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FRACTIONAL CALCULUS AND INTEGRAL TRANSFORMS

OF INCOMPLETE τ -HYPERGEOMETRIC FUNCTION

Neelam Pandey and Jai Prakash Patel

Abstract. In the present article, authors obtained certain fractional

derivative and integral formulas involving incomplete τ -hypergeometric
function introduced by Parmar and Saxena [14]. Some interesting special

cases and consequences of our main results are also considered.

1. Introduction

Fractional calculus is one of the generalizations of classical calculus and it
has been used successfully in various fields of Science and Technology. Many
applications of fractional calculus can be found in other diverse fields, etc. See
[4, 7–10,15,17,18].

Integral transforms and fractional calculus formulae involving hypergeomet-
ric functions are interesting in themselves and play important roles in their
diverse applications. A large number of integral transforms and fractional cal-
culus formulae have been established by many authors ([1–3,5]).

The incomplete gamma functions γ(s, k) and Γ(s, k) defined by (Parmar
[14])

γ(s, k) =

∫ k

0

e−tts−1dt, (R(s) > 0; k ≥ 0)

and

Γ(s, k) =

∫ ∞
k

e−tts−1dt, (R(s) > 0; k ≥ 0).

These incomplete gamma functions γ(s, k) and Γ(s, k) satisfy the following
decomposition formula:

γ(s, k) + Γ(s, k) = Γ(s); (R(s) > 0),
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where the gamma function Γ(z) whose Euler’s integral is given by (Rainville
[19])

Γ(z) =

∫ ∞
0

e−ttz−1 dt (<(z) > 0).

Incomplete Pochhammer symbols (λ; k)n and [λ; k]n (λ, n ∈ C; k ≥ 0) are
defined as follows (Parmar [14])

(λ; k)n =
γ(λ+ n, k)

Γ(λ)
, (λ, n ∈ C; k ≥ 0)

and

[λ; k]n =
Γ(λ+ n, k)

Γ(λ)
, (λ, n ∈ C; k ≥ 0).

These incomplete Pochhammer symbols (λ; k)n and [λ; k]n satisfy the decom-
position formula:

(λ; k)n + [λ; k]n = (λ)n,

where the Pochhammer symbol (λ)n defined (for λ ∈ C) as (Rainville [19])

(1) (λ)n =


1, (n = 0),

λ(λ+ 1) · · · (λ+ n− 1), (n ∈ N)
Γ(λ+n)

Γ(λ) , (λ ∈ C/Z−0 ),

where Z−0 denotes the set of non positive integers.
The incomplete τ -hypergeometric function 2Γτ1(z) and 2γ

τ
1 (z) defined in term

of the incomplete Pochhammer symbols as (Parmar [14])

(2) 2Γτ1(z) =2 Γτ1((a, k), b; c; z) =

{
Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

(z)n

n!

}
,

(k ≥ 0; τ > 0;R(c) > R(b) > 0 when k = 0).

(3) 2γ
τ
1 (z) =2 γ

τ
1 ((a, k), b; c; z) =

{
Γ(c)

Γ(b)

∞∑
n=0

(a; k)n Γ(b+ τn)

Γ(c+ τn)

(z)n

n!

}
,

(k ≥ 0; τ > 0;R(c) > R(b) > 0 when k = 0).

The above incomplete τ -hypergeometric function 2Γτ1(z) and 2γ
τ
1 (z) satisfy the

decomposition formula:

2Γτ1((a, k), b; c; z) +2 γ
τ
1 ((a, k), b; c; z) =2 R

τ
1(a, b; c; z),

where 2R
τ
1(a, b; c; z) is the generalized τ -hypergeometric function ([6, 25]).

The special cases of (2) and (3) when τ = 1 are easily seen to reduce to the
known the incomplete Gauss hypergeometric functions [23, p. 664, Eq. (3.1),
(3.2)],

(4) 2γ1[(a, k), b; c; z] =

∞∑
n=0

(a; k)n (b)n
(c)n

(z)n

n!
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and

(5) 2Γ1[(a, k), b; c; z] =

∞∑
n=0

[a; k]n (b)n
(c)n

(z)n

n!

respectively. Also, the special cases of (2) and (3) when τ = 1 and k = 0 is
seen to yield the classical Gauss hypergeometric function defined as

2F1 (a, b; c;x) =

∞∑
n=0

(a)n(b)n
(c)n

xn

n!
.

The classical beta function (Srivastava and Choi [24]) defined as

B(α, β) =


∫ 1

0

tα−1(1− t)β−1 dt (<(α) > 0; <(β) > 0),

Γ(α) Γ(β)

Γ(α+ β)
(α, β ∈ C \ Z−0 ).

