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Abstract. Let R be an associative ring with involution ∗ and α, β : R→
R ring homomorphisms. An additive mapping d : R → R is called an
(α, β)∗-derivation of R if d(xy) = d(x)α(y∗) +β(x)d(y) is fulfilled for any

x, y ∈ R, and an additive mapping F : R → R is called a generalized

(α, β)∗-derivation of R associated with an (α, β)∗-derivation d if F (xy) =
F (x)α(y∗) + β(x)d(y) is fulfilled for all x, y ∈ R. In this note, we intend

to generalize a theorem of Vukman [12], and a theorem of Daif and El-

Sayiad [6], moreover, we generalize a theorem of Ali et al. [4] and a
theorem of Huang and Koc [9] related to generalized Jordan triple (α, β)∗-

derivations.

1. Introduction

Throughout this paper, R will represent an associative ring with center
Z(R). Given an integer n ≥ 2, a ring R is said to be n-torsion free, if for x ∈ R,
nx = 0 implies n = 0. An additive mapping d : R → R is called an (α, β)-
derivation of R if d(xy) = d(x)α(y) +β(x)d(y) is fulfilled for any x, y ∈ R, and
an additive mapping F : R → R is called a generalized (α, β)-derivation of R
associated with an (α, β)-derivation d if F (xy) = F (x)α(y)+β(x)d(y) is fulfilled
for all x, y ∈ R, we denote this generalized (α, β)-derivation as (F, d). If α = β
is an identity map of R, then we call a (1, 1)-derivation d, we call a generalized
(1, 1)-derivation F a generalized derivation associated with a derivation d.

Let R be a ∗-ring. An additive mapping d : R → R is said to be a ∗-
derivation (resp. Jordan ∗-derivation) if d(xy) = d(x)y∗ +xd(y) (resp. d(x2) =
d(x)x∗ +xd(x)) for all x, y ∈ R. Note that the mapping x 7→ ax∗−xa, where a
is a fixed element in R, is a Jordan ∗-derivation. Such a Jordan ∗- derivation is
said to be inner. The study of Jordan ∗-derivations has been motivated by the
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problem of the representatively of quadratic forms by bilinear forms. It turns
out that the question, whether each quadratic form can be represented by some
bilinear form, is connected with the question, whether every Jordan ∗-derivation
is inner, as shown by Šemrl [11]. In [5], Brešar and Vukman studied some
algebraic properties of Jordan ∗-derivations. An additive mapping F : R→ R
is called a generalized ∗-derivation if there exists a ∗-derivation d : R → R
such that F (xy) = F (x)y∗ +xd(y) holds for all x, y ∈ R. An additive mapping
F : R → R is called a generalized Jordan ∗-derivation if there exists a Jordan
∗-derivation d : R→ R such that F (x2) = F (x)x∗ + xd(x) holds for all x ∈ R.
An additive mapping d of a ∗-ring R into itself is called a Jordan triple ∗-
derivation if d(xyx) = d(x)y∗x∗ + xd(y)x∗ + xyd(x) is fulfilled for all x, y ∈ R.
One can easily prove that every Jordan ∗-derivation on a 2-torsion free ∗-ring
is a Jordan triple ∗-derivation. However, the converse of this statement is not
true in general. In [13], Vukman showed that the converse holds if R is 6-
torsion free semiprime ∗-ring. Recently, the M. Fošner and Ilǐsevič [7] proved
that every Jordan triple ∗-derivation on a 2-torsion free semiprime ∗-ring is a
Jordan ∗-derivation.

