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FOOTPRINT AND MINIMUM DISTANCE FUNCTIONS

Luis NUNEZ-BETANCOURT, YURIKO PITONES, AND RAFAEL H. VILLARREAL

ABSTRACT. Let S be a polynomial ring over a field K, with a monomial
order <, and let I be an unmixed graded ideal of S. In this paper we
study two functions associated to I: The minimum distance function &
and the footprint function fp;. It is shown that J; is positive and that
fpy is positive if the initial ideal of I is unmixed. Then we show that
if I is radical and its associated primes are generated by linear forms,
then d; is strictly decreasing until it reaches the asymptotic value 1. If
I is the edge ideal of a Cohen—Macaulay bipartite graph, we show that
07(d) = 1 for d greater than or equal to the regularity of S/I. For a graded
ideal of dimension > 1, whose initial ideal is a complete intersection, we
give an exact sharp lower bound for the corresponding minimum distance
function.

1. Introduction

Let S = Klt1,...,ts] = &3 ,Sa be a polynomial ring over a field K with
the standard grading and let I # (0) be a graded ideal of S. The degree or
multiplicity of S/I is denoted by deg(S/I).

Given an integer d > 1, let F; be the set of all zero-divisors of S/I not in T
of degree d > 1:

Fo={feSalf &1, (I:[)#1I},
where (I: f) :={h € S|hf € I} is the quotient ideal or colon ideal of I with

respect to f. The minimum distance function of I is the function é;: Ny — Z
given by

51(d) = { deg(S/1) — max{deg(5/(I, f))| f € Fa} if Fa#0,
A deg(S/1) if Fy=0.

Fix a graded monomial order < on S. The initial ideal of I is denoted by
ing(I). Let AL (I) be the footprint or Grébner éscalier of S/I consisting of all
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the standard monomials of S/I, that is, all the monomials of S not in the ideal
ing(I).

Let M 4 be the set of all zero-divisors of S/in<(I) of degree d > 1 that are
in AL(D):

Mg = {t*|t € AL(I) N Sy, (in<(I): t%) # ins(I)}.

The footprint function of I, denoted fp;, is the function fp;: Ny — Z given
by

[ deg(S/T) — max{deg(S/(in<(I), 1)) | 1% € Mg} if Mg £ 0,
fp;(d) := { dei(S/I) © ’ if/\/l<,z = 0.

In this paper we study J; and fp; from a theoretical point of view. The
functions §; and fp; were introduced in [18] and [17], respectively. The interest
in these functions is essentially due to the following two facts: The minimum
distance function is related to the minimum distance in coding theory [18,
Theorem 4.7] and the footprint function is much easier to compute. There are
significant cases in which either the footprint function is a lower bound for the
minimum distance function [17, Lemma 3.10(a)] or the two functions coincide
[17, Corollary 4.4].

The footprint lower bound was used in the works of Geil [7] and Carvalho [3]
to study affine Reed-Muller-type codes. Long before these two papers appeared
the footprint was used by Geil in connection with all kinds of codes (including
one-point algebraic geometric codes); see [8-10] and the references therein.

The contents of this paper are as follows. In Section 2 we present some of
the results and terminology that will be needed in the paper.

Our first result shows that d; is positive if I is unmixed, and that fp; is
also positive if in(I) is unmixed (Theorem 3.6). This improves the correlated
non-negativity of the functions §; and fp; that was shown in [17, Lemma 3.10].
We show that if I is a radical unmixed ideal whose associated primes are
generated by linear forms, then §; is strictly decreasing until it reaches the
asymptotic value 1 (Theorem 3.8). This gives a wide generalization of [18,
Theorem 4.5(vi)]. Then we conjecture that d;(d) = 1 for d > reg(S/I), where
reg(S/I) is the regularity of S/I (Conjecture 4.2). We show this conjecture
when [ is the edge ideal of a Cohen—Macaulay bipartite graph without isolated
vertices (Proposition 4.7).

If I is a complete intersection monomial ideal of dimension > 1, we present an
explicit formula for fp;(d) (Theorem 5.5). In this case fp;(d) = d;(d) (Propo-
sition 2.14). For a graded ideal of dimension > 1, whose initial ideal is a
complete intersection, we give an exact sharp lower bound for the correspond-
ing minimum distance function (Theorem 5.6). As a particular case we recover
[17, Theorem 3.14]; as is seen in [17] this result has interesting applications to
coding theory and to packing and covering in combinatorics.

For all unexplained terminology and additional information, we refer to [2,5]
(for the theory of Grébner bases, commutative algebra, and Hilbert functions).
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2. Preliminaries

All results of this section are well-known. To avoid repetitions we continue
to employ the notations and definitions used in Section 1.

