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AN OVERLAPPING SCHWARZ METHOD FOR SINGULARLY
PERTURBED THIRD ORDER CONVECTION-DIFFUSION
TYPE

J. CHRISTY ROJA AND A. TAMILSELVAN*

ABSTRACT. In this paper, an almost second order overlapping Schwarz
method for singularly perturbed third order convection-diffusion type prob-
lem is constructed. The method splits the original domain into two over-
lapping subdomains. A hybrid difference scheme is proposed in which
on the boundary layer region we use the combination of classical finite
difference scheme and central finite difference scheme on a uniform mesh
while on the non-layer region we use the midpoint difference scheme on
a uniform mesh. It is shown that the numerical approximations which
converge in the maximum norm to the exact solution. We proved that,
when appropriate subdomains are used, the method produces convergence
of second order. Furthermore, it is shown that, two iterations are suffi-
cient to achieve the expected accuracy. Numerical examples are presented
to support the theoretical results. The main advantages of this method
used with the proposed scheme are it reduce iteration counts very much
and easily identifies in which iteration the Schwarz iterate terminates.
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1. Introduction

Singular Perturbation Problems (SPPs) appear in many branches of applied
mathematics, like fluid dynamics, quantum mechanics, turbulent interaction of
waves and currents, electrodes theory, etc. The convergence of the numerical
approximations generated by standard numerical methods applied to such prob-
lems depends adversely on the singular perturbation parameter. Most of these
works have concentrated on second order single differential equations (see [3]
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and the references there in), but for third order equations only few results are
reported in the literature (see [1], [16]-[19] and the references there in).

The classical numerical methods fail to produce good approximations for sin-
gularly perturbed problems (SPPs). Several non-classical approaches are used
to design the numerical methods for Singularly Perturbed Problems. Such ap-
proaches can be either iterative or non-iterative. With an iterative approach
numerical methods for SPPs comprising domain decomposition and Schwarz it-
erative techniques have been examined by various authors, for example, in [5]-
(7], [12], [14]. In [7], Miller et al. examined a continuous overlapping Schwarz
method for a singularly perturbed convection-diffusion equation with arbitrary
fixed interface positions and found it to be uniformly convergent with respect
to the perturbation parameter. In [15], an analysis of overlapping domain de-
composition methods for singularly perturbed reaction-diffusion problems with
distinct small positive parameters is presented. The authors of [15] found a flaw
in the analysis of domain decomposition methods explored in [4], [12], [14]. The
authors observation is that the constant C' is not independent of the iteration
number k and it is growing at each induction step in their proof of [4], [12], [14].
But in [15] the authors present an alternate analysis of overlapping domain de-
composition methods for singularly perturbed reaction-diffusion problems with
two parameters and problems in [14].

As far as the authors knowledge goes third order SPPs have not yet been ex-
amined for higher order convergence [1], [16]-[19]. Therefore, we are interested
in constructing a numerical method for third order SPPs which produce higher
order convergence. Of primary interest we have been proved that when appro-
priate subdomains are used the method produce convergence of almost second
order.

Motivated by the works of [7], [16]-[19], we examined experimentally the per-
formance of Schwarz method to the singularly perturbed third order BVPs de-
scribed as below.

—ey” () + a(2)y" (x) + b(x)y (z) + c(z)y(z) = f(x), z€Q=(0,1), (1)
y0)=q, ¥0)=g¢, y(1)=g (2)

with y € C®)(Q) N CM(Q). The functions a(x), b(z), c(x) and f(z) are suffi-
ciently smooth functions satisfying the following conditions:

a(z) >, o >0, (3)
b(z) >0, (4)

0>c(z) >—y, >0, (5)
o > 8y. (6)

The SPBVPs (1)-(2) can be transformed into an equivalent weakly coupled
system of two ODEs subject to suitable initial and boundary conditions of the
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form:
Lly(x) = yll(‘r) - yg(l') =0, z¢€ 00 = (07 1]a
Loy(z) = —eys (z) + a(@)ys(z) + b(z)y2(2) + c(z)y1 () (7)
= f(z), 2€Q=(0,1),
y1(0) =q1, v2(0) = q2, w2(1) =gs. (8)

Where y = (y1,42)7 and a(z), b(z), c¢(x) and f(x) are sufficiently smooth
functions satisfying the above conditions (3)-(6). The above weakly coupled
system can be written in the matrix-vector form as

Ly = (L1y> = (8 _%;) v+ A2y +B@)y = flz), z€Q (9)

q2

where y(r) = (g;g;) @) = (f?x)) . Ar) = ((1) a(ox)) and B(r) =
(c(?v) b(:cl)> - Let @ = min{1, a(z)} and 8 =min{-1,b(z) + c(z)}.