Let R be a ∗-ring, and let α, β : R → R ring homomorphisms. An additive
mapping d : R→ R is called an (α, β)∗-derivation (resp. Jordan (α, β)∗- deriva-
tion) if d(xy) = d(x)α(y∗) + β(x)d(y) (resp. d(x2) = d(x)α(x∗) + β(x)d(x))
holds for all x, y ∈ R. An additive mapping d : R→ R is called a Jordan triple
(α, β)∗-derivation if d(xyx) = d(x)α(y∗x∗) +β(x)d(y)α(x∗) +β(xy)d(x) for all
x, y ∈ R. Obviously, every (α, β)∗-derivation on a 2-torsion free ∗-ring is a
Jordan triple (α, β)∗-derivation (see the proof of [4, Lemma 2.3]) but the con-
verse is in general not true [3, Example 2.1]. An additive mapping d : R → R
is called a reverse (α, β)∗-derivation if d(xy) = d(y)α(x∗) + β(y)d(x) for all
x, y ∈ R and F : R→ R is called a generalized reverse (α, β)∗-derivation asso-
ciated with some reverse (α, β)∗-derivation d if F (xy) = F (y)α(x∗) + β(y)d(x)
for all x, y ∈ R. An additive mapping F : R → R is called a generalized Jor-
dan triple (α, β)∗-derivation if there exists a Jordan triple (α, β)∗-derivation d
such that F (xyx) = F (x)α(y∗x∗) + β(x)d(y)α(x∗) + β(xy)d(x) holds for all
x, y ∈ R. Note that a generalized Jordan triple (I, I)∗-derivation is just a gen-
eralized Jordan triple ∗-derivation. Clearly, this notion includes the definitions
of Jordan triple (α, β)∗-derivations when F = d, of Jordan triple ∗- derivations
when F = d and α = β = I, and of generalized Jordan triple ∗-derivations
when α = β = I, where I is the identity map on R. It is easy to see that for a
2-torsion free ∗-ring any generalized Jordan ∗-derivation is a generalized Jordan
triple ∗-derivation. But the converse is in general not true. Thus, the concept
of generalized Jordan triple α = β = I-derivation covers both the concepts of
a Jordan triple α = β = I-derivation and of a Jordan triple left α∗-centralizer,
i.e., an additive mapping T : R → R satisfying T (xyx) = T (x)α(y∗x∗) for all
x, y ∈ R.

In [12], J. Vukman introduced an additive mappings F : R → R such that
F (xyx) = F (xy)x + xyF (x) for all x, y ∈ R, and G : R → R such that
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G(xyx) = G(x)yx + xG(yx) for all x, y ∈ R, and he proved the following
results:

Theorem 1.1 ([12, Theorem 2]). Let R be a 2-torsion free semiprime ring
and let D : R → R be an additive mapping. Suppose that either D(xyx) =
D(xy)x+ xyD(x) or D(xyx) = D(x)yx+ xD(yx) holds for all pairs x, y ∈ R.
In both cases D is a derivation.

In [6], Daif and Tammam El-Sayiad obtained the following result:

Theorem 1.2 ([6, Theorem 2.1]). Let R be a 2-torsion free semiprime ring
and let G : R → R be an additive mapping. If G(xyx) = G(x)yx + xD(yx)
for all x, y ∈ R for some derivation D of R. Then G is a generalized Jordan
derivation.

Recently, Ali et al. [3], obtained some results related to generalized Jordan
(α, β)∗-derivations. In particular they proved the following:

Theorem 1.3 ([4, Theorem 3.1]). Let R be a 2-torsion free semiprime ∗-
ring, α, β surjective endomorphisms of R. Then every generalized Jordan triple
(α, β)∗-derivation is a generalized Jordan (α, β)∗-derivation.

On the other hand, Huang and Koc [9], proved the following:

Theorem 1.4 ([9, Theorem 2.1]). Let R be a 6-torsion free semiprime ∗-ring,
α an endomorphism of R, β an epimorphism of R and F : R→ R an additive
mapping. Then F is a generalized Jordan (α, β)∗-derivation if and only if F is
a generalized Jordan triple (α, β)∗-derivation.

In this note, first, we intend to generalize above theorem of Vukman [12],
and a theorem of Daif and El-Sayiad [6] to the results in case of rings with
involution. Secondly, we will generalize a theorem of Ali, et al. [4] and a
theorem of Huang and Koc [9].

2. Results

We begin with the following results which will be extensively to prove our
theorems.

Lemma 2.1. Let R be a 2-torsion free semiprime ring, L a Lie ideal of R such
that L * Z(R), a ∈ L and let A,B : L× L→ L be biadditive mappings.