Let S = Klt1,...,ts]) = &3 ,Sa be a polynomial ring over a field K with
the standard grading and let I # (0) be a graded ideal of S of dimension k. By
the dimension of I we mean the Krull dimension of S/I. The Hilbert function
of S/I, denoted Hy, is given by:

H[(d) = dimK(Sd/Id), d:O,l,Q,...,
where Iy = INSy. By a theorem of Hilbert [2, Theorem 4.1.3] there is a unique
polynomial hy(t) € Q[t] of degree k — 1 such that h;(d) = H;(d) for d > 0. By
convention the degree of the zero polynomial is —1.
The degree or multiplicity of S/I, denoted deg(S/I), is the positive integer

(k—1)! lim Hi(d)/d*=' ifk>1,
—00
dimg (S/T) if k=0.

Definition 2.1. If T is a graded ideal of S, the Hilbert series of S/I, denoted
Fi(z), is given by

deg(S/I) := {

Fi(z) = ZHI(d):cd, where z is a variable.
d=0

Theorem 2.2 (Hilbert—Serre [22, p. 58|). Let I C S be a graded ideal of
dimension k. Then there is a unique polynomial h(z) € Z[z] such that

h(z)
Remark 2.3. The leading coefficient of the Hilbert polynomial hr(z) is equal
to h(1)/(k — 1)!. Thus h(1) is equal to deg(S/I).

Definition 2.4. Let I C S be a graded ideal. The a-invariant of S/I, de-
noted a(S/I), is the degree of Fy(x) as a rational function, that is, a(S/I) =
deg(h(x)) — k.

Definition 2.5. Let I C S be a graded ideal and let F,, be the minimal graded

free resolution of S/I as an S-module:

F, : 0%®S(_j)bga_>%@S<—j)b“—)5—>5/1—>0
Jj J

The Castelnuovo—Mumford regularity of S/I (regularity of S/I for short) is
defined as

reg(S/I) = max{j —i|b;; # 0}.
An excellent reference for the regularity of graded ideals is the book of

Eisenbud [6]. The a-invariant, the regularity, and the depth of S/I are closely
related.
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Theorem 2.6 (23, Corollary B.4.1]). a(S/I) < reg(S/I) — depth(S/I), with
equality if S/I is Cohen—Macaulay.

Definition 2.7. The regularity index of the Hilbert function of S/I, or simply
the regularity index of S/I, denoted ri(S/I), is the least integer n > 0 such
that Hy(d) = hy(d) for d > n.

If I is a graded Cohen-Macaulay ideal of S of dimension 1, then reg(S/I),
the regularity of S/I is equal to ri(S/I), the regularity index of S/I. This
follows from Theorem 2.6.

Definition 2.8. An ideal I C S is called a complete intersection if there exist
J1,---, 9y in S such that I = (g1,...,g,), where r = ht([) is the height of I.

Remark 2.9. (a) A graded ideal I is a complete intersection if and only if
I is generated by a homogeneous regular sequence with ht(I) elements (see
[14, Chapter 3]).

(b) A monomial ideal I is a complete intersection if and only if I is minimally
generated by a regular sequence of monomials with ht(I) elements.

Lemma 2.10 ([22, Corollary 3.3]). If I C S is an ideal generated by homoge-
neous polynomials f1,..., fr, with r =ht(I) and §; = deg(f;), then the Hilbert
series of S/I is given by

[T, (1- xsi) .

F =
) =y
Lemma 2.11 ([19, Example 1.5.1], [4, Lemma 3.5]). If I C S is a complete
intersection ideal generated by homogeneous polynomials fi1,..., f., with r =

ht(I) and §; = deg(f;), then the degree and regularity of S/I are given by
deg(S/I) =616, and reg(S/I)=>""_,(6; — 1).

Proof. The formula for the degree follows from Remark 2.3 and Lemma 2.10.
As S/I is Cohen—Macaulay, the formula for the regularity follows from Lemma
2.10 and Theorem 2.6. (]

If f is a non-zero polynomial in S and < is a monomial order on S, we
denote the leading monomial of f by ins(f). For a = (aq,...,as) € N° we
set t¢ = t{'---t%. Let I C S be an ideal. A monomial t* is called a standard
monomial of S/I, with respect to <, if ¢* is not the leading monomial of any
polynomial in I, that is, t* is not in the ideal in< (). A polynomial f is called
standard if f # 0 and f is a K-linear combination of standard monomials. The
set of standard monomials, denoted A~ (), is called the footprint of S/I or
Grébner éscalier of 1. A subset G = {¢1,...,g,} of I is called a Grébner basis
of I if

in(I) = (in<(g1), - - -, in<(gr))-

An element f € S is called a zero-divisor of S/I—as an S-module—if there
is 0 # @ € S/I such that fa = 0, and f is called regular on S/I otherwise.
Notice that f is a zero-divisor if and only if (I: f) # I.
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Lemma 2.12 ([17, Lemma 2.8]). Let < be a monomial order, let I C S be an
ideal, and let f be a polynomial of S of positive degree. If ins(f) is regular on
S/in(I), then f is reqular on S/I.

An associated prime of I is a prime ideal p of S of the form p = (I: f) for
some f in S. An ideal I C S is called unmized if all its associated primes have
the same height and I is called radical if I is equal to its radical.

Definition 2.13. If fp;(d) = 6;(d) for d > 1, we say that I is a Geil-Carvalho
tdeal.