In this paper, we have proved that discrete Schwarz method converge to the
solution of the continuous problem. The method is shown to be of almost second
order convergence. Iteration counts for the method are presented.

v0) = (1) 1) = e (10)

Remark 1.1. The solution of the problem (1)-(2) exhibits a boundary layer at
x = 1 which is less severe because the boundary conditions are prescribed for
the derivative of the solution [11]. The condition (3) says that (1)-(2) is a non-
turning point problem. The condition (5) is known as the quasi-monotonicity
condition [11]. The mazimum principle theorem for the above system (1)-(2)
and for the corresponding discrete problem are established using the conditions
(3)-(6) and using this principle, we can establish a stability result.

An outline of the rest of the paper is as follows. In Section 2, the contin-
uous Schwarz method is described . The derivative estimates are obtained in
Section 3. In Section 4, the discrete Schwarz method is described. The maxi-
mum pointwise error bounds are obtained in Section 5. Numerical experiments
are presented in Section 6 and finally, conclusions are included in Section 7.

Notations: Through out the paper we use C, with or without subscript to
denote a generic positive constant independent of the iteration k¥ and the dis-
cretization parameter N.
Let y: D — R, D C R. The appropriate norm for studying the convergence
of the numerical solution to the exact solution of a SPP is ||y||p = sup |y(z)|.
reD

For a vector y = (y1,42)7, we define [|yi] = max |y,
=1,

For a vector valued function z = (21, 22)7, define ||2||q = max{||z1]|a, ||22]|a}.
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Given any two vector valued functions, z and y, z > y if z; > y; for all
j =1,2. For a vector of mesh functions Z(z;) = (Z1(x;), Zo(x;))T, define

12l = ma, (s, 12(00)).

2. Continuous Schwarz Method

In this section, a continuous Schwarz method is described. This process gen-
erates a sequence of iterates {y[*}, which converges as k — oo to the exact
solution y. Further we prove the maximum principle for (7)-(8). Using this
principle, a stability result is stated. Finally, the bounds on the derivatives of
the regular and singular components of y is presented.

First, we split the domain into two overlapping subdomains as Q. = (0,1 —
7) and €, = (1—27,1), where the subdomain parameter 7 is an appropriate
constant, defined in Section 4. The iterative process is defined as follows:

y(@)=0, 0<z <1, y0)=y(0), 1) =y (1)

For k > 1, the iterates y*)(z) are defined by

(] y[ck} (x) for z € Q.,
y(z) = (] AN\
yr (z) for z € Q\Qe,

where yz[,k], p = {c,r} are the solutions of the problems
Ly@) = finQ, yM-27r) =y 01 -27), 4J11) = (1) and
Lyll@) = fin Q. yf0)=9(0). (1 —7) =401 7).

Letting Q, = (d,e), QF = (d,e], Q, = [d,¢€], p = {c, r}, note that the BVP
(7)-(8) satisfies the following maximum principle on each Q.

Theorem 2.1. (Maximum Principle).Consider the BVP (7)-(8). Let y1(d)

07 yQ(d) > 07 yQ(e) > 07 Lly(m> > 07 for T € an and L?y(x)
0, for x €Q,. Then, y(z) >0, Vo € Q,.

>
>

An immediate consequence of this is the following stability result.

