (2.1)]).

(36)
1 11,1
_ a1+ sa,14+ 3a, a—fB—
/xﬂ (g5 9)a—28 44 . 1~2 247 |q;:vq1+ B=y dg(z)
50, 5a, 1 +a—,00
B,a—28+1,14+a—7
=T
1 1+al+a-8-v |’
al—i—fa 1+ 3a,—
/95 (93 9)a—25 503 ) 0 |g; 2q" ﬂ] dy()
0 S0, fa1+oz+n
T B,a—260+1,1+a+n —nB
1 1+a,l+a—-p+n ’
1 1
a,l+ sa, 1o_8_
P71 (qx; @) a2 3¢2[1O[1+204_7 lq; —zq' T2 5V:|dq(1')
0 3 v
(38)
_r Ba—=28+1L1+a—v1+5+b1+5—-8—-7+b
4 l+a,l+a—-B—-71+% 5+b1+ —-v+b |’
where b = 281

logqg -
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(Three g-analogues of [8, p. 332 (2.2)])
(39)
1
jﬁ 277N qT39) 1091 464

71—‘ %%a—%l—l—a—ﬂ,l—i—a—v
-1 to,l1+a,1+a—-B—17 ’

oe,l—l—%oe,l—&—%a,ﬁ
1+a—ﬂ,1+o¢—'y,%a,oo

|g; xq1+“57] dy ()

(40)

1
/ IW?l(qx;q)%a—fy—l 5¢3
0

a, 1+ %a, —n,1+ %a,ﬂovo g 2" | dy ()
1 ’ q
Il+a+nl+a—-7,35a

_p [ via-vita—vltatn]
a lo,1+a,1+a—v+n ’

(41)
1 1
S al+ 0,8 . o ltsa—B—y
/Ox (qx,qgoﬁ—yf1 3¢2[1+a_671+04—7 |g; —xq 2 dq(x)
_r, [ree-rita-flta-yl+gtblts—f-y+b
! sl+al+a—B—71+%-B+b1+%—~+b ’

where b = %.
(Three g-analogues of [8, p. 332 (2.3)])
(42)

oz,ﬁ,l—k%oz,l—k%a,

1

X g3 2" P77 dy ()
I+a—-7v,5a,3a0,00

1
/ 277N qx; Q) a—p—y 44
0

=B,(v,1+a—7),

(43)

—~—

1 1 1
_ a,—n,1+sa,1+ sa,00 _
| o amiaasns 5¢3[ L gon 450,00 g ] d,(x)
0

1+a—'y,%oz,§a

=By(y,1+a—-7)¢ ",

/1x71(qz;Q)a—5—y 3¢2 { f’ﬁ’l i %10[ |q; —quﬁaﬁq dg()
(44) 0 ToemTae
:Pq[%1+a_%{f§+@1+%fﬁ_7+b},
1+Q,1+§*5+b,1+§*'}/+b
where b = 281

loggqg

Proof. Use [3, p. 269 (7.114)-(7.116)). O
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Corollary 2.12 (A g-analogue of [1, p. 289 (4.1)]).

—_~—

1 1
- a,v, 1+ sa lo—B—
/ 277 (qw; q)a2p 362 7 ~ |g; 2q* T227P77 | dy ()
0 1+a—7,5a

=T 6304*2,6+1,1+%,1+a—771+%767,}/
q 140,142 -8,14+4%—v1+a-B—19 .

Proof. Use [3, p. 268 (7.113)]. O
We will now find g-analogues of [8, p. 333 (2.5)-(2.7)].

Corollary 2.13 (A g-analogue of [7, p. 35 (2.1.2.5)] and of [8, p. 333 (2.5)]).

(46)

1 —_
_ a,1+La,1+La,~,0 —Bemy—
/ 2" (qr; q)a—2p 5@54{ L a2 27 |g; zg* TP 5] dy(x)
0 50,50, 1+a—vy,1+a—4

(45)

_r B,a—28+114a—y,1+a-61+a—-B—v—90
e l+a,l+a—B—v,1+a—8-61+a—~v—34 '

(A g-analogue of [8, p. 333 (2.6)])
(47)
1
/0 27 7Hq139) amr1 591
-, { fy,%1@—7,1+oz—ﬂ,1+a—’y,1—|—a—5,1+a—ﬁ—7—5 }
sal+al+a—-pF—y,l+a—-pF—-61+a—-vy—§6
(A g-analogue of [8, p. 333 (2.7)])

(48)
1 —_—
- 14+ ia,1+1 By
/ 227 (q; q)a25 504 b, +12a§v+2a’7 |g; 2g" T P10 dy (2)
0 l+a—-7v50,5a,1+a—-0