The present investigation requires the concept of Hadamard product which
can be used to decompose a newly-emerged function into two known functions.

Definition (Pohlen [16]). If f(t) :=
∑∞
k=0 µk t

k and g(t) :=
∑∞
k=0 νk t

k are two
power series whose radii of convergence are denoted by Rf and Rg respectively,
then their Hadamard product is the power series defined by

(f ∗ g)(t) =

∞∑
k=0

µkνk t
k.

The radius of convergence R of the Hadamard product series (f ∗ g)(t) satisfies
Rf .Rg ≤ R.

Moreover, f ∗g defines an entire function if either f or g is an entire function.

2. Fractional calculus and generalized incomplete τ -hypergeometric
function

In this section, we established certain fractional calculus formulae for the
generalized hypergeometric type function generalized incomplete τ -hypergeo-
metric function has been introduced by Parmar [14]. Some interesting special
cases of our main results are also considered.

For x > 0, l,m, ξ ∈ C and α > 0, the left sided and right sided Saigo hy-
pergeometric fractional integral operators are defined as (Saigo [20], Kiryakova
[12])

(6) (I l,m,ξ0,x f(t))(x) =
x−l−m

Γ(l)

∫ x

0

(x− t)l−1
2F1

(
l +m,−ξ; l; 1− t

x

)
f(t) dt,

(7) (J l,m,ξx,∞ f(t))(x) =
1

Γ(l)

∫ ∞
x

(t− x)l−1t−l−m2F1

(
l +m,−ξ; l; 1− t

x

)
f(t) dt,

respectively.
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The Riemann-Liouville Rl0,x(·) and the Erdélyi-Kober El,ξ0,x(·) fractional in-
tegral operators are particular cases of left sided Saigo fractional operator by
means of the relationships:

(Rl0,xf(t))(x) = (I l,−l,ξ0,x f(t))(x) =
1

Γ(l)

∫ x

0

(x− t)l−1f(t) dt,

(El,ξ0,xf(t))(x) = (I l,0,ξ0,x f(t))(x) =
x−l−ξ

Γ(l)

∫ x

0

(x− t)l−1tξf(t) dt,

and also, the Weyl and the Erdélyi-Kober fractional operators as special cases
of right sided Saigo fractional operator as follows:

(W l
x,∞f(t))(x) = (J l,−l,ξx,∞ f(t))(x) =

1

Γ(l)

∫ ∞
x

(t− x)l−1f(t) dt,

(Kl,ξ
x,∞f(t))(x) = (J l,0,ξx,∞ f(t))(x) =

xξ

Γ(l)

∫ ∞
x

(t− x)l−1t−l−ξf(t) dt.

Following the right-hand sided and left-hand sided Saigo fractional integration
of the type (6) and (7) for a power function are given by following lemmas
(Saigo [20]):

Lemma 2.1. Let l,m, ξ, λ ∈ C, x > 0 and if R(λ) > 0,R(λ − m + ξ) > 0.
Then

(8) (I l,m,ξ0,x tλ−1)(x) =
Γ(λ)Γ(λ−m+ ξ)

Γ(λ−m)Γ(λ+ l + ξ)
xλ−m−1.

Lemma 2.2. Let l,m, ξ, λ ∈ C, x > 0 and if R(m−λ+1) > 0,R(ξ−λ+1) > 0.
Then

(9) (J l,m,ξx,∞ tλ−1)(x) =
Γ(m− λ+ 1)Γ(ξ − λ+ 1)

Γ(1− λ)Γ(m+ l − λ+ ξ + 1)
xλ−m−1.

Let l, l
′
,m,m

′
, ξ are complex numbers and x > 0. Then the left sided and

right sided Saigo fractional derivative operators are defined as (Saigo [20]):

(10)
(
Dl,m,ξ

0+ f
)

(x) =
(
I−l,−m,l+ξf

)
(x) =

(
d

dx

)n (
I−l+ξ,−m−ξ,l+ξ−n0+ f

)
(x),

(R(l) ≥ 0, n = [R(l)] + 1),
and
(11)(

Dl,m,ξ
0− f

)
(x)=

(
I−l,−m,l+ξ− f

)
(x)=

(
− d

dx

)n (
I−l+ξ,−m−ξ,l+ξ−n− f

)
(x),

(R(l) ≥ 0, n = [R(l)] + 1), respectively.