Proposition 2.14 ([17, Proposition 3.11]). If I is an unmized monomial ideal
and < is any monomial order, then dr(d) = fp;(d) for d > 1, that is, I is a
Geil-Carvalho ideal.

Proposition 2.15. Let I C S be an unmized graded ideal, let < be a monomial
order on S, and let d > 1 be an integer. The following hold.
(a) [17, Lemma 3.10(a)] 6;(d) > fp,;(d).
(b) [18, Theorem 4.5(iv)] If t; is a zero-divisor of S/I for all i, then
fp;(d) = 0.

The lower bound of Proposition 2.15(b) is sharp. In Example 6.3 we show
an unmixed graded ideal I of dimension 1 such that ¢; is a zero-divisor for all
i and fp;(d) =0 for d = 1.

Proposition 2.16 (Additivity of the degree [20, Proposition 2.5]). If I is an
ideal of S and I = q1 N -+ -Nqy, is an irredundant primary decomposition, then

deg(S/T) = > deg(S/q.).
ht(q;)=ht(I)

The additivity is one of the most useful and well-known facts about the
degree.

3. Minimum and footprint functions

In this section we study the footprint and minimum distance functions of
unmixed graded ideals over an arbitrary field.

Lemma 3.1. Let I C S be an unmized graded ideal and let < be a monomial
order. If f € S is homogeneous and (I: f) # I, then
(1) [18, Lemma 4.1] deg(S/(1, )) < deg(S/(in(1),in(/))) < deg(S/1),
(i) deg(S/I) = deg(S/(I: f)) +deg(S/(L, f)) if f ¢ I, and
(iii) deg(S/(I, f)) < deg(S/I) if f ¢ I.
Proof. (ii) Using that I is unmixed, it is not hard to see that S/I, S/(I: f),
and S/(I, f) have the same Krull dimension. There is an exact sequence

0 — S/(I: f)|=d] L5 §/T — S/(I, f) — 0.
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Hence, by the additivity of Hilbert functions [25, Lemma 5.1.1], we get
(3.1) H[(i)ZH([;f)(i—d)-i-H(I’f)(i) for ¢ > 0.
If dim S/I = 0, then using Eq. (3.1) one has
D HI() =D H: (i) + D Hirp)(0).
i>0 i>0 i>0

Therefore, using the definition of degree, the required equality follows. If k =
dim S/I —1 and k > 1, by the Hilbert theorem [2, Theorem 4.1.3], H;, H(z ),
and H ;. ) are polynomial functions of degree k. Then dividing Eq. (3.1) by
i* and taking limits as i goes to infinity, the required equality follows.

(iii) This part follows at once from part (ii). O

The next alternative formula for §; is valid for unmixed graded ideals. This
expression for d; will be used to show some of our results.

Corollary 3.2 ([18, Theorem 4.4]). Let I C S be an unmized graded ideal. If
m=(t1,...,ts) and d > 1 is an integer such that m® ¢ I, then
61(d) = min{deg(S/(I: f))| f € Sa\ T}

Proof. If F4 = 0, then 6;(d) = deg(S/I), and for any f € Sy \ I one has that

(I: f)isequal to I. Thus equality holds. Assume that Fy # 0. Take f € S\ 1.

If (I:f) =1, then deg(S/(I: f)) is equal to deg(S/I). On the other hand if

(I: f)# 1, that is, f € Fy, then by Lemma 3.1(ii) one has the equality:
deg(S/(I: f)) = deg(S/I) — deg(S/(1, f)).

Notice that in this case deg(S/(I: f)) < deg(S/I). Therefore

61(d) = deg(S/1) — max{deg(S/(I, f))| f € Fa}
= min{deg(S/(I: f)) | f € Fa}
= min{deg(S/(I: f))|f € Sa\ I}. 0

Definition 3.3. Let I C S be a non-zero proper graded ideal. The Vasconcelos
function of I is the function ¥J;: Ny — N, given by

_ [ min{deg(S/(I: f))|f € Sa\ I} ifm? gL
ﬁl(d)_{ deg(S/}g) ’ ifzdcl.

Very little is known about the Vasconcelos function when I is not an unmixed
graded ideal. Next we show that in certain cases the footprint function can be
expressed in terms of the degree of colon ideals.

Corollary 3.4. Let I be a graded ideal and let < be a monomial order. If
ins(I) is an unmized ideal and M~ 4 # 0, then

fp;(d) = min{deg(S/(inx(I): t*))|t* € Sq \ in<(1)}.
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Proof. Take t* € M 4. By Lemma 3.1(ii) one has the equality:

deg(S/(in<(I): t*)) = deg(S/in<(I)) — deg(5/(in< (1), ).

In this case deg(S/(in<(I): t*)) < deg(S/in<(I)). Therefore, noticing that
deg(S/in< (1)) is equal to deg(S/I), we get

fp;(d) = deg(5/1) — max{deg(5/(in< (1), t*))[ 1" € M a}
= min{deg(S/(in<(I): t*)) |t* € M< 4}
= min{deg(S/(in<(I): t*))|t* € Sq \ in<x(I)}. 0

One can apply the corollary to graded lattice ideals of dimension 1.