T 0l+a—-251+a—-pB,l1+a—v,1+a—-F—v—90
- l+a,1+a—-B-61+a—-F—v,1+a—v—3 |’

Proof. Use [3, p. 268 (7.112)]. O
Corollary 2.14 (A g-analogue of [1, p. 291 (5.1)]).

a,1+1a,1+1a,8,0 By
21+ 300 g g+ =717 | dy(a)
I1+a-B1+a—-y,5a,1+a—4§

! o1 ¢,1+n,—n
o (425 Q) c—e 302 e lg; qz | dg()
e, e—2¢q) o
(49) = By(c,c—e+1) /\/< 9

<e_n7_n+€_20;Q>oo
<e+é+n7 —n—;e+1 _ 207 —n+ e§q2>oo

X <—n+e+1 n+l+e
2 2

)

- 207 €; q2>oo

Proof. Use [3, p. 284 (8.22)]. O
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2.1. Eulerian g-integrals with product argument

We will now investigate some g-integrals with product of two power series
in the integrand.

Theorem 2.15 (A g-analogue of [7, p. 48 2.3.4]). Assume that f(x) can be
written as the power series

(50) fl@) = cpa™
m=0

Then we have

/0 2N qwiq) 1 201 (7,0 Mgs ya®) f(2)dy ()
(51) o

_ (@ @)mCm v, 0, A(g; k; oo+ m) .
= By(a, B) 2_307<04+5§Q>m 2+2k D142k ANA(G Rt B+ m) lg;y| -

Corollary 2.16 (A g-analogue of the corrected version of [7, p. 48 2.3.6)).
Assume (50). Then we have

1
/0 2% (g5 )5 —rm 261 (—1, 8 Ag; @) f (@) dy ()
(Na)n

Z {14+ a—=X@)m{l+a— XA+ 8¢) mncmq®™
(a+d+1-A—nl+a=-A+5¢@m{l+a—Xq)m—

(52) =By(,1+6—-A—n)

m=0
Proof. Use formula (51) and

<>‘_O‘_m;Q>n _ <1+a_)‘;q>m<1+a_>‘+5;q>mfnq5n
AN—a—=35—-m;q)n A+a=-A+8&0ml+a—XNq@mn O

(53)

3. Eulerian g-integrals for multiple g-hypergeometric series

‘We continue our investigations of the g-beta integral and find a vector version
of our previous formula.

Theorem 3.1 (Almost a g-analogue of Exton [7, p. 121 6.1.6])). Assume that
f (@) can be written as the multiple power series

(54) F@) =Y end™.

Then we have

T . X oL B
5 [ ) @) = By(@ 5 ) Y DR
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Proof. Similar to above. O

Remark 2. Formula (55) also applies when s is a scalar like in formulas (56),
(59) and (62).

We next prove some special Eulerian g-integrals by using the g¢-binomial
theorem. Observe that the ¢g-Lauricella functions are the same in each equation.

Theorem 3.2 (A g-analogue of Koschmieder [11, 2.5 p. 65]).
By(a, A — )@y (o B 71 @)

1
= / s (g8 )r—a 190 (N, Bi g 7) dy(s).
0

Proof. Compute the RHS:

(56)

m=0
5 XanlB0aT S ek = 0015 0)
(57) mz_:a (Vs @)m <T q)m a q)kZ:Oq (L) (N — a5 q) oo
& N OmlBiad . mEALQs
- z:a <’Y»Qm<f,q>m (1 )<)\—oz a+m;q) = LHS. O

Corollary 3.3.
Bq «, A— a)(I)l(Oé Bl,ﬁg,’}/‘q,l'l,ilfz)

(58)
5 qs q A—a—1P1 ( 751,52;7|Q;8$1,8$2) dq(3)~

14
S~ <

Theorem 3.4 (A g-analogue of [11, 3.2 p. 66])).
B, (v.y = v)®5 (@, 5 71: 7)

1
= / 5" 1(q81 Q) y——1 U@, B v|q; sT) dy(s).
0

Proof. We compute the right hand side:

(59)

=0 7Q>7ﬁ k=0
- S M - k(u-‘rm) Vi) k(1 @)oo
(00 g::@ Vi @)m (T q)m Zq >k<'Y —Viq)oo
= (@, B q) @ (m+7,1;¢) 0
= = 1- = LHS.
,ﬁzza@;@m(l;qm( 2 vy=rv,v+m;q¢) e O
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Corollary 3.5.