FRACTIONAL CALCULUS AND INTEGRAL TRANSFORMS 131

As a special cases, the Saigo fractional derivative operators contains the
Riemann-Liouville Dl

0+(·) and Weyl fractional derivatives by means of the fol-
lowing relationships:

(12)

(Dl,−l,ξ
0+ f)(x) = (Dl

0+f)(x)

=

(
d

dx

)n
1

Γ(n− l)

∫ x

0

f(t)dt

(x− t)l−n+1
,

(x > 0, n = [R(l)] + 1, l ∈ C,R(l) ≥ 0),

(13)

(Dl,−l,ξ
0− f)(x) = (Dl

−f)(x)

=

(
− d

dx

)n
1

Γ(n− l)

∫ ∞
x

f(t)dt

(t− x)l−n+1
,

(x > 0, n = [R(l)] + 1, l ∈ C,R(l) ≥ 0).

Also the Saigo fractional derivative operators include the Erdélyi-Kober frac-
tional derivative operators (Kiryakova [11]) as follows:

(Dl,0,ξ
0+ f)(x) = (D+

ξ,lf)(x) =

(
d

dx

)n
(I−l+n,−l,−l+ξ−n0+ f)(x),

(x > 0, n = [R(l)] + 1, l ∈ C),

(14)

(Dl,0,ξ
0− f)(x) = (D−ξ,lf)(x) =

(
− d

dx

)n
(I−l+n,−l,−l+ξ−n− f)(x),

(x > 0, n = [R(l)] + 1, l ∈ C).

(15)

Following the right-hand sided and left-hand sided Saigo fractional derivative
of the type (14) and (15) for a power function are given by following lemmas
(Saigo [20]):

Lemma 2.3. Let l,m, ξ, λ ∈ C, R(l) ≥ 0, x > 0 and R(λ) > −min[0,R(l +
m+ ξ)]. Then

(16) Dl,m,ξ
0+

(
tλ−1

)
(x) =

Γ(λ)Γ(λ+ l +m+ ξ)

Γ(λ+m)Γ(λ+ ξ)
xλ+m−1.

Lemma 2.4. Let l,m, ξ, λ ∈ C, R(l) ≥ 0, x > 0 and R(λ) < 1 + min[R(−m−
n),R(l + ξ)]. Then

(17) Dl,m,η
0−

(
tλ−1

)
(x) =

Γ(1− λ−m)(1− λ+ l + ξ)

Γ(1− λ)Γ(1− λ+ ξ −m)
xλ+m−1.

2.1. Fractional integral formulae involving generalized incomplete τ -
hypergeometric function

The fractional integral formulae for the generalized incomplete τ -hypergeo-
metric function are given by the following results:
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Theorem 2.5. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C
be parameters such that min{R(λ),R(l)} > 0 and R(λ) > max{0,R(m − ξ)}.
Then, the following fractional integral formula holds:

(18)

I l,m,ξ0,t

{
tλ−1

2Γτ1((a, k), b; c; t)
}

(x)

= xλ−m−1 Γ(λ)Γ(λ−m+ ξ)

Γ(λ−m)Γ(λ+ l + ξ)

× {2Γτ1((a, k), b; c; t)(x) ∗ 2F2(λ, λ−m+ ξ;λ−m,λ+ l + ξ;x)} .

Proof. For convenience, we denote the left-hand side of the result (18) by L.
Using (2), we find

L = I l,m,ξ0,t [tλ−1
2Γτ1((a; k), b; c; t)](x),

L = I l,m,ξ0,t [tλ−1 Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

(t)n

n!
](x),

L =
Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

1

n!
I l,m,ξ0,t [tλ+n−1](x).

Now using (8), we get

L =
Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

1

n!

Γ(λ+ n)Γ(λ+ n−m+ ξ)

Γ(λ+ n−m)Γ(λ+ n+ l + ξ)
xλ+n−m−1.

Now, using (1), we get

L = xλ−m−1 Γ(λ)Γ(λ−m+ ξ)

Γ(λ−m)Γ(λ+ l + ξ)

Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

xn

n!

(λ)n (λ−m+ η)n
(λ−m)n (λ+ l + ξ)n

.

Now, using equation (2) and applying Hadamard product series yields the
desired result (18). �

Theorem 2.6. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C
be parameters such that min{R(λ),R(l)} > 0 and R(λ) > max{0,R(m − ξ)}.
Then the following fractional integral formula holds:

I l,m,ξ0,t

{
tλ−1

2γ
τ
1 ((a, k), b; c; t)

}
(x)

= xλ−m−1 Γ(λ)Γ(λ−m+ ξ)

Γ(λ−m)Γ(λ+ l + ξ)

× {2γτ1 ((a, k), b; c; t)(x) ∗ 2F2(λ, λ−m+ ξ;λ−m,λ+ l + ξ;x)} .