Proposition 3.5. Let I C S be a graded lattice ideal of dimension 1 and let
=< be a graded monomial order with t1 > --- = ts. The following hold.
(a) Ifing(I) is not prime, then in (I) is unmized and M~ 4 # 0 ford > 1.
(b) If ins(I) is prime, then I = (t; —ts,...,ts—1 —ts) and M- q =0 for
d>1.

Proof. The reduced Grébner basis of I consists of binomials of the form %+ —
t*= (see [25, Proposition 8.2.7]). It follows that ts is a regular element on
both S/I and S/in(I). Hence I and in<(I) are Cohen-Macaulay ideals. In
particular these ideals are unmixed.

(a) Assume that in.(7I) is not prime. Then there is an associated prime p
of S/inL(I) such that inL(I) C p. Pick a variable ¢; in p \ in<(I). Then ¢;#¢~1
is in p and is not in in(I) for d > 1. Thus #;#4=! is in M 4 for d > 1.

(b) Assume that in.(7) is prime. This part follows by noticing that in (1),
being a face ideal generated by variables, is equal to (t1,...,ts—1). O

The next result is a broad generalization of [17, Lemma 3.10].

Theorem 3.6. Let I C S be an unmized graded ideal, let < be a monomial
order on S, and let d > 1 be an integer. The following hold.
(a) 6;(d) > 1.
(b) fp;(d) > 1 if inc(I) is unmized.
(c) If dim(S/I) > 1 and Fy # 0 for d > 1, then 6;(d) > é;(d+1) > 1 for
d>1.

Proof. (a) If Fq = 0, then §;(d) = deg(S/I) > 1, and if F; # 0, then using
Lemma 3.1(iii) it follows that d;(d) > 1.

(b) If M 4 =0, then fp;(d) = deg(S/I) > 1. Next assume that M_ 4 # 0.
As in<([]) is unmixed, by Corollary 3.4, fp;(d) > 1.

(c) By part (a), one has d7(d) > 1. The set F, is not empty for d > 1. Thus,
by Corollary 3.2, 6;(d) = deg(S/(I: f)) for some f € F4. As I is unmixed and
dim(S/I) > 1, m is not an associated prime of S/I. Thus, since (I: f) is a
graded ideal, one has (I: f) C m. Pick a linear form h € S; such that hf ¢ I.
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As f is a zero-divisor of S/I, so is hf. The ideals (I: f) and (I: hf) have
height equal to ht(I). Therefore taking Hilbert functions in the exact sequence

00— (I:hf)/(I: f)— S/(T: f)— S/(I:hf)—0

it follows that deg(S/(I: f)) > deg(S/(I: hf)). Therefore, applying Corol-
lary 3.2, we get the inequality d7(d) > 07(d 4+ 1). O

Lemma 3.7. Let I C S be a radical unmized graded ideal and let p1,...pm be
its associated primes. If f € Fy for some d > 1, then

deg(S/(I: f)) = deg(S/p).
fépi

Proof. Since I is a radical ideal, we get that I = N;”;p;. From the equalities

(I: f) =021 (pi: f) = Npgp,bi,
and using the additivity of the degree (see Proposition 2.16), the required
equality follows. O

We come to the main result of this section—about the asymptotic behavior
of the minimum distance function—which gives a wide generalization of [18,
Theorem 4.5(vi)].

Theorem 3.8. Let I C S be an unmized radical graded ideal. If all the associ-
ated primes of I are generated by linear forms, then there is an integer ro > 1
such that

(5[(1) > > 5[(7“0) = (51(d) =1 for d>rg.

Proof. Let p1,...,pm be the associated primes of I. As p; is generated by
linear forms, then deg(S/p;) = 1 for all i. Indeed if p; = m, then deg(S/p;) is
dimg (S/p;) =1, and if p; C m, then the initial ideal of p;, with respect to the
GRevLex order <, is generated by a subset of 1, ...,ts; and deg(S/p;) is equal
to deg(S/in<(p;)) = 1. The last equality follows noticing that S/in(p;) is a
polynomial ring.

If I is prime, then I = p; for some ¢ and Fy = ) for d > 1. Thus 6;(d) =
deg(S/p;) = 1 for d > 1, and we can take ro = 1. We may now assume that
I has at least two associated primes, that is, m > 2. As I C pi, there is a
form h of degree 1 in p; \ I. Hence, as I is a radical ideal, we get that h? is
in p; \ I. Thus Fyq # () for d > 1. Therefore, by Theorem 3.6(c), one has that
0r(d) > 6;(d+1) > 1 for d > 1. Hence, assuming that é;(d) > 1, it suffices
to show that d;(d) > d;(d + 1). By Corollary 3.2, there is f € F4 such that
d7(d) = deg(S/(I: f)). Then, by Lemma 3.7, one has

0r(d) = deg(S/(I: ) = > deg(S/p:)
fépi

Hence there are pj # p; such that f is not in py Up;. Pick a linear form h in
pr \p;. Then hf ¢ I because hf ¢ p;, and hf is a zero-divisor of S/I because
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(I: f) # I. Noticing that f ¢ py and hf € pi, one obtains the strict inclusion

{pil nf i}t & {pil £ & pi}-
Therefore, by Lemma 3.7, we get

deg(S/(I: ) = > deg(S/p:) > Y deg(S/p:) = deg(S/(I: hf)).
fépi hfé¢p;

Hence, by Corollary 3.2, we get 6;(d) > d;(d + 1). O

4. Asymptotic behavior of the minimum distance

Let I C S be an unmixed radical graded ideal whose associated primes are
generated by linear forms. According to Theorem 3.8, there is an integer rg > 1
such that

(5[(1) > > (S[(’I"o) = (SI(d) =1 for d>ry.
Definition 4.1. The integer rg is called the regularity index of d;.