Lemma 2.2. (Stability Result).If y(x) is the solution of the BVP (7)-(8)
then

ly@)ll < Cmax{ly: (@), ly2(d)l, [y2(e)l, max|Lyiy(z)], max|Lyy()l},

Vo € Q.
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2.1. Asymptotic Expansion Approximation. Using a standard perturba-
tion method [10], we can construct an asymptotic expansion for the solution of
(7)-(8) as follows. In fact we have y,,(z,e) = uo(x)+vo(z) +e(ur(x) +v1(z)) +
O(g?). The zero order asymptotic approximation as y,,(z) = uy(z) + vo(z),
where wug(7) = (ug, (z),uo,(x))T is the solution of the reduced problem of the
BVP (7)-(8) given by

- U’Oz( ) =0,
(2) + b(@)uo, (x) + c(z)uo, (z) = f(z), (11)
=q1, uo,(0) = qo,

ug, (z)
a(r)ug,
uol( )
vo(z) = (vo, (), vo, (T

¥mm=@mmm%—wm»fwmﬂw, 12

)T is a layer correction term given by

vo, () = (g3 — UOz(l))e_“(O)(l—m)/s’

and vo(x) satisfies

o, (@) — v0a (&) = 0,
—eul, () + a(0)v}, (¢) =

20, (0) = (¢/a(0))v0, (0). 13)
00, (0) = vo, (1)e=O/= 4, (1) = g3 — uo, (1).

3. Estimates of Derivatives

In this section, estimates of the derivatives of the solution are derived.

Lemma 3.1. Let y(x) be the solution of the BVP (7)-(8). Then yi(x) and
y2(x) satisfy
11" (@) < C(1+ e exp(—a’ (1~ 2)/e)),
WP (@) < C(1+ e Dexp(—a’ (1 —2)/e)), for 0<1<4, Ve,
where Q = (Q2,\Q.) U Q.

Proof. Using the procedure adopted in [17] one can prove the lemma. |

In this section, estimates of the derivatives of the components of the solution
of the BVP (7)-(8) are derived. In Section 5 we establish the convergence of
the discrete Schwarz method described in Section 4. For this we need sharper
bounds on the derivatives of the exact solution y of (7)-(8). Now, decompose
the solution y(z) of (7)-(8) into smooth and singular components as

y(z) = v(z) + w(z), (14)
where
v(@) = u(z), w(x)=v(z), (15)

where wp(x) is given by (11), wvo(x) satisfies (12)-(13).
The following lemma gives estimate of the derivatives of these components.
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Lemma 3.2. The smooth and singular components of the solution y(x) of the
BVP (7)-(8) satisfy

W (@) <o (@) <,

and |'w§l)($)| < C«Ef(lfl)efa'(lfa:)/s’ |wél) (1,)| < 057(1)670/(17@/6,

for 0<1<4, VrecQ=(Q\QQ) UQ., vz) and w(x) are given by
(11)-(13).

Proof. Following the method of proof adopted in [7] and using Lemma 2.2, we
can get the desired estimates. 0

4. Discrete Schwarz Method

The continuous overlapping Schwarz method described in Section 2 is dis-
cretized by introducing uniform meshes on each subdomain. The domain € =
(0,1) is divided into two overlapping subdomains as Q. = (0,1 — 7) and Q, =
(1 —27,1). The subdomain parameter 7 is chosen to be the Shishkin transition

14
point 7 = min {3, S N} as in [7]. In each subdomain, Q, = (d,e), p=
e

{c, 7}, construct a uniform mesh Q) ={d =2¢ <21 <23 < -+ < ay = ¢}
with hp =i —Tj—1 = (6 — d)/N

In the proposed scheme we use the combination of classical finite difference
scheme and central finite difference scheme on a uniform mesh on the subdomain
Q, and the midpoint difference scheme on a uniform mesh on the subdomain
Q.. Then in each subdomain QII)V , p = {c,r}, the corresponding discretization
is,

LYY (z))
LYY (2;) = DYy o(2;) — Yoo(z)) =0, i=1,---,N,
= LYY () = —e6*Ya o (2i) 4 a;—1/2D " Yo o(a;) + Ci—1/2Y1,c(xi)+ (17)

bi71/2yv2,c($i) = f¢71/27 i=1,---,N-1,

(16)

LYY, = DYy (x;) — Yo, (2;) =0, i=1,---,N,
LYY, (2;) = § LYY, = —£0%Y 0 (2:) + a; D2 1 (w) + b; Yo o () + (18)
CinJ'(Ii):fia ZZI, ,N—l

Where,
1
82V p (i) = 72 Yip(@ir1) = 2Y;p(2i) + Yjp(2i-1))
p
Y, ; —Y: (2 Y, ) =Y -
DOYj,r(xi) _ J,T(xz+1)2h Jir (4 1)7 D_Y“,(xi) _ J,p(xz) - Lp(xz 1)7
T P