Theorem 2.7. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C be
parameters such that min{R(λ),R(l)} > 0 and R(λ) > 1 + min{R(ξ),R(m)}.
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Then the following fractional integral formula holds:
(19)

J l,m,ξz,∞

{
tλ−1

2Γτ1((a, k), b; c;
1

t
)

}
(x)

= xλ+m−1 Γ(1− λ−m)Γ(1− λ+ l + ξ)

Γ(1− λ)Γ(1− λ+ ξ −m)

{
2Γτ1((a, k), b; c;

1

x
) ∗ 2F2(1− λ−m,

1− λ+ l + ξ; 1− λ, 1− λ+ ξ −m;
1

x
)

}
.

Proof. As in the proof of Theorem 2.7, taking the operator (7) and the result
(9) into account, one can easily prove result (19). �

Theorem 2.8. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C be
parameters such that min{R(λ),R(l)} > 0 and R(λ) > 1 + min{R(ξ),R(m)}.
Then the following fractional integral formula holds:

J l,m,ξt,∞

{
tλ−1

2γ
τ
1 ((a, k), b; c;

1

t
)

}
(x)

= xλ+m−1 Γ(1− λ−m)Γ(1− λ+ l + ξ)

Γ(1− λ)Γ(1− λ+ ξ −m)

{
2γ
τ
1 ((a, k), b; c;

1

x
) ∗ 2F2(1− λ−m,

1− λ+ l + ξ; 1− λ, 1− λ+ ξ −m;
1

x
)

}
.

Setting m = 0 in Theorem 2.5 and Theorem 2.7, yield the results asserted
by the following corollaries.

Corollary 2.9. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C
be parameters such that min{R(λ),R(l)} > 0 and R(λ) > R(−ξ). Then the
following Erdélyi-Kober fractional integral formula holds:

El,ξ0,t

{
tλ−1

2Γτ1((a, k), b; c; t)
}

(x)

= xλ−1 Γ(λ+ ξ)

Γ(l + λ+ ξ)
{2Γτ1((a, k), b; c;x) ∗ 1F1(λ+ η;λ+ l + ξ;x)} .

Corollary 2.10. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C
be parameters such that min{R(λ),R(l)} > 0 and R(λ) > R(−ξ). Then the
following Erdélyi-Kober fractional integral formula holds:

El,ξ0,t

{
tλ−1

2γ
τ
1 ((a, k), b; c; t)

}
(x)

= xλ−1 Γ(λ+ ξ)

Γ(l + λ+ ξ)
{2γτ1 ((a, k), b; c;x) ∗ 1F1(λ+ ξ;λ+ l + ξ;x)} .

Corollary 2.11. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C
be parameters such that min{R(λ),R(l)} > 0 and R(λ) < 1 + R(ξ). Then the
following fractional integral formula holds:

Kl,ξ
t,∞

{
tλ−1

2Γτ1((a, k), b; c;
1

t
)

}
(x)



134 N. PANDEY AND J. P. PATEL

= tλ−1 Γ(1− λ+ ξ)

Γ(1 + l − λ− ξ

{
2Γτ1((a, k), b; c;

1

x
) ∗ 1F1(1− λ+ η; 1− λ+ l + ξ;

1

x
)

}
.

Corollary 2.12. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C
be parameters such that min{R(λ),R(l)} > 0 and R(λ) < 1 + R(ξ). Then the
following fractional integral formula holds:

Kl,ξ
t,∞

{
tλ−1

2γ
τ
1 ((a, k), b; c;

1

t
)

}
(x)

= zλ−1 Γ(1− λ+ ξ)

Γ(1 + l − λ− ξ

{
2γ
τ
1 ((a, k), b; c;

1

x
) ∗ 1F1(1− λ+ ξ; 1− λ+ l + ξ;

1

x
)

}
.

By replacing m by −l in Theorem 2.5 and Theorem 2.7, we obtain the
Riemann-Liouville fractional integrals of the generalized incomplete τ -hyper-
geometric type functions given by the corollaries.

Corollary 2.13. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C
be parameters such that min{R(λ),R(l)} > 0. Then the following Riemann-
Liouville fractional integral formula holds:

Rl0,t

{
tλ−1

2Γτ1((a, k), b; c;
1

t
)

}
(x)

= tλ+l−1 Γ(λ)

Γ(λ+ l)
{2Γτ1((a, k), b; c;x) ∗ 1F1(λ;λ+ l, ; x)} .