(i) If aLa = 0, then a = 0.
(ii) If A(x, y)zB(x, y) = 0 for all x, y, z ∈ L, then A(x, y)zB(u, v) = 0 for

all x, y, z, u, v ∈ L.
(iii) Let a, b ∈ L be fixed elements. If az[x, y] = 0 for all x, y, z ∈ L, then

a, ab, ba ∈ Z(L) (the center of L).

Proof. (i) The proof is the same as [8, Corollary 2.1(1)].
(ii) is a special case of [10, Lemma 2.7].
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(iii) If az[x, y] = 0 for all y ∈ L, then we have xaz[x, a] = 0 and axz[x, a] = 0,
and so we have [x, a]z[x, a] = 0 for all z ∈ L. This implies [x, a] = 0 for all
x ∈ L by (i), so a ∈ Z(L). By a similar method, we get ab, ba ∈ Z(L). �

Lemma 2.2. Let R be a 2-torsion free semiprime ring, L a Lie ideal of R such
that L * Z(R), α, β endomorphisms of R such that α(L) = L and β(L) = L.
If there exists an element x ∈ L such that α(y)xβ(y∗) = 0 for all y ∈ L, then
x = 0.

Proof. This lemma is proved by a using the similar method to the proof of
[1, Lemma 1] and Lemma 2.1(i). �

Proposition 2.1. Let R be a 2-torsion free semiprime ring, L a square-closed
Lie ideal such that L * Z(L), and α : R → R an endomorphism such that
α(L) = L. And let T : L → L be an additive mapping such that T (x2) =
α(x)T (x) for all x ∈ L, then T (xy) = α(x)T (y) holds for all x, y ∈ L.

Proof. Using the similar technique as used in [14, Proposition 1.4] and Lemma
2.1, the result follows. �

Now, we note the result with respect to reverse centralizers as follows.

Proposition 2.2. Let R be a 2-torsion free semiprime ∗-ring, L a square-
closed Lie ideal such that L * Z(L) and α : R → R an endomorphism such
that α(L) = L and (α(x))∗ = α(x∗). And let T : R→ R be an additive mapping
such that T (L) ⊆ L which satisfies T (x2) = T (x)α(x∗) for all x ∈ L. Then
T (xy) = T (y)α(x∗) for all x, y ∈ L.

Proof. Applying similar techniques as used in the proof of Proposition [2,
Proposition 2.3] and Proposition 2.1, we get the required result. �

Proposition 2.3. Let R be a 2-torsion free semiprime ring, L a Lie ideal of R
such that L * Z(R), α, β endomorphisms such that α(L) = L and β(L) = L.
And let F : R → R be an additive mapping such that F (L) ⊆ L. Then the
following conditions are equivalent:

(i) F is a Jordan (α, β)∗-derivation on L.
(ii) F is a Jordan triple (α, β)∗-derivation on L.

Proof. This proposition is proved by a similar method to [1, Theorem 1] and
using Lemma 2.2 yields the required result. �

Now, we state the following theorem which is motivated by Vukman, and
by Daif and Sayiad (Theorem 1.2).

Theorem 2.1. Let R be a 2-torsion free semiprime ∗-ring and L(* Z(R))
be a square-closed Lie ideal of R such that L∗ ⊆ L. Let F,D : R → R be
additive mappings such that F (L) ⊆ L and D(L) ⊆ L, and let α, β be ring
homomorphisms of R such that α(L) ⊆ L and β(L) ⊆ L.
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(i) If F (xyx) = F (xy)α(x∗)+β(xy)D(x) holds for all x, y ∈ L and β(L) =
L, then D is a Jordan (α, β)∗-derivation on L.

(ii) If F (xyx) = F (x)α(y∗x∗) + β(x)D(yx) and D(xyx) = D(x)α(y∗x∗) +
β(x)D(yx) hold for all x, y ∈ L and α(L) = L, then D is a Jor-
dan (α, β)∗-derivation on L and F is a generalized Jordan (α, β)∗-
derivation associated with D.