If I is the graded vanishing ideal of a set of points in a projective space over
a finite field, then 7o < reg(S/I) [11,21], but we do not know whether this
holds in general. The regularity of S/I can be computed using Macaulay [12],
but rg is very difficult to compute.

Conjecture 4.2. Let I C S be an unmized radical graded ideal. If all the

associated primes of I are generated by linear forms, then 6;(d) = 1 for d >
reg(S/I), that is, ro < reg(S/I).

In this section we give some support for this conjecture. In what follows we
focus in the case that I is an unmixed ideal generated by square-free monomial
ideals of degree 2.

Definition 4.3 ([24]). Let G be a graph with vertex set V(G) = {t1,...,ts}
and edge set F(G). The edge ideal of G, denoted by I(G), is the ideal of S
generated by all monomials z. =[], ..t such that e € E(G).

Let G be a graph. A subset F of V(G) is called stable if e ¢ F for any
e € E(G), and a subset C of V(Q) is a vertex cover if and only if V(G) \ C is
a stable vertex set. A minimal vertex cover is a vertex cover which is minimal
with respect to inclusion. A graph is called unmized if all its minimal vertex
covers have the same cardinality.

Conjecture 4.2 is open even in the case that I is the edge ideal of an un-
mixed bipartite graph. Below we prove the conjecture for edge ideals of Cohen-
Macaulay graphs.

Definition 4.4. Let A be a set of vertices of a graph G. The induced subgraph
on A, denoted by G[A], is the maximal subgraph of G with vertex set A. A
graph of the form G[A] for some A C V(G) is called an induced subgraph of G.
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Notice that G[A] may have isolated vertices, i.e., vertices that do not belong
to any edge of G[A]. If G is a discrete graph, i.e., all the vertices of G are
isolated, we set I(G) = 0.

Definition 4.5. An induced matching in a graph G is a set of pairwise disjoint
edges fi, ..., fr such that the only edges of G contained in U]_, f; are f1,..., fr.
The induced matching number, denoted by im(G), is the number of edges in
the largest induced matching.

Proposition 4.6 ([15, Lemma 2.2]). If G is a graph, then reg(R/I(G)) >
im(G).

Next we prove Conjecture 4.2 for edge ideals of Cohen—Macaulay bipartite
graphs. A graph G is called Cohen—Macaulay if S/I(G) is Cohen—Macaulay.

Proposition 4.7. If I = I(G) is the edge ideal of a Cohen—Macaulay bipartite
graph without isolated vertices, then 6;(d) =1 for d > reg(S/I).

Proof. By [16, Theorem 1.1], reg(S/I) = im(G). Thus, by Theorem 3.8, it
suffices to show that 07(d) = 1 for some d < im(G). According to [13, Theo-
rem 3.4, there is a bipartition Vi = {x1,...,24}, Vo = {y1,...,y,} of G such
that:

(a) e; = {zi,y:} € E(G) for all i,

(b) if {z;,y;} € E(G), then i < j, and

(c) if {zs,y;}, {zj,y} are in E(G) and @ < j < k, then {z;,yx} € E(G).

Next we construct a sequence x;,, ..., x;, such that e; ,...,e;, form an in-
duced matching and V5 is a pairwise disjoint union

(4.1) Vo = Ng(w4,) U+ -+ U Neg(z,),

where Ng(z,) N Ng(z4,) = 0 for j # k and Ng(z;,) is the neighbor set of z;,,
that is, Ng(iij) is the set of vertices of G' adjacent to x;;. We set i; = 1. If
Ng(z,) € Va, pick y;, in Vo \ Ng(z;, ). By condition (b), e;,, e;, is an induced
matching and Ng(z;,) N Ng(23,) = 0. If No(2i,) U Na(2i,) © Ve, pick y;,
in V2 \ (Ng(zi,) U Ng(zi,)). By condition (b), e;,,€;,,e;, form an induced
matching and Ng(z;) N Ng(z;,) = 0 for j # k. Thus one can continue this
process until we get a sequence z;,,...,x;, such that V5 is the disjoint union
of the Ng(z;;)’s and the e;;’s form an induced matching.