Corollary 2.14. Let z > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C
be parameters such that min{R(λ),R(l)} > 0. Then the following Riemann-
Liouville fractional integral formula holds:

Rl0,t

{
tλ−1

2γ
τ
1 ((a, k), b; c;

1

t
)

}
(x)

= tλ+l−1 Γ(λ)

Γ(λ+ l)
{2γτ1 ((a, k), b; c;x) ∗ 1F1(λ;λ+ l, ; x)} .

Corollary 2.15. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C be
parameters such that min{R(λ),R(l)} > 0. Then the following Weyl fractional
integral formula holds:

W l
x,∞

[
tλ−1

2Γτ1((a, k), b; c;
1

t
)

]
(x)

= xλ+l−1 Γ(1− λ− l)
Γ(1− λ)

{
2Γτ1((a, k), b; c;

1

x
) ∗ 1F1

[
(1− λ− l),

(1− λ),
;

1

x

]}
.

Corollary 2.16. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C be
parameters such that min{R(λ),R(l)} > 0. Then the following Weyl fractional
integral formula holds:

W l
x,∞

[
tλ−1

2γ
τ
1 ((a, k), b; c;

1

t
)

]
(x)
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= xλ+l−1 Γ(1− λ− l)
Γ(1− λ)

{
2γ
τ
1 ((a, k), b; c;

1

x
) ∗ 1F1

[
(1− λ− l),

(1− λ),
;

1

x

]}
.

2.2. Fractional derivative formulae involving generalized incomplete
τ -hypergeometric function

The fractional derivative formulae for the generalized incomplete τ -hyper-
geometric function are given by the following results:

Theorem 2.17. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C be
parameters such that min{R(λ),R(m)} > 0 and R(λ) > −min{0,R(l + m +
ξ)}. Then the following fractional derivative formula holds:
(20)

Dl,m,ξ
0+

{
tλ−1

2Γτ1((a, k), b; c; t)
}

(x)

= xλ+m−1 Γ(λ)Γ(λ+ l +m+ ξ)

Γ(λ+m)Γ(λ+ ξ)
{2Γτ1((a, k), b; c;x) ∗ 2F2(λ, λ+ l +m+ ξ;

λ+m,λ+ ξ;x)} .

Proof. For convenience, we denote the left-hand side of the result (20) by L.
Using (2) and changing order of integration and summation, we find

L = Dl,m,ξ
0+ [tλ−1

2Γτ1((a; k), b; c; t)](x),

L = Dl,m,ξ
0+ [tλ−1 Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

(t)n

n!
](x),

L =
Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

1

n!
Dl,m,ξ

0+ [zλ+n−1](x).

Now, using (16), we get

L =
Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

1

n!

Γ(λ+ n)Γ(λ+ n+ l +m+ ξ)

Γ(λ+ n+m)Γ(λ+ n+ ξ)
xλ+n+m−1.

Now, using (1), we get

L = xλ+m−1 Γ(λ)Γ(λ+ l +m+ ξ)

Γ(λ+m)Γ(λ+ ξ)

Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

xn

n!

(λ)n (λ+ l +m+ ξ)n
(λ+m)n (λ+ ξ)n

,

using equation (2) and applying the Hadamard product series yields the desired
result (20). �

Theorem 2.18. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C be
parameters such that min{R(λ),R(l)} > 0 and R(λ) > −min{0,R(l+m+ξ)}.
Then the following fractional derivative formula holds:

Dl,m,ξ
0+

{
tλ−1

2γ
τ
1 ((a, k), b; c; t)

}
(x)

= xλ+m−1 Γ(λ)Γ(λ+ l +m+ ξ)

Γ(λ+m)Γ(λ+ ξ)
{2γτ1 ((a, k), b; c;x) ∗ 2F2(λ, λ+ l +m+ ξ;

λ+m,λ+ ξ;x)} .
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Theorem 2.19. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C
be parameters such that min{R(λ),R(l)} > 0 and R(λ) < 1 + min[R(−m −
ξ), R(l + ξ)]. Then the following fractional derivative formula holds:
(21)

Dl,m,ξ
0−

{
tλ−1

2Γτ1((a, k), b; c;
1

t
)

}
(x)

= xλ+m−1 Γ(1− λ−m)Γ(1− λ+ l + ξ)

Γ(1− λ)Γ(1− λ+ ξ −m)

{
2Γτ1((a, k), b; c;

1

x
) ∗ 2F2(1− λ−m,

1− λ+ l + ξ; 1− λ, 1− λ+ ξ −m;
1

x
)

}
.