(iii) If F (xyx) = α(x)F (yx) + D(x)β(y∗x∗) holds for all x, y ∈ L and
β(L) = L, then D is a right Jordan (α, β)∗-derivation on L.

(iv) If F (xyx) = α(xy)F (x) + D(xy)β(x∗) and D(xyx) = α(xy)D(x) +
D(xy)β(x∗) hold for all x, y ∈ L and α(L) = L, then D is a right
Jordan (α, β)∗-derivation L and F is a generalized right Jordan (α, β)∗-
derivation associated with D.

(v) If F (xyx) = α(x∗)F (yx)+D(x)β(yx) holds for all x, y ∈ L and β(L) =
L, then D is a left Jordan (α, β)∗-derivation on L.

(vi) If F (xyx) = α(x∗y∗)F (x) +D(xy)β(x) and D(xyx) = α(x∗y∗)D(x) +
D(xy)β(x) hold for all x, y ∈ L, then D is a left Jordan (α, β)∗-
derivation on L and F is a generalized left Jordan (α, β)∗-derivation
on L associated with D.

Proof. (i) Assume that

(2.1) F (xyx) = F (xy)α(x∗) + β(xy)D(x) for all x, y ∈ L.
By linearization, we have

(2.2) F (xyz + zyx) = F (xy)α(z∗) + F (zy)α(x∗) + β(xy)D(z) + β(zy)D(x)

for all x, y, z ∈ L. Putting z = x2, we get

(2.3)
F (xyx2 + x2yx)

= F (xy)α((x∗)2) + F (x2y)α(x∗) + β(xy)D(x2) + β(x2y)D(x).

On the other hand, in (2.1), substituting xy + yx for y, we obtain

(2.4)

F (x2yx+ xyx2) = F (x2y + xyx)α(x∗) + β(x2y + xyx)D(x)

= F (x2y)α(x∗) + F (xy)α((x∗)2) + β(xy)D(x)α(x∗)

+ β(x2y + xyx)D(x) for all x, y ∈ L.

Comparing (2.3) with (2.4), we have

β(x)β(y){D(x2)−D(x)α(x∗)− β(x)D(x)} = 0 for all x, y ∈ L.
Since β(L) = L,

β(x)z{D(x2)−D(x)α(x∗)− β(x)D(x)} = 0 for all x, z ∈ L.
Now, we set

A(x) = D(x2)−D(x)α(x∗)− β(x)D(x).

Then we have

β(x)A(x)zβ(x)A(x) = 0 for all x, z ∈ L
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and

A(x)β(x)zA(x)β(x) = 0 for all x, z ∈ L.
Since R is semiprime, we have

(2.5) A(x)β(x) = 0 for all x ∈ L
and

(2.6) β(x)A(x) = 0 for all x ∈ L
by Lemma 2.1. In (2.5), substituting x+ z for x, we have

(2.7) A(x)β(z) +A(z)β(x) +B(x, z)β(x) +B(x, z)β(z) = 0,

where

B(x, z) = D(xz + zx)−D(x)α(z∗)−D(z)α(x∗)− β(x)D(z)− β(z)D(x).

In (2.7), substituting −x for x, we get

(2.8) A(x)β(z)−A(z)β(x) +B(x, z)β(x)−B(x, z)β(z) = 0.

Comparing (2.7) and (2.8), we find that 2{A(x)β(z) +B(x, z)β(x)} = 0. Since
R is 2-torsion free, we have A(x)β(z) + B(x, z)β(x) = 0. Thus, by (2.6) we
obtain

0 = A(x)β(z)A(x) +B(x, z)β(x)A(x) = A(x)β(z)A(x).

Since β(L) = L, we get A(x)yA(x) = 0 for all x, y ∈ L. By semiprimeness of
R, we obtain that A(x) = 0 for all x ∈ L by Lemma 2.1. And so, D is a Jordan
(α, β)∗-derivation on L.

(ii) Now, assume that

(2.9) F (xyx) = F (x)α(y∗x∗) + β(x)D(yx) for all x, y ∈ L
and

D(xyx) = D(x)α(y∗x∗) + β(x)D(yx) for all x, y ∈ L.
In (2.9), by linearization, we have

F (xyz + zyx) = F (x)α(y∗z∗) + F (z)α(y∗x∗) + β(x)D(yz) + β(z)D(yx).