Let p1,...,p,n be the associated primes of I. There are minimal vertex
covers C1,...,Cp, of G such that p; is generated by C; for ¢ = 1,...,m
(see [24, p. 279]). We may assume that C,, = V5. Setting z* = =z;, - 4,
by Corollary 3.2, it suffices to show that z® is in ﬂ?;_llpi \ p and that
deg(S/(I: %)) = 1, where S = K[V(G)]. If i # m, there is y, ¢ C;. From
Eq. (4.1), there is 2;, such that y, € Ng(w;;) for some i;. Hence, as C; covers
the edge {z;,,y¢}, one has that z;, is in p;. Thus 2 is in ﬂ;’;‘llpi and 2% is
not in p,, because py, = (Y1,...,Y,). Therefore

Iz =(p1N--Nppm:z®)=(pr:z®) N0 (P %) = P
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Hence deg(S/(I: x*)) = 1, as required. O

5. Complete intersections

Let S = Klt1,...,ts] = &3 ,5¢ be a polynomial ring over a field K with
the standard grading and let < be a graded monomial order.

Proposition 5.1. Let I C S be a graded ideal and let < be a monomial or-
der. Suppose that in(I) is a complete intersection of height r generated by
ter, Lt with d; = deg(t®) and d; > 1 for alli. The following hold.

(a) [19, Example 1.5.1] I is a complete intersection and dim(S/I) =s—r.

(b) deg(S/I)=dy---d, and regS/I =3 (d; —1).

(¢) 1< 1p;(d) < 67(d) ford > 1.

Proof. (a) The rings S/I and S/init<(I) have the same dimension. Thus
dim(S/I) = s —r. As < is a graded order, there are fi,..., f, homogeneous
polynomials in I with in(f;) = t* for ¢ > 1. Since

in< (I) = (in< (fl)a e 7in< (fr))?

the polynomials fi,..., f, form a Groébner basis of I, and in particular they
generated I. Hence I is a graded ideal of height r generated by r polynomials,
that is, I is a complete intersection.

(b) This follows at once from part (a) and Lemma 2.11.

(c) By part (a), I is a complete intersection. In particular I is a Cohen—
Macaulay unmixed ideal. Hence this part follows from Proposition 2.15 and
Theorem 3.6. O

Lemma 5.2. Let I C S be a complete intersection ideal minimally generated
by t*1, ..., t% and let t* = t7* ---t% be a zero-divisor of S/I not in I. The
following hold.

(a) t* and t* have no common variable for i # j.

(b) If t;j is reqular on S/I and t¢ = t“/t?j, then (I:t%) = (I:t°).

(c) Ift; is a zero-divisor of S/I, then there is a unique a; = (041, ..., Q. s)
such that a; ; > 0, that is, t; occurs in exactly one t*. If a; > oy
and t° =t%/t;, then (I:t*) = (I: t°).

(d) For each i there is t% dividing t* such that deg(t®) < deg(t*') and
(I:t%) = (I:t%), where t® =t/ .. .15,

Proof. (a) This follows readily from the Krull principal ideal theorem [25, The-
orem 2.3.16].

(b) The inclusion “O” is clear. To show the reverse inclusion take t° in
(I:t%), that is, t9t* = t‘;t;j t¢ is in I. Hence t°t° is in I because t;.” is regular
on S/I. Thus ¢° is in (I: t°).

(c) If t; is a zero-divisor of S/I, then ¢; is in some associated prime of S/I.
Hence, by part (a), t; must occur in a unique t*¢ for some 7. Thus one has
a; ; > 0. We claim that ((¢*%): t*) = ((¢t**): t°) for all k. If k # 4, by part (a),
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t; is regular on S/(t**). Thus, as in the proof of part (b), we get the asserted
equality. Next we assume that & = i. The inclusion “D” is clear. To show
the reverse inclusion take 0 in ((¢®): t%), that is, t9t* = t7t* for some t7.
Since a; > oy ; > 0, t; must divide t¥. Then we can write t0t¢ = t“t%  where
t“ = t7/t;. Thus #° is in ((¢*¢): t). This completes the proof of the claim.
Therefore one has
(L:8%) = (%) 87) + -+ (%) 1)
S () ) e ()5 £9) = (15 £9),

(d) Using part (a) and successively applying parts (b) and (c) to t*, we get a
monomial t¥ that divides ¢ such that the following conditions are satisfied: (i)
all variables that occur in t? are zero-divisors of S/I, (ii) if t# = ¢]* ---#J= and
v; > 0, then «a; ; > 7;, where t* is the unique monomial, among ¢!, ..., t%",
containing t;, and (iii) (1: t*) = (I: t#). We let ¢’ be the product of all t;-“
such that t; occurs in . Clearly t% divides t*¢, and deg(t®?) > deg(t’)
because t* is not in I by hypothesis. ([

The next result gives some additional support to Conjecture 4.2.

Proposition 5.3. Let I C S be a complete intersection monomial ideal of
dimension > 1 minimally generated by t**, ... t% . If d; = deg(t*) for i =
1,...,7. The following hold.
(a) reg(S/I) =31 1(di — 1),
(b) 6r(d) =1 if d > reg(S/I),
(¢) 07(d) < (dgy1 —¥€)dgyo---d, if d <reg(S/I), where 0 <k <r—1 and
¢ are integers such that d = Zle (di—=1)+Cand1<l<dg4 —1.

