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CHARACTERIZATIONS OF ORDERED INTRA k-REGULAR
SEMIRINGS BY ORDERED k-IDEALS

PAKORN PALAKAWONG NA AYUTTHAYA AND BUNDIT PIBALJOMMEE

ABSTRACT. We introduce the notion of ordered intra k-regular semirings,
characterize them using their ordered k-ideals and prove that an ordered
semiring S is both ordered k-regular and ordered intra k-regular if and
only if every ordered quasi k-ideal or every ordered k-bi-ideal of S is
ordered k-idempotent.

1. Introduction

The notion of intra-regular semigroups was introduced by Lajos [7] in 1963.
Then Shabir, Ali and Batool [14] introduced the notion of intra-regular semir-
ings and gave some of their characterizations by their quasi-ideals.

In 1951, Bourne [4] called a semiring (S,+,-) to be regular if for every
element a of S there exist x,y € S such that a 4+ arxa = aya. In 1996, Bourne
regularity was renamed to be k-regular by Adhikari, Sen and Weinert [1]. Also
in [1] k-regular semirings were characterized by their k-ideals. Later, Bhuniya
and Jana introduced the notions of k-bi-ideals, quasi k-ideals of semirings and
intra k-regular semirings and characterized k-regular semirings and intra k-
regular semirings using their k-bi-ideals and quasi k-ideals, see in [3] and [6],
respectively.

In 2011, the notion of an ordered semiring S := (S, +, -, <) was defined by
Gan and Jiang [5] as a semiring (S, +, -) with a partially ordered set (S, <) such
that < is compatible with the operations + and - of S. In this paper, the notion
of left (right) ordered ideals and ordered ideals were defined. Then Mandal [8]
introduced and studied regular, intra-regular and k-regular ordered semirings.
In our previous works [9,10], in 2016, we introduced the notion of ordered
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quasi-ideals of ordered semirings, studied some of their properties and char-
acterized regular ordered semirings, regular ordered duo-semirings and intra-
regular ordered semirings using their ordered quasi-ideals. Later, Patchakhieo
and Pibaljommee [12] introduced the notion of ordered k-ideals of ordered
semirings, defined the concept of ordered k-regular semirings as the general-
ization of k-regular ordered semirings in sense of Mandal [8] and characterized
them by their ordered k-ideals.

In our previous work [11], we introduced the notion of an ordered quasi
k-ideal of an ordered semiring, and characterized ordered k-regular semirings
using their ordered quasi k-ideals. As a continuation of our previous work, in
this paper, we introduce the notion of ordered intra k-regular semirings and
characterize them by their ordered k-ideals. In the last part of this paper,
ordered quasi k-ideals are used to characterize an ordered semiring which is
both ordered k-regular and ordered intra k-regular.

2. Preliminaries

A semiring is a tri-tuple (S, +,) consisting of a nonempty set S and two
binary operations + and - on S such that (S, +) and (S5, ) are semigroups and
the distributive law holds on S. A semiring S is called additively commutative
ife+y=y+aforall z,yeS.

A nonempty subset A of a semiring S such that A + A C A is called a left
(right) ideal of S if SA C A (AS C A). We call A an ideal of S if A is both a
left and a right ideal of S. A subsemiring A of S is called a bi-ideal (interior
ideal) of S'if ASAC A (SAS C A).

An ordered semiring is an algebraic structure (5, +, -, <) such that (S, +,-)
is a semiring, (5, <) is a partially ordered set and the relation < is compatible
to the operations + and - on S. Mandal [8] called an ordered semiring S to be
regular if for every a € S, a < axa for some x € S. In this paper, we always
assume that S is an additively commutative ordered semiring.

For any nonempty subsets A, B of S, and element a € S, we denote

AB={abe S|ac A be B},
A+B={a+beS|a€Abe B},

EA{ZaiESaiEA,nGN},

i=1

YAB = {Zaibi €S |ai€Ab; eB,neN},
i=1
Ya=X{a} and
(Al ={z € S|z <aforsomeac A}.