Now, substituting x2 for z, we have

F (xyx2 + x2yx) = F (x)α(y∗(x∗)2) + F (x2)α(y∗x∗)(2.10)

+ β(x)D(yx2) + β(x2)D(yx).

In (2.9), substituting xy + yx for y, we have

(2.11)

F (x2yx+ xyx2) = F (x)α(x∗y∗x∗ + y∗(x∗)2) + β(x)D(xyx+ yx2)

= F (x)α(x∗y∗x∗) + F (x)α(y∗(x∗)2)

+ β(x){D(x)α(y∗x∗) + β(x)D(yx) +D(yx2)}.

By comparing (2.10) with (2.11), we get

{F (x2)− F (x)α(x∗)− β(x)D(x)}α(y∗)α(x∗) = 0 for all x ∈ L.
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Now, we set
E(x) = F (x2)− F (x)α(x∗)− β(x)D(x).

Since α(L) = L, putting z for α(y∗), we have

E(x)zα(x∗) = 0 for all x, z ∈ L.
As a similar way to the proof of (i), we obtain E(x) = 0, that is

F (x2) = F (x)α(x∗) + β(x)D(x) for all x ∈ L.
In the case of D(xyx) = D(x)α(y∗x∗) + β(x)D(yx), D is a Jordan (α, β)∗-
derivation on L by the similar arguments to the above arguments, and so F is
a generalized Jordan (α, β)∗-derivation on L associated with a Jordan (α, β)∗-
derivation D on L.

(iii) and (v) The proofs are similar to that of (i).
(iv) and (vi) The proofs are similar to that of (ii). �

Corollary 2.1. Let R be a 2-torsion free semiprime ∗-ring, D an additive
mapping, and let α, β be epimorphisms of R.

(i) If one of the following conditions is fulfilled, then D is a Jordan (α, β)∗-
derivation of R.
(1) D(xyx) = D(xy)α(x∗) + β(xy)D(x) for all x, y ∈ R.
(2) D(xyx) = D(x)α(y∗x∗) + β(x)D(yx) for all x, y ∈ R.
(3) D(xyx) = D(xy)α(x∗) + β(xy)D(x) or D(xyx) = D(x)α(y∗x∗) +

β(x)D(yx) for all x, y ∈ R.
(ii) If one of the following conditions is fulfilled, then D is a left Jordan

(α, β)∗-derivation of R.
(4) D(xyx) = α(x∗)D(yx) +D(x)β(yx) for all x, y ∈ R.
(5) D(xyx) = α(x∗y∗)D(x) +D(xy)β(x) for all x, y ∈ R.
(6) D(xyx) = α(x∗)D(yx) +D(x)β(yx) or D(xyx) = α(x∗y∗)D(x) +

D(xy)β(x) for all x, y ∈ R.

Proof. (i) By Theorem 2.1, if condition (1) or (2) is fulfilled, then D is a Jordan
(α, β)∗-derivation.

Assume that condition (3) is fulfilled. We put

Rx = {y ∈ R |D(xyx) = D(xy)α(x∗) + β(xy)D(x) for all x, y ∈ R},
and

R0
x = {y ∈ R |D(xyx) = D(x)α(y∗x∗) + β(x)D(yx) for all x, y ∈ R}.

Then R = Rx ∪R0
x, Rx and R0

x are additive groups. And so, we have R = Rx
or R = R0

x by Brauer’s Trick. By the same method, we can see R = {x ∈
R |R = Rx} or R = {x ∈ R |R = R0

x}. Therefore, by (1) and (2), we have D
is a Jordan (α, β)∗-derivation.