Proof. (a) This follows at once from Lemma 2.11.

(b) By Lemma 5.2(a) the monomials ¢* and ¢* have no common variables
for ¢ # j. For each i pick ¢;, in ¢®. If I is prime, then I = (¢;,,...,t;.),
reg(S/I) = 0, Fq4 = 0 and §;(d) = 1 for d > 1. Thus we may assume that [
is not prime. We claim that F4 # 0 for d > 1. As I is not prime, there is m
such that ¢;, a zero-divisor of S/I not in I. If a variable t,, is not in ¢t* for
any i, then ¢, is a regular element on S/I, and F; # () because t;, t3~1 is in
Fq. If any variable t,, is in t* for some 4, then any monomial of degree d is a
zero-divisor of S/I because any variable t,, belongs to at least one associated
prime of S/I. As dim(S/I) > 1, one has m? ¢ I. Pick a monomial t* of degree
d not in I. Then Fy # 0 because t* is in F4. This completes the proof of
the claim. We set t% = t*/¢;, for i = 1,...,r and t® = ¢t ---t°. Then it
is seen that (I:t°) = (tj,,...,t;.) and degS/(I:t°) = 1. Notice that t° is a
zero-divisor of S/I, t¢ ¢ I and deg(t®) = reg(S/I). Hence, by Corollary 3.2, we
get that 07(d) = 1 for d = reg(S/I). Thus, by Theorem 3.6(c), we get d7(d) =1
for d > reg(S/I).

(¢) There is a monomial t* of degree ¢ that divides t®*+! because ¢ is a
positive integer less than or equal to diy; — 1. Setting t© = t° ---¢t°¢® and
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t7 = ¢t@++1 [t one has

(I: 1) = (£, o by, 07, 80K42 407,
Hence, by Lemma 2.11, we get deg S/(I: t°) = (dgy+1 — €)dk42 - - - d, because
(I: 1% is a complete intersection. Since deg(t®) = d = Zle (di —1) + ¢,

t¢ is not in I, and ¢ is a zero-divisor of S/I, by Corollary 3.2 we get that
deg S/(I:t°) > 07(d), as required. O

Proposition 5.4 ([18, Proposition 5.7]). Let 1 <e; < --- < e, and 0 < b; <
e; — 1 fori=1,...,m be integers. If by > 1, then

m k+1 m
GRYI | (G (Z(ei —b)—(k—=1)—bo— Y bi) €ht2 Em

i=1 i=1 i=k+2
fork=0,...,m—1, where epyo---ep =1 and 37" b =0 if k =m — 1.
We come to the main result of this section.

Theorem 5.5. Let I C S be a complete intersection monomial ideal of dimen-
sion > 1 minimally generated by t**,...,t% and let d > 1 be an integer. If
d; = deg(t*) fori=1,...,r and dy < --- < d,, then

(dist = O disa-dr ifd< 3 (di—1),
(5](d) = fpl(d) = 7,?1
2

where 0 < k < r —1 and ¢ are integers such that d = Zle (di—1)+ ¢ and
1 <0< dpsq — 1.

Proof. The ideal I is unmixed because I is Cohen-Macaulay. Hence, by Propo-
sition 2.14, I is Geil-Carvalho, that is, 6;(d) = fp;(d) for d > 1. Therefore, by
Proposition 5.3, it suffices to show that

fp;(d) > (dk+1 — O)dyt2---dy for d <reg(S/I).

Let t* be a monomial of degree d such that t* ¢ [ and (I:t*) # I.
By Lemma 5.2(d), for each i there is a monomial t% dividing ¢* such that
deg(t?) < deg(t®*) and (I: t*) = (I: t?), where t# = t51 ... t#". One can write

$o =201 and P =00 s
for i = 1,...,r. According to Lemma 5.2(a) the monomials ¢t* and ¢t* have

no common variables for i # j. As (I: t%) is a monomial ideal, it follows that

(1) = (I #7) = ({770 g Py,

Hence, setting g; = ti’”’l*ﬂi’l @ P oy =1, r and observing that

g; and g; have no common variables for i # j, we get that ¢i,...,g, form a
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regular sequence, that is, (I: t*) is again a complete intersection. Thus, by
Lemma 2.11, we obtain

deg(S/(I: t%) = H Z ij—Bij)| = H [deg(t*) — deg(t*)] .
i=1 | j=1 i=1
Therefore, setting b; = deg(t%) for i = 1,...,r, we get
deg(S/(I: 1)) = ﬁ(di = b;).
Thus, by Corollary 3.2, it suffices to showltie inequality
deg(S/(I:t%)) = ﬁ(di —b;) > (dky1 — O)dgg2 - do.

i=1

Noticing that d = deg(t*) = Zle (di — 1) + £ > deg(t?) = >;_, bi, one has

k r
(dk-H + Z(di -1) - Zbi) diy2 - dr > (dgy1 — O)dpy2 -~ - dy.
i=1

i=1

Hence, we need only show the inequality

r k+1 r
[T —bi) > <Z<di—bz-)—k— > bi> diva -+ dy,

i=1 i=1 i=k+2

which follows making by = 1 and m = r in Proposition 5.4. (]