Bq(%’Y - V)‘DS(OéhOéz;51752;’Y|Q;9€1,I2)
(61) ! v—1
= / 8"7H(q55 @) y—v—1P3(1, a2; B, Bo; v|q; 51, 532) dy(s).
0

Theorem 3.6 (A g-analogue of [11, 3.4 p. 66]).

By(a, A — @) (o, ; 7lg; 7)
(62) ~Y ! a—1 (n) = v
= / Y Hgs; Oamam1PE (N, B Flg; sT) dy(s).
0
Corollary 3.7.
By(a, A — )@y (a, B;71,72|q; 71, 22)
(63) v
= / 5778 Or—a—1Pa(N, Bi71,72(q; 871, 812) dy(s).
0
Theorem 3.8 (A g-analogue of [11, 3.5 p. 66]).

o (a, B 4]q; T)

A T
Fq s :| / Sa—l
Q, A— Q, 6, n—= ﬁ 0
X (45:0)r—a-18" 7" (0t @)u— -1 98" (A, i Fas stT) dy(s)dg (0):
Proof. We compute the right hand side (E has dimension 2):
(65)

1%

(64)

7,k=0

- i (A 15 @)@ (1 g2 @R (A=, p =800

- T, i (
= (hLam Gayp(A—a,p=B)a)s

=T i O‘vﬂa@mfﬁi(li )2 (A+m,u+m,ﬁi+’y’,f;q>o~o — LHS
qu:G <’?7T’Q>1ﬁ <()\_a7ﬂ—5,)\+m7ﬂ+m)34>&> 0

Corollary 3.9.
(66)
Py, Bs 1, 72lq; w1, x2)

A 1 r
~ ’ a—1
_Fq|:a7)\_a7ﬂnu_5:|/68

% (483 Q) r—a—11" 71 (qt; @) u—p—1Pa(N, 571, Yalq; sty stas) dy(s)dy(t).
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All of these g-integral formulas are similar to some general g-analogues of
Exton [7, p. 35 ff]:

Theorem 3.10 (A g-analogue of [7, p. 35 2.1.3.5]).
1
’ : (d); (d)
x4 (qu; P /DD,[ (c) = (d); cral sak| do(z
/0 (q $q)b-1 lollelle: (@) (9); (¢’ lq q( )

(67) ‘ )
= By(a,b)®S, 20D [ ()?(’ ) (d)(’(d> q;r,s].

CHRGEE | (), Algs ksa+b) < (9);(9")
(A g-analogue of [7, p. 36 2.1.3.6])

1
a () : (d); (d)
/0 2 (qu; @)y I@C'GG' { (@) : (9); (¢') lg; 7, Sxk] dy()
2 (d); (d), AN(q; k;
=B (a b)(bg’DG%:—%]Z [ (C/()C:) (g();)(g/)7) (q(’ k;aj—)b) lg; 7, 5:| .
(A g-analogue of [7, p. 36 2.1.3.7])
(69)
1 ) c ,
/0 # g @GRS | (0 () e 508 )

(
€),2koo : (d), Ag; ks a); (d), Mg ;b)) 5]
), A ksa+b) < (g), 2ko0; (¢), 2koo 17

(68)

(
_ C+2k:D+2k; D’ +2k (
= Bg(a,0)®¢ ok prok—1,0r4 2k 1[ (

Proof. We only prove the last formula, (69). Start with the left hand side and
change the order between summation and g-integration.

(0 D @Di () ™" [t
S e e (4% Drin

(1,(9); @)m
); Qmrn{(d); Qm((d');
C/) > n<1a(g) Q>m<1
); Qmn{(d), Alg; k5 a); @) ((d'), Alg; k5 b); @)™ s™
o (@) Agsk;a+b); @)man(l, (9); @) (L, (9); D)n

0

Q)nrs” a+ km,b+ kn
(g

((
((

0(( " @)n a+b+k(m+n)
{(

Il
§M8§M8§M

x T, [ aa’fb } — RHS.

Corollary 3.11 (A g-analogue of [7, p. 36 2.1.3.9)).
(71)

s ok:0;0" | A ksa+b) - (d); (d)
/Ox Yqz; q)p— 1@2kGG,[ (Mg k:a) < (9): (g') lq;rz®, sz dq(z)

= By(a,b) p®c [ EZ; Iq;r] e { EZ:; lg; 8} :
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Proof. Put

c
H Ck; q A(g; k;a+ b)) H i q A(g; ks a))m

in (67). O
Corollary 3.12 (A g-analogue of the corrected version of [7, p. 36 2.1.3.10]).
(72)
1
_ 1 cd;d', AN(q; k;a+ D) —d
a—1 : _ q)c;:'l,?kﬂ*l |: (C) s Wy 5 vy s, ka d d.(x
/0 " (qz;¢)v—1P¢ :0;2k () : —; Mgy ks a) lg q q()

= By(a,b)c41Pcr ((C), d+d';()|g;rlg sq_d/) .