Remark 2.1. Let A, B be nonempty subsets of an ordered semiring S. Then
the following statements hold:
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x) (AU B] = (4] U (B];

(i) AC XA and X(XA) = X4;
(ii) if A C B, then XA C ¥B;
(ili) A(SB) C (SA)(EB) C SAB and (SA)B C (SA)(EB) C SAB;
(iv) X(A+B) C XA+ YB;
v) (4] C (XA
(vi) A C (] and ((A]] = (4];
(vii) if A C B, then (4] C (B];
(viii) A(B] C (A](B] C (AB] and (A]B C (A](B] C (AB}
(ix) A+ (B] C(A]+ (B] C (A+ BJ;
)
)

Clearly, A = X A if and only if A is closed under addition. It is easy to check
that the equality of Remark 2.1(xi) holds if (A] = A and (B] = B and also true
for arbitrary intersections.

Let A be a nonempty subset of S. Then the k-closure [12] of A in S is
defined by

A={xeS|z+a<bfor some a,bec A}.

Remark 2.2. Let A, B be nonempty subsets of an ordered semiring S. Then
the following statements hold:

(vil) ANBC AN B; o
(viii) if A+ AC A, then AC (4] C (A] =AC (4]

We note that if a nonempty subset A of an ordered semiring S is closed

under addition, then (4], A and (A] are also closed.

As a consequence of Remark 2.1 and Remark 2.2, we obtain the following
remark.

Remark 2.3. Let A, B be nonempty subsets of an ordered semiring S such that
A and B are closed under addition. Then the following statements hold:

(1) B(4] = (24];

(iii) EﬂB] C (ZA(B]] C (2(4] u] C (XAB] and
S(AIB € (S(AJB| C (S(4] (B]| € (S4B
(iv) ((A]+ (B]] € (A + B].

We recall the notions of some types of ordered k-ideals occurring in [9,11-13]
as follows. A nonempty subset A of an ordered semiring S is called a left ordered
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k-ideal (resp. right ordered k-ideal, ordered k-ideal, ordered k-bi-ideal, ordered
k-interior ideal) if A is a left ideal (resp. right ideal, ideal, bi-ideal, interior
ideal) of S and A = A. A nonempty subset @ of an ordered semiring S such
that Q+@Q C @ is said to be an ordered quasi k-ideal of S if (XSQIN(XQS] C Q
and Q = Q.

Remark 2.4. Let S be an ordered semiring. Then the following statements
hold:

(i) every left (right) ordered k-ideal of S is an ordered quasi k-ideal of S;
(ii) every ordered quasi k-ideal of S is an ordered k-bi-ideal of S;
(iii) the intersection of a left ordered k-ideal and a right ordered k-ideal of S
is an ordered quasi k-ideal of S;
(iv) every ordered k-ideal of S is an ordered k-interior ideal of S.

The converses of Remark 2.4(i)-(iv) are not generally true as examples in
[11] for (i)-(iii) and as the following example for (iv).

Example 2.5. Let S = {a,b,c¢,d,e}. Define binary operations + and - on S
by the following tables:

+la b ¢ d e a b ¢ d e
ala b ¢ d e ala a a a a
blb b d d d bla a a a a
cle d d d d and cla a a a a
d|d d d d d dla a a a a
ele d d d d ela ¢ a a a

Define a binary relation < on S by

<:= {(a7 a)7 (ba b)7 (C, C)7 (da d)a (8, 6), (C, d)}
We give the covering relation “ <” and the figure of S:

<= {(c,d)}.

Then (S, +, -, <) is an additively commutative ordered semiring. Let I = {a, b}.
Clearly, I is a subsemiring of S. We have SIS = {a} C I and I = I. Hence,
I is an ordered k-interior ideal of .S, but not an ordered left k-ideal of .S, since
SI={a,c} ¢ 1.