Theorem 5.6. Let I C S be a graded ideal of dimension > 1 and let < be
a monomial order. If ino(I) is a complete intersection of height r generated
by t*t, ..., t% with d; = deg(t*) and 1 < d; < dijyq1 for i > 1, then 6;(d) >
fp;(d) > 1 and the footprint function is given by

T

(dk+1 — E)korg coedy dif 1<d< Z (d - 1) -1,
fp[(d) = y =t
! EESNUE

where 0 < k < r —1 and ¢ are integers such that d = Zi:l (di—1)+ ¢ and
1 S Z S dk+1 - 1

Proof. By Proposition 5.1 one has d;(d) > fp;(d) > 1. Since fp;(d) is equal to
fpin_ (1) (d) for d > 1, the formula for fp;(d) follows directly from Theorem 5.5.
O

It is an open question whether in Theorem 5.6 one has the equality d7(d) =
fp;(d) for d > 1. If we make r = s — 1 in Theorem 5.6, we recover [17,
Theorem 3.14]. The reader is referred to [17] for some interesting applications
of this result to algebraic coding theory. As is seen in [17, Corollary 4.5] this
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result can also be used to extend a result of Alon and Fiiredi [1, Theorem 1]
about coverings of the cube {0,1}" by affine hyperplanes.

6. Computing the minimum distance function

Let I C S be a graded ideal and let < be a monomial order. The minimum
distance function of I can be expressed as follows.

Theorem 6.1. If AL (I)N Sy = {t™,...,t%} is the set of all standard mono-
mials of S/I of degree d > 1 and

Fed= {f = Z)\ita’

f#0, AiGK,(IIf)#I},

then
67(d) = deg(S/1I) — max{deg(S/(I, )| f € Fx,a}-

Proof. Let f be any element of F,;. Pick a Grobner basis g1, ..., g, of I. Then,
by the division algorithm [5, Theorem 3, p. 63], we can write f = >\, a;g; +h,
where h is a homogeneous standard polynomial of S/I of degree d. Since
(I: f)=(I:h), we get that h is in F 4. Hence, as (I, f) = (I, h), we get the
equalities:

51(d) = deg(S/T) — max{deg(S/(I, /)| f € Fa}
— deg(S/1) — max{deg(S/(I, f))| f € Fx.a}. 0

Notice that Fy # 0 if and only if F< 4 # 0. If K = F, is a finite field,
then the number of standard polynomials of degree d is ¢ — 1, where n is the
number of standard monomials of degree d. Hence, we can compute d;(d) for
small values of d, n, and q. To compute fp;(d) is much easier even if the field
is infinite because M~ 4 has at most n elements.

Example 6.2. Let K be the field F5 and let I be the ideal of S = Faty, ta, t3]
generated by the binomials tltg — t%tg, t1t§ — t%tg, t%ts — tgtg. If S has the
GRevLex order <, then using Theorem 6.1 and the procedure below
for Macaulay [12] we get

d 11213
deg(S/I) | 7|7 |7
Hid) [36]7
5i(d) 421
fp;(d) (4|11

q=2

S=ZZ/qlt1,t2,t3]

I=ideal (t1¥t27q-t1"q*t2,t1¥t3"q-t1"q*t3,t2 q*t3-t2%t3"q)
M=coker gens gb I, degree M, regularity M

h=(d)->degree M - max apply(apply(apply(apply(

toList (set(0..q-1)) “**(hilbertFunction(d,M))-
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(set{0}) “**(hilbertFunction(d,M)) ,tolList),

x—>basis(d,M)*vector x),

z->ideal (flatten entries z)),x-> if not

quotient(I,x)==I then degree ideal(I,x) else 0)--The function
h(d)--gives the minimum distance in degree d
init=ideal(leadTerm gens gb I)
hilbertFunction(1,M),hilbertFunction(2,M) ,hilbertFunction(3,M)
f=(x)-> if not quotient(init,x)==init then degree ideal(init,x)
else O

fp=(d) ->degree M -max apply(flatten entries basis(d,M),f)--The
--function fp(d) gives the footprint in degree d

h(1), h(2), fp(1), fp(2)

Example 6.3. Let S = F3[tq, ta,t3,%4] be a polynomial ring over the field Fs
with the GRevLex order <, let p1,...,ps be the prime ideals

p1 = (tz +ta,to +ta, 0y +t4), po = (t3 +ta,to, b1 —ts), p3 = (ta,to,t1),
pa = (ta,t3,t1), ps = (ta, t2 — t3, 1),

and let I = N?_;p; be the intersection of these prime ideals. Then, using
Macaulay2 [12], we get reg(S/I) = 2, deg(S/I) = 5, the initial ideal of I is

inL (I) = (tsty, tita, tits, tita, 2, taty, tats),

in(I) is a monomial ideal of height 3, m is an associated prime of in~(/), and
fp;(1) = 0. Thus the lower bound for the footprint fp;(d) given in Proposi-
tion 2.15(b) is sharp.
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