Proof. For convenience, we denote the left-hand side of the result (21) by L.
Using (2) and changing order of integration and summation, we find

L = Dl,m,ξ
0− [tλ−1

2 Γτ1((a; k), b; c;
1

t
)](x),

L = Dl,m,ξ
0− [tλ−1 Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

1

tn n!
](x),

L =
Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

1

n!
Dl,m,ξ

0− [tλ−n−1](x).

Now, using (17), we get

L =
Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

1

n!

Γ(1− λ+ n−m)Γ(1− λ+ n+ l + ξ)

Γ(1− λ+ n)Γ(1− λ+ n+ ξ −m)
xλ−n+m−1.

Now, using (1), we get

L = xλ+m−1 Γ(1− λ−m)Γ(1− λ+ l + ξ)

Γ(1− λ)Γ(1− λ+ ξ −m)

Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

1

xn n!

(1− λ−m)n (1− λ+ l + ξ)n
(1− λ)n (1− λ+ ξ −m)n

,

using equation (2) and applying the Hadamard product series yields the desired
result (21). �

Theorem 2.20. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C
be parameters such that min{R(λ),R(l)} > 0 and R(λ) < 1 + min[R(−m −
ξ), R(l + ξ)]. Then the following fractional derivative formula holds:

Dl,m,ξ
0−

{
tλ−1

2γ
τ
1 ((a, k), b; c;

1

t
)

}
(x)

= xλ+m−1 Γ(1− λ−m)Γ(1− λ+ l + ξ)

Γ(1− λ)Γ(1− λ+ ξ −m)

{
2γ
τ
1 ((a, k), b; c;

1

x
) ∗ 2F2(1− λ−m,

1− λ+ l + ξ; 1− λ, 1− λ+ ξ −m;
1

x
)

}
.

Setting m = 0 in Theorem 2.17 and Theorem 2.19, yield the results asserted
by the following corollaries.
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Corollary 2.21. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C
be parameters such that min{R(λ),R(l)} > 0 and R(λ) > −min{0,R(ξ)}.
Then the right-hand side Erdélyi-Kober fractional derivative of the generalized
incomplete τ -hypergeometric type functions is given by

Dl,0,ξ
0+

{
tλ−1

2Γτ1((a, k), b; c; t)
}

(x)

= tλ−1 Γ(λ+ l + ξ)

Γ(λ+ ξ)
{2Γτ1((a, k), b; c;x) ∗ 1F1(λ+ l + ξ;λ+ ξ;x)} .

Corollary 2.22. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C
be parameters such that min{R(λ),R(l)} > 0 and R(λ) > −min{0,R(ξ)}.
Then the right-hand side Erdélyi-Kober fractional derivative of the generalized
incomplete τ -hypergeometric type functions is given by

Dl,0,ξ
0+

{
tλ−1

2γ
τ
1 ((a, k), b; c; t)

}
(x)

= tλ−1 Γ(λ+ l + ξ)

Γ(λ+ ξ)
{2γτ1 ((a, k), b; c;x) ∗ 1F1(λ+ l + ξ;λ+ ξ;x)} .

Corollary 2.23. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C be
parameters such that min{R(λ),R(l)} > 0 and R(λ) < 1 + min{R(−ξ),R(l +
ξ)}. Then the left-hand side of Erdélyi-Kober fractional derivative of the gen-
eralized incomplete τ -hypergeometric type functions is given by

Dl,0,ξ
0−

{
tλ−1

2Γτ1((a, k), b; c;
1

t
)

}
(x)

= xλ−1 Γ(1−λ+ l + ξ)

Γ(1−λ+ξ)

{
2Γτ1((a, k), b; c;

1

x
) ∗ 1F1(1−λ+ l + ξ; 1−λ+ ξ;

1

x
)

}
.

Corollary 2.24. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C be
parameters such that min{R(λ),R(l)} > 0 and R(λ) < 1 + min{R(−ξ),R(l +
ξ)}. Then the left-hand side of Erdélyi-Kober fractional derivative of the gen-
eralized incomplete τ -hypergeometric type functions is given by

Dl,0,ξ
0−

{
tλ−1

2γ
τ
1 ((a, k), b; c;

1

t
)

}
(x)

= xλ−1 Γ(1−λ+ l + ξ)

Γ(1−λ+ξ)

{
2γ
τ
1 ((a, k), b; c;

1

x
) ∗ 1F1(1−λ+ l + ξ; 1−λ+ ξ;

1

x
)

}
.

By replacing m with −l in Theorems 2.17 and 2.19, and using the relations
(12) and (13), we obtain the Riemann-Liouville fractional derivative of the
generalized incomplete τ -hypergeometric type functions given by the following
corollaries.