If an ordered semiring S has an identity (i.e., Je € S,ea = a = ae,Va € S),
then the converse of Remark 2.4(iv) is true as follows.

Theorem 2.6. If an ordered semiring S has an identity, then their ordered
k-ideals and ordered k-interior ideals coincide.
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Proof. Let I be an ordered k-interior ideal and e be an identity of S. Then
IS =elSCSISCIandSI=_S8IeC SIS CI. Hence, I is an ordered k-ideal
of S. d

For any nonempty subset A of an ordered semiring S, we denote Lj(A),
Ri(A), Ji(A4), Qr(A) and Bi(A) as the smallest left ordered k-ideal, right
ordered k-ideal, ordered k-ideal, ordered quasi k-ideal and ordered k-bi-ideal
of S containing A, respectively. Now we recall their constructions occurring in
[11,12] as the following lemma.

Lemma 2.7. Let A be a nonempty subset of an ordered semiring S. Then the
following statements hold:

(i) Li(A) = (ZA + £5A];

Qr(A) = (ZA+ (ESA] N (BAS])];
Bi(A) = (SA+ %A% + TASA].

3. Ordered k-regular semirings

Here, we recall the definition of ordered k-regular semirings and show that
their ordered k-interior ideals and their ordered k-ideals coincide.

Definition. Let S be an ordered semiring.
(i) Anelement a € S is called k-regular [8] if a+axa < aya for some z,y € S.

(ii) An element a € S is called ordered k-regular [12] if a € (aSa].

An ordered semiring S is said to be k-regular (resp. ordered k-regular) if every
element a € S is k-regular (resp. ordered k-regular).

We note that every k-regular ordered semiring is an ordered k-regular semir-
ing but the converse is not true (see Example 3.1 in [12]).

In ordered k-regular semirings, the converse of Remark 2.4(iv) is true as the
following theorem shows.

Theorem 3.1. Let S be an ordered semiring. If S is ordered k-regular, then
ordered k-ideals and ordered k-interior ideals coincide in S.

Proof. Let I be an ordered k-interior ideal of S. If x € IS, then x € (2Sz] C
(ISSIS]) C (ISI] C (I] = 1. Similarly, we can show that ST C I. Therefore, I
is an ordered k-ideal of S. O

Now, we recall some properties of ordered k-regular semirings that will be
used in the later sections.

Lemma 3.2 ([12]). Let S be an ordered semiring. Then S is ordered k-regular

if and only if RN L = (RL] for every right ordered k-ideal R and left ordered
k-ideal L of S.




6 P. PALAKAWONG NA AYUTTHAYA AND B. PIBALJOMMEE

Corollary 3.3 ([11]). Let S be an ordered semiring. Then S is ordered k-
regular if and only if A C (X Ry (A)Ly(A)] for each A C S.

4. Ordered intra k-regular semirings

In [2], Ahsan, Mordeson and Shabir gave a general definition of intra-regular
semirings, namely a semiring S is said to be intra-regular if every element a of
S, a= Z?:l x;a’y; for some z;,7; € S and for some n € N. In this section, we
introduce the notion of ordered intra k-regular semirings as a generalization of
the intra-regular semiring in sense of Ahsan, Mordeson and Shabir, show that
their ordered k-ideals and ordered k-interior ideals coincide and characterize
them using their ordered k-ideals.

Definition. Let S be an ordered semiring.

(i) Anelementa € S'is called intra k-reqularif a+ ;| x;a®y; < > v, xha’y,
for some x;,y;, 25, yi € S;n,m € N.
(ii) An element a € S is called ordered intra k-regular if a € (3Sa29].

If every a € S is intra k-regular (resp. ordered intra k-regular), then we call S
an intra k-regular ordered semiring (resp. ordered intra k-regular semiring).