Yie(zi) = (Yje(®i) + Yje(®io1))/2, aim1y2 = a((zi—1 + 24)/2), and a; = a(z;);
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Simﬂarly for bi71/27 Ci—1/2; fi71/27 bi7 C; and fia ]: 1,2.
The discrete problem is LYY, (z;) = f(z;), where

f._ 1 Z; e QN
fxi — ’L—§7 - c

Then the algorithm for discrete Schwarz method is defined as follows.
Step 1: We choose the initial mesh function

YO (@z)=0, 0<z <1, YO0 =y0), Y1) =)
Step 2: We compute the mesh functions Yp[k], p = {r,c} which are the
solutions of the following discrete problems

LVYW(a) = £, 2eQ, YW —20) =Y —20), v = pe(1),
LYY () = £, €0, Y0 =y0), via-n=vl1-7)

where Y denotes the piecewise linear interpolant of Y'*! on the mesh QY :=
(@M\Q) U QY.

Step 3: We compute the mesh function ¥ by combining together the solutions
on the subdomains

Y () = Y (zi), fora; € QY,
l Y (), for z; € ON\Q..

Step 4: If the stopping criterion
[y — ylkl| 50 < tol

is reached, then stop; otherwise go to Step 2. Here tol is the user prescribed
accuracy.
The following are analogous results for the discrete problem.

Lemma 4.1. (Discrete maximum principle) Assume that Y(xo) > 0 and
Ya(zy) > 0 then LN Y(x;) > 0, for x; € QF implies that Y(z;) > 0,
Vx,; € Qé\f

Proof. Please refer to [8, 13]. O
An immediate consequence of this lemma is the following stability result.

Lemma 4.2. If Y;(z;) is any mesh function then for all x; € Qév,

¥ ()] < Cmax{|Vi(o)|, [Vaao)l, [Ya(an)], |1 ¥llggw. L5 ¥lay}.d = 1.2.
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Proof. Please refer to [8, 13]. O

5. Error Estimates

In this section, we estimate the error in discrete Schwarz iterates and prove
that two iterations are required to attain second order convergence. Following
the method of analysis adapted in [14] and [15] we derive error estimates. The
analysis proceeds as follows.

Lemma 5.1. Let y be the solution of (7)-(8) and let Y™ be the k™ iterate of
the discrete Schwarz method described as in Section 4. Then, there are constants
C such that

|YH) — yllgn < C27% + CN72In3 N,

where C is independent of k and N.

Proof. At the first iteration (Y% — ¢)(0) =0 and (Y — g)(1) = 0.
Since Y% (z;) = 0 for z; € QN := {z1 <my <z3<---<axN_1}, We can use
Lemma 2.2 to show that

1Y = yllon = [[yllov < C.

Clearly, there are constants C' such that |[Y? — y||on < €20+ CN~2In® N.
Thus, the result holds for £ = 0 and the proof is now completed by induction.
Assume that, for an arbitrary integer k > 0, there exists C' such that

Y™ — yllgy <C27F + OCN72In® N.

Case (i): Error bound estimation on QY.

In the proposed scheme we use the combination of midpoint difference scheme
and central finite difference scheme on Q. One can deduce the following trun-
cation error estimate as in [8] on z; € QY as

CR2|yi o
(LY —L)ylloy < S o : (19)
© T\ CeR2180 ay + CR2[155 lax

In order to find a bound on |[LY (Y1 — Y)|loy we must decompose y as in
(14). Consider

LYY —y)lloy = [[f =L Vylloy
= [V ~L)ylloy
< @Y = L)vlloy +|I(LY ~L)wlloy.  (20)

For the first term on the right-hand side of (20), we use the local truncation
error estimate (19), h, <CN~!, e <CN~! and Lemma 3.2 to get

3
I~ Lol < Gy
T\ CeR2| oy + CR2|E Jon
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< CN~—2
= \CN34+CN2
< CN72

4
For the second term on the right-hand side of (20), when 7 = = In N, using

@
the local truncation error estimate (19), and h, < CeN~'In N, we have

3
I~ Lyl < ( Csh”wfﬁ;