Corollary 2.25. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C be
parameters such that min{R(λ),R(l)} > 0. Then the right-hand side Riemann-
Liouville fractional derivative of the generalized incomplete τ -hypergeometric
type functions is given by

Dl,−l,ξ
0+

{
tλ−1

2Γτ1((a, k), b; c; t)
}

(x)
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= xλ−l−1 Γ(λ)

Γ(λ− l)
{2Γτ1((a, k), b; c;x) ∗ 1F1(λ;λ− l;x)} .

Corollary 2.26. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C be
parameters such that min{R(λ),R(l)} > 0. Then the Riemann-Liouville frac-
tional derivative of the generalized incomplete τ -hypergeometric type functions
is given by

Dl,−l,ξ
0+

{
tλ−1

2γ
τ
1 ((a, k), b; c; t)

}
(x)

= xλ−l−1 Γ(λ)

Γ(λ− l)
{2γτ1 ((a, k), b; c;x) ∗ 1F1(λ;λ− l;x)} .

Corollary 2.27. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C
be parameters such that min{R(λ),R(l)} > 0 and R(λ) < 1 + R(l). Then the
Weyl fractional derivative of the generalized incomplete τ -hypergeometric type
function is given by

Dl,−l,ξ
0−

[
tλ−1

2Γτ1((a, k), b; c;
1

t
)

]
(x)

= xλ+l−1 Γ(1− λ+ l)

Γ(1− λ)

{
2Γτ1((a, k), b; c;

1

x
) ∗ 1F1

[
1− λ+ l,

1− λ, ;
1

x

]}
.

Corollary 2.28. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and l,m, ξ ∈ C
be parameters such that min{R(λ),R(l)} > 0 and R(λ) < 1 + R(l). Then the
Weyl fractional derivative of the generalized incomplete τ -hypergeometric type
function is given by

Dl,−l,ξ
0−

[
tλ−1

2γ
τ
1 ((a, k), b; c;

1

t
)

]
(x)

= xλ+l−1 Γ(1− λ+ l)

Γ(1− λ)

{
2γ
τ
1 ((a, k), b; c;

1

x
) ∗ 1F1

[
1− λ+ l,

1− λ, ;
1

x

]}
.

3. Integral transform and generalized incomplete τ -hypergeometric
function

The section deals with integral transforms formulae, which exhibit the con-
nection between the Euler, Varma, Laplace and Whittaker integral transforms
and the generalized incomplete τ -hypergeometric type function.

We begin by recalling the following beta transform of a function (Sneddon
[21]):

(22) B{f(t) : l,m} =

∫ 1

0

tl−1(1− t)m−1f(t)dt.

The Verma transform of a function f(t) is defined by the following integral
equation (Mathai et al. [13, p. 55]):

(23) V (f, k,m; s) =

∫ ∞
0

(st)m−
1
2 exp(−1

2
st) Wk,m(st) f(t)dt, (R(s) > 0),
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where Wk,m is the Whittaker function defined by (Mathai et al. [13, p. 55])

Wk,m(t) =
∑
m,−m

Γ(−2m)

Γ( 1
2 − k −m)

Mk,m(t),

where the summation symbol indicates that the expression following it, a sim-
ilar expression with m replaced by −m is to be added and

Mk,m(t) = tm+ 1
2 exp(− t

2
) 1F1(

1

2
− k +m; 2m+ 1; t).

It is interesting to observe that, for k = −ν + 1
2 , the Verma transform

defined by(23) reduces to the well-known Laplace transform of a function f(t)
(Sneddon [21]):

L{f(t) : s} =

∫ ∞
0

e−stf(t) dt.

The following results exhibit the connection between the Euler, Varma,
Laplace and Whittaker integral transforms and the generalized incomplete τ -
hypergeometric type function.

Theorem 3.1. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0. Then the following
beta transform formula holds:

(24)
B{2Γτ1((a, k), b; c; yt); l,m}

= B(l,m){2Γτ1((a, k), b; c; y) ∗1 F1(l; l +m; y)}, (|y| < 1).

Further, it is assumed that the involved Euler (Beta) transforms (22) of

2Γτ1((a, k), b; c; y) exist.

Proof. Applying Euler (beta) transform (22) on 2Γτ1((a, k), b; c; yz), we get

L =

∫ 1

0

tl−1(1− t)m−1
2Γτ1((a, k), b; c; yt)dt,

L =

∫ 1

0

tl−1(1− t)m−1 Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

(yt)n

n!
dt.

By changing the order of integration and summation using beta integral, we
get

L =
Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

(y)n

n!