Proof. Put

r=s, D=1, D' =2k+1, G=0, G' =2k, (d')=d,A(g;k;a+b),
) 9 = Ag; ks a)
in (68) and use [3, 10.143, p. 390]. O

Corollary 3.13 (A g-analogue of [7, p. 36 2.1.3.11]).
(74)

1
a— C:1; : 5
/0 2 -1 (¢): Agzk;o;);oz(q;k;b) 472", 518, ¢°2)" | dq ()

= By(a,b)crorr1Potar ((¢), (2k 4 1)oo; ('), Ag; ks a + b)|g; 7 @y s) -
Proof. Put
D=D"=1, (9) = Alg; k;a), (¢') = Ag; k3 b)
in (69) and use the fundamental property of NWA ¢-addition. O

We will now compute two Eulerian g-integrals with the Karlsson definition
(14).

Theorem 3.14 (A g-analogue of [7, p. 37 2.1.4.4]).
1 (c):d
/ 29 N qw; Qo1 G | N (g 2k F] dy(x)
(75) 0 ’ (C) g
C+2k:D (¢), A(g; k;a) : d
= B (a b)(I)C/-i-Qk el |: ( ) ( k; ot b) |q7 .

Theorem 3.15 (Compare with [7, p. 37 2.1.4.2]).

[ e amanangB | () et sl o)
0 .
)

- —

(76)

~ B.(a, ((c), Ag; ks a,b); 1 Q)8
= Bal b)%:«c/),ﬁ(q;?k;a%)yq) (LG 9)m
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3.1. Multiple Eulerian g-integrals

We first observe that formula (25) can be generalized in the following way:

Theorem 3.16 (A g-analogue of [7, p. 121 6.1.6]). Assume that f(Z) can be
written as the multiple power series

(77) F@) =" Ani™.

Then we have

@ [ a et o @@ = By@.5) Y S,

Theorem 3.17 (A g-analogue of [7, p. 121 6.1.1.1] written in vector form).
(79)

T
/* a*(qd; 0)p_z_1 c?p((c), (d)]g; T1UL Bg T2U2 By -+ + By Tyt )dg (1)
g

— g : @C:Z ) (C):O_é’c_i .= .
q(oz,ﬁ a) D+1:1 [ 0o : f3 |q,:z:

(d),
Proof.
(80)
_ ! a1 — {(c);q) b1 1+D=C
LHS = [ @ (qil q)ﬁ,gé,lkz::0 R [(_1 kg )}
> [G™ g:;]);dq(ﬁ)
|m|=k =1
_ T—'oz m—1 =, . i <(C); m _1\ym ZL 1+D-C ff
- /6 T i )l 1@ ) {( 0l )} (T q)m
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Theorem 3.18 (A g-analogue of [7, p. 122 6.1.2.1]).

‘q;xl’u,l,SCQ’UQ, ce 7xnun‘| dq(ﬁ)

Proof. Use formula (78). O

Corollary 3.19 (A g-analogue of [7, p. 123 6.1.3.2]). A formula for the ¢-
Laguerre polynomial.

1 -
/“ ﬁa_l(qﬁ§ Q)gfafngg,)q(xlul g Tauz Bg -+ Bg Tnln )dg(1)
(82) 7°

o= L Qm g [ M0, . N
=B — AL TR S g 2(—(1 — m—+vy+1
q(Oé,,B @) 1 ¢)m 2:1 v+ l,00:f |q; 7(—( q)q )
Proof. Use (79) and L;ag(m) = %1% (—n;a+ 1g; —z(1 — q)q"‘*“”‘l).
O
Corollary 3.20 (A g-analogue of [7, p. 123 6.1.3.4]).
T i —
[ @ qii; q) 5, @8 (0,85 Flas v, waua, . w ) dy (3)
(83) ’ g
Lo 4 1 30, a, -
= By(@,B=a)0i | T g7
00 : B¢
Proof. Use (81). O

4. Conclusion

All proofs use the same ¢-beta integral technique and the A notation by
Srivastava, as well as the (multiple) NWA g-addition, which is used in the
formulas. We have saved the old Koschmieder articles from oblivion and maybe
some other multiple hypergeometric function might have a similar formula. In a
forthcoming article we will consider the corresponding Laplace integrals, which
are g-analogues of the Laplace transform.
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