Lemma 4.1. Let S be an ordered semiring. Then S is ordered intra k-regular

if and only if A C (XSA2S] for every A C S.

It is easy to check that if an ordered semiring S is intra k-regular, then
S is ordered intra k-regular, but the converse is not true that is the concept
of ordered intra k-regular semirings is a generalization of the concept of intra
k-regular semirings. The following example shows that there exists an ordered
intra k-regular semiring which is not intra k-regular.

Example 4.2. Let S = {a,b,c}. Define binary operations + and - on S by
the following tables:

and

Define a binary relation < on S by

< :={(a,a),(b,d), (c,c),(a,b), (a,c),(b,c)}.

We give the covering relation “ <” and the figure of S:

<= {(a,b), (b, 0)}.
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C

a

Then (S, +, -, <) is an additively commutative ordered semiring. We have x €
(2S5225] for all z € S. This means S is ordered intra k- regular However, S is
not intra k-regular, since the inequality ¢ + >\, z;c%y; < >0 | zic?y} has no
a solution.

The converse of Remark 2.4(iv) is true in ordered intra k-regular semirings
as the following theorem.

Theorem 4.3. Let S be an ordered semiring. If S is ordered intra k-regular,
then ordered k-ideals and ordered k-interior ideals coincide in S.

Proof. Let I be an ordered k-interior ideal of S. If x € SI, then
€ (XSx228] C (XSSISIS] C (XSIIS] C (BSIS|C (2l =1.
Similarly, we can show that I.S C I. Therefore, I is an ordered k-ideal of S. [

Now, we give some characterizations of ordered intra k-regular semirings by
their ordered k-ideals.

Theorem 4.4. An ordered semiring S is ordered intra k-regular if and only if

LN R C (XLR] for every left ordered k-ideal L and right ordered k-ideal R of
S.

Proof. Assume that S is ordered intra k-regular. Let L and R be a left and
a right ordered k-ideal of S, respectively. If x € L N R, then z € (X5225] C
(XSLRS] C (XLR].

Conversely, let A C S. By assumption and using Remark 2.3(iii) and Lemma
2.7, we obtain

AC Lp(A) N Re(A) C

(XL (A)Ri(A)]
= (X(XA 4+ XS4] (ZA+ A9
C(E(ZA+XSA)(ZA+XAS))
(1) C (XA2 +3¥A%25 4+ XSA% + X5A25].
Using (1) and Remark 2.3(iii), we have

YA? =TAAC SA(SAZ + $A2S + £SA2 + £SA2S]

C (A3 +XA35+ XASA? + ¥ ASA2S)

(2) C (3542 4+ XSA2%S].
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Using (1) and Remark 2.3(iii) again, we have
YA =YAACX(XA2 + X A28 + £SA? + ©SA2S]|A
C (XA3+XA25A4 +¥S5A3 + XSA254]

(3) C (XA25 4+ X£5A425].

Using (2) and Remark 2.3(iii), we have

(4) YA%S C X(XSA2 + ©SA2S5]S C (B(BSA29)] = (RSA2S].
Using (3) and Remark 2.3(iii), we have

(5) NSA? C NS(XA2S + NSA2S5] C (B(BSA29)] = (RSA2S].

Using (3), (5) and Remark 2.3(iv), we have
(6) Y A? C (Y A2S + ©SA2S] C ((£SA2S] + BSA28] C (25429,
By (1), (4), (5), (6) and using Remark 2.3(iv), we obtain
C (XA? +XA%25 4+ £SA2% + £S5A25]
C ((BS5A25] 4 (2SA28] + (XS5A28) + £SA%S]
C (X5A29].
By Lemma 4.1, S is ordered intra k-regular. O

Corollary 4.5. An ordered semiring S is ordered intra k-regular if and only
if AC (XLg(A)R(A)] for each AC S.