∫ 1

0

tn+l−1(1− t)m−1dt,

L =
Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

(y)n

n!
B(l + n,m),

L =
Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

(y)n

n!

Γ(l + n)Γ(m)

Γ(l +m+ n)
,

L =
Γ(l)Γ(m)

Γ(l +m)

Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

(y)n

n!

Γ(l + n)Γ(l +m)

Γ(l +m+ n)Γ(l)
,
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L = B(l,m)
Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

(y)n

n!

(l)n
(l +m)n

.

Now, using Hadamard product series, leads to the right hand side of (24). �

Theorem 3.2. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0. Then the following
beta transform formula holds:

B{2γτ1 ((a, k), b; c; yt); l,m}
= B(l,m){2γτ1 ((a, k), b; c; y) ∗1 F1(l; l +m; y)}, (|y| < 1).

Further, it is assumed that the involved Euler (Beta) transforms (22) of

2Γτ1((a, k), b; c; y) exist.

Theorem 3.3. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and R(l) > 0. Then
the following Verma transform formula holds true:
(25)
V {tl−1

2Γτ1((a, k), b; c; yt); s}

=
1

sl
Γ(l)Γ(2m+ l)

Γ(m+ l − k + 1
2 )

[
2Γτ1((a, k), b; c;

y

s
) ∗ 2F1(2m+ l, l;m+ l − k +

1

2
;
y

s
)

]
,

where both sides of (25) are assumed to exist.

Proof. Let L be the left-hand side of (25). Then

L =

∫ ∞
0

(st)m−
1
2 exp(−1

2
sz)Wk,m(sz).tl−1

2Γτ1((a, k), b; c; yt)dt,

L = sm−
1
2

∫ ∞
0

t(m+l− 1
2 )−1 exp(−1

2
st)Wk,m(st)

Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

(yt)n

n!
.

By changing the order of integration and summation which may be verified
under the conditions, we obtain

L =
Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

(y)n

n!
sm−

1
2

∫ ∞
0

t(m+l− 1
2 )−1 exp(−1

2
sz)Wk,m(st)dt,

L =
Γ(c)

Γ(b)

∞∑
n=0

[a; k]n Γ(b+ τn)

Γ(c+ τn)

(y)n

n!

{
1

sl+m
Γ(2m+ l + n)Γ(l + n)

Γ( 1
2 − k +m+ l + n)

}
.

Now, using Hadamard product series, leads to the right hand side of (25). �

Theorem 3.4. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and R(l) > 0. Then
the following Verma transform formula holds true:
(26)
V {tl−1

2γ
τ
1 ((a, k), b; c; yt); s}

=
1

sl
Γ(l)Γ(2m+ l)

Γ(m+ l − k + 1
2 )

[
2γ
τ
1 ((a, k), b; c;

y

s
) ∗ 2F1(2m+ l, l;m+ l − k +

1

2
;
y

s
)

]
,

where both sides of (26) are assumed to exist.
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Laplace transform is the special case of Verma transform. In fact, we have
an interesting Laplace transform asserted by the following corollaries.

Corollary 3.5. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and R(l) > 0. Then
the following Laplace transform formula holds true:

(27) L{tl−1
2Γτ1((a, k), b; c; yt); s} =

Γ(l)

sl

[
2Γτ1((a, k), b; c;

y

s
) ∗ 1F0(l;−;

y

s
)
]
,

where both sides of (27) are assumed to exist.

Corollary 3.6. Let t > 0, k ≥ 0; τ > 0;R(c) > R(b) > 0 and R(l) > 0. Then
the following Laplace transform formula holds true:

(28) L{tl−1
2γ
τ
1 ((a, k), b; c; yt); s} =

Γ(l)

sl

[
2γ
τ
1 ((a, k), b; c;

y

s
) ∗ 1F0(l;−;

y

s
)
]
,

where both sides of (28) are assumed to exist.

Remark 3.7. It is noted that the all above results also can be obtained for
incomplete hypergeometric functions (4) and (5) given by Srivastava et al.
[23]. Fractional integral of incomplete hypergeometric functions (4) and (5) is
given by Srivastava and Agarwal [22].

4. Concluding remarks

The generalized τ -hypergeometric type functions (2) and (3) have the ad-
vantage that most of the known and widely-investigated special functions are
expressible in terms of the generalized incomplete τ -hypergeometric functions.
Therefore, we conclude this paper with the remark that, the results deduced
above are significant and can lead to yield numerous fractional calculus and
integral transform formulae involving various special functions by the suitable
specializations of arbitrary parameters in the results.

Acknowledgement. Authors express their sincere thanks to the referees for
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