(ii) is proved by the similar method to (i). �

We state another main theorem which is a generalization of a theorem of
Ali et al. [4] and a theorem of Huang and Koc [9].
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Theorem 2.2. Let R be a 2-torsion free semiprime ∗-ring and L(* Z(R)) be
a square-closed Lie ideal of R such that L∗ ⊆ L. Let F : R→ R be an additive
mapping such that F (L) ⊆ L, and α, β ring homomorphisms of R such that
α(L) = L and β(L) ⊆ L. Then the followings are equivalent:

(i) F is a generalized Jordan triple (α, β)∗-derivation on L associated with
a Jordan (α, β)∗-derivation D on L.

(ii) F is a generalized Jordan (α, β)∗-derivation on L associated with a
Jordan (α, β)∗-derivation D on L.

Moreover, if β(L) = L is fulfilled, the above conditions (i) and (ii)
are equivalent the next condition (iii):

(iii) F is a generalized Jordan triple (α, β)∗-derivation on L associated with
a Jordan triple (α, β)∗-derivation D on L.

Proof. (i)⇒(ii). Suppose that

(2.12) F (xyx) = F (x)α(y∗x∗)+β(x)D(y)α(x∗)+β(xy)D(x) for all x, y ∈ L.
Replacing x by x+ z (z ∈ L) in (2.12), we have

(2.13)

F (xyz + zyx)

= F (x)α(y∗z∗) + F (z)α(y∗x∗) + β(x)D(y)α(z∗)

+ β(z)D(y)α(x∗) + β(xy)D(z) + β(zy)D(x) for all x, y, z ∈ L.

Replacing z by x2 in (2.13) and using (2.12), we have

(2.14)

F (xyx2 + x2yx)

= F (x)α(y∗(x∗)2) + F (x2)α(y∗x∗) + β(x)D(y)α((x∗)2)

+ β(x2)D(y)α(x∗) + β(xy)D(x2) + β(x2y)D(x) for all x, y ∈ L.
On the other hand, substituting xy + yx for y in (2.12), we have

(2.15)

F (x2yx+ xyx2)

= F (x)α(y∗(x∗)2) + F (x)α(x∗y∗x∗)

+ β(x)D(xy + yx)α(x∗) + β(xyx+ x2y)D(x) for all x, y ∈ L.
Since D is a Jordan (α, β)∗-derivation, we have

(2.16) D(xy + yx) = D(x)α(y∗) +D(y)α(x∗) + β(x)D(y) + β(y)D(x).

Using (2.16), (2.15) is rewritten as follows

(2.17)

F (x2yx+ xyx2)

= F (x)α(y∗(x∗)2) + F (x)α(x∗y∗x∗) + β(x)D(x)α(y∗)α(x∗)

+ β(x)D(y)α((x∗)2) + β(x2)D(y)α(x∗) + β(xy)D(x)α(x∗)

+ β(xyx)D(x) + β(x2y)D(x) for all x, y ∈ L.
Comparing (2.14) and (2.17), we get

F (x2)α(y∗x∗) = F (x)α(x∗y∗x∗) + β(x)D(x)α(y∗)α(x∗)
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for all x, y ∈ L. And so, we have {F (x2)−F (x)α(x∗)−β(x)D(x)}α(y∗x∗) = 0
for all x, y ∈ L. Now, setting A(x) = F (x2) − F (x)α(x∗) − β(x)D(x), we can
write the above equation as follows:

(2.18) A(x)α(y∗)α(x∗) = 0.

Since α is an endomorphism of R, substituting y for α(y∗) in (2.18), we have
A(x)yα(x∗) = 0. Since R is semiprime, using α(x∗)A(x)yα(x∗)A(x) = 0 for all
y ∈ L, we get α(x∗)A(x) = 0. On the other hand, replacing y by α(x∗)yA(x),
we have A(x)α(x∗)yA(x)α(x∗) = 0 for all y ∈ L. Since R is semiprime, we get

(2.19) A(x)α(x∗) = 0.

Now, we set B(x, y) = F (xy + yx)− F (x)α(y∗)− β(x)D(y)− β(y)D(x) for all
x, y ∈ L. Since A(x+ y) = A(x) +A(y) +B(x, y) for all x, y ∈ L, substituting
x+ y for x in (2.19), we obtain

(2.20) A(x)α(y∗) +B(x, y)α(x∗) +A(y)α(x∗) +B(x, y)α(y∗) = 0.