Theorem 4.6. Let S be an ordered semiring. Then the following statements
are equivalent:
(i) S is ordered intra k-regular,
(i) LN B C (XLBS] for every left ordered k-ideal L and ordered k-bi-ideal B
of S
(iii) LNQ C (BLQS] for every left ordered k-ideal L and ordered quasi k-ideal
Q of 5;
(iv) BN R C (3SBR] for every right ordered k-ideal R and ordered k-bi-ideal
B of S;
(v) QN R C (XSQR] for every right ordered k-ideal R and ordered quasi
k-ideal @ of S.

Proof. (1)=(ii): Let L and B be a left ordered k-ideal and an ordered k-bi-ideal
of S, respectively. If z € LN B, then z € (XSx25] C (XSLBS] C (XLBS)].
(if)=(iii): It follows from Remark 2.4(ii).
(iii)=-(i): Assume that (iii) holds. Let A C S. By assumption, we obtain

A C Li(A)NQk(A) € (ELip(A)Qr(A)S]C (XL (A)Ri(A)S] C (ELk(A)Ri(A)].

By Corollary 4.5, S is ordered intra k-regular.
(i)=(iv)=(v)=(i) can be prove in analogous way of (i)=-(ii)=(iii)=(1). O
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Theorem 4.7. Let S be an ordered semiring. Then the following statements
are equivalent:

(i) S is ordered intra k-regular,
(ii) BNQ C (XSBQS] for every ordered k-bi-ideal B and ordered quasi k-ideal
Q of S;
(iii) BNQ C (XSQBS] for every ordered k-bi-ideal B and ordered quasi k-ideal
Q of S.

Proof. (1)< (ii): Assume that S is ordered intra k-regular. Let B and @) be an
ordered k-bi-ideal and an ordered quasi k-ideal of S, respectively. If x € BNQ,
then z € (X.5225] C (XSBQS].

Conversely, assume that (ii) holds. Let A C S. By assumption, we obtain

A C Bi(A) N Qr(A) C (E5Bk(A)Qk(A)S]
C (BSLr(A)Ri(A)S]
C (XLi(A)Rx(A)].

By Corollary 4.5, S is ordered intra k-regular.
(1)< (iii) can be prove similar to (i)<(ii). O

5. Ordered k-regular and ordered intra k-regular semirings

In this section, we give some characterizations of an ordered semiring which
is both ordered k-regular and ordered intra k-regular and show that its ordered
k-bi-ideals and ordered quasi k-ideals are ordered k-idempotent.

First, we give an example of an ordered semiring which is both ordered
k-regular and ordered intra k-regular.

Example 5.1. Let S = {a,b,¢,d}. Define binary operations + and - by the
following tables:

—&—‘abcd -‘abcd
ala b a d ala d a d
b|b b b b and bla b a d
cla b ¢ d cla d a d
dld b d d dla d a d

Define a binary relation < on S by

<= {(ava)v (bv b)v (Cv C)v (da d)a (av d)a (bv d)v (Ca d)}

We give the covering relation “ < ” and the figure of S:

<= {(av d)7 (ba d)a (Cv d)}
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d

a b C

Then (S, +, -, <) is an additively commutative ordered semiring. Clearly, a, b, d
are ordered k-regular and ordered intra k-regular. We consider ¢ € (¢Sc] =
{a} = {a,c} and ¢ € (£Sc2S] = S. Therefore, S is ordered k-regular and
ordered intra k-regular.

Lemma 5.2. Let S be an ordered semiring. Then the following statements are
equivalent:

(i) S is ordered k-regular and ordered intra k-regular;
(ii) A C (XASA2SA] for each A C S,
(i) a € (aSa?Sa) for each a € S.

Proof. (1)=-(ii): Assume that (i) holds. Let A C S. Then A C (ASA] and

A C (X£S5A25]. By Remark 2.3(iii), it follows that

A C (ZASA] C (SAS(SASA]| C (RASASA] C (SAS(SSA2S]SA|
C (ZASSAZSSA] C (RASAZSA.

(if)=(iii) and (iii)=-(i) are obvious. O

Theorem 5.3. Let S be an ordered semiring. Then S is ordered k-regular and
ordered intra k-regular if and only if RN L = ((RL)?] for every right ordered
k-ideal R and left ordered k-ideal L of S.

Proof. Assume that S is ordered k-regular and ordered intra k-regular. Let R
and L be a right and a left ordered k-ideal of S, respectively. Then

((RL)?] < ((RS)?] € (7] € (R]=R and ((RL)? € ((SLY7] < (£7] € (E=L.

Thus ((RL)?] € RNL. On the other hand, let + € RNL. By Lemma 5.2, we get
x € (£S22Sx] C (RSLRSL] C (RLRL] = ((RL)?]. Hence, ((RL)?] = RN L.
Conversely, assume that ((RL)?] = RN L for every right ordered k-ideal R
and left ordered k-ideal L of S. Then RN L = (RLRL] C (RL] € RN L,
e, RNL = @ and RN L = (RLRL] C (LR] C (X¥LR]. By Lemma
3.2 and Theorem 4.4, we obtain that S is ordered k-regular and ordered intra

k-regular. O

Theorem 5.4. Let S be an ordered semiring. Then the following statements
are equivalent:

(i) S is ordered k-regular and ordered intra k-regular;



CHARACTERIZATIONS OF ORDERED INTRA k-REGULAR SEMIRINGS 11

(i) BNLN R C (BLRB] for every ordered k-bi-ideal B, left ordered k-ideal
L and right ordered k-ideal R of S,

(iii) QNLNR C (QLRQ) for every ordered quasi k-ideal Q, left ordered k-ideal
L and right ordered k-ideal R of S.

Proof. (1)=-(ii): Assume that (i) holds. Let B, L and R be ordered k-bi-
ideal, left ordered k-ideal and right ordered k-ideal of S, respectively. Let
x € BNLNR. By Lemma 5.2, we get « € (zS22Sz] C (BSLRSB] C (BLRB].
(if)=-(iii): It follows from Remark 2.4(ii).
(iii)=-(i): Assume that (iii) holds. Let R and L be a right and a left ordered
k-ideal of S, respectively. By Remark 2.4(iii), we have that RN L is an ordered
quasi k-ideal of S. By assumption, we obtain

RNL=(RNL)NLNRC ((RNL)LR(RNL)]
C (RLRL] = (RL)?] C RN L.

Thus, RN L = ((RL)?]. By Theorem 5.3, we have that S is ordered k-regular
and ordered intra k-regular. O

Let I be an ordered k-bi-ideal (ordered quasi k-ideal) of an ordered semiring
S. Then we call I ordered k-idempotent if I = (3XI2].

Theorem 5.5. Let S be an ordered semiring. Then the following statements
are equivalent:

(i) S is ordered k-regular and ordered intra k-regular;

(ii) every ordered k-bi-ideal of S is ordered k-idempotent;

(iii) every ordered quasi k-ideal of S is ordered k-idempotent.

Proof. (i)=(ii): Assume that (i) holds. Clearly, (XB2%] C (XB] = B. Let
x € B. Using Lemma 5.2, we obtain z € (xSz2Sz] C (BSBBSB] C (BB] =
(B?] C (=B2]. Now, B = (5B7].

(if)=-(iii): It follows from Remark 2.4(ii).

(iii)=-(i): Assume that (iii) holds. Let A C S. By assumption, we obtain

A CQr(A) = (2Qi(A)Qk(A)] € (XRk(A)Li(A)] and

ACQr(A) = (BQr(A)Qr(A)] C (BLi(A)Rr(A)].

By Corollaries 3.3 and 4.5, we have that S is ordered k-regular and ordered
intra k-regular. O
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