Substituting −x for x in (2.20), we have

(2.21) A(x)α(y∗) +B(x, y)α(x∗)−A(y)α(x∗)−B(x, y)α(y∗) = 0.

By (2.20) and (2.21), we get 2A(x)α(y∗) + 2B(x, y)α(x∗) = 0. Since R is 2-
torsion free, we obtain that

(2.22) A(x)α(y∗) +B(x, y)α(x∗) = 0.

Right multiplication of (2.22) by A(x) gives A(x)α(y∗)A(x) = 0. Substituting
y for α(y∗) we get A(x)yA(x) = 0 for all y ∈ L. Since R is semiprime, we
obtain that A(x) = 0 for all x ∈ R, that is, F (x2) = F (x)α(x∗) +β(x)D(x) for
all x ∈ L. Therefore, F is a generalized Jordan (α, β)∗-derivation associated
with a Jordan (α, β)∗-derivation D.

(ii)⇒(i). Suppose that

(2.23) F (x2) = F (x)α(x∗) + β(x)D(x).

Replacing x by x+ y in (2.23), we have

(2.24)
F (xy + yx) = F (x)α(y∗) + F (y)α(x∗)

+ β(x)D(y) + β(y)D(x) for all x, y ∈ L.

Replacing x by x2 in (2.24), we have

(2.25)

F (x2y + yx2)

= F (x)α(x∗y∗) + F (y)α((x∗)2) + β(x2)D(y) + β(x)D(x)α(y∗)

+ β(y)D(x)α(x∗) + β(yx)D(x) for all x, y ∈ L.

On the other hand, substituting xy + yx for y in (2.24), we get

F (x2y + yx2 + 2xyx) = F (x)α(x∗y∗ + y∗x∗) + F (xy + yx)α(x∗)

+ β(x)D(xy + yx) + β(xy + yx)D(x).
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That is,

F (x2y + yx2 + 2xyx)(2.26)

= F (x)α(x∗y∗) + 2F (x)α(y∗x∗) + F (y)α((x∗)2)

+ 2β(x)D(y)α(x∗) + β(y)D(x)α(x∗) + β(x)D(x)α(y∗)

+ β(x2)D(y) + 2β(xy)D(x) + β(yx)D(x) for all x, y ∈ L.

Combining (2.25) and (2.26) and using the fact that R is 2-torsion free, we get

F (xyx) = F (x)α(y∗x∗) + β(x)D(y)α(x∗) + β(xy)D(x) for all x, y ∈ L.

And so (ii)⇒(i) is proved.
(i) ⇐⇒ (iii). By Proposition 2.3, we can easily see this. �

Corollary 2.2 ([4, Theorem 3.1], [3, Theorem 2.1]). Let R be a 2-torsion free
semiprime ∗-ring and α, β ring epimorphisms of R. Let F : R → R be an
additive mapping. Then the followings are equivalent:

(i) F is a generalized Jordan triple (α, β)∗-derivation associated with a
Jordan triple (α, β)∗-derivation D.

(ii) F is a generalized Jordan (α, β)∗-derivation associated with a Jordan
(α, β)∗-derivation D.

Next Corollary is a generalization of ([2, Proposition 2.3] and [4, Theorem
4.1]).

Corollary 2.3. Let R be a 2-torsion free semiprime ∗-ring and α a ring
epimorphism such that α(L) = L and (α(x))∗ = α(x∗) for all x ∈ L. Let
F : R → R be an additive mapping such that F (L) ⊆ L. Then the followings
are equivalent;

(i) F (x2) = F (x)α(x∗) for all x ∈ L.
(ii) F (xyx) = F (x)α(y∗x∗) for any x, y ∈ R.
(iii) F (xy) = F (y)α(x∗) for any x ∈ R.

Proof. (i)⇒(iii). This is Proposition 2.2.
(iii)⇒(ii). F (xyx) = F (x)α(xy)∗ = F (x)α(y∗x∗) for all x, y ∈ L.
(ii)⇒(i). In Theorem 2.2, we can see by putting β = 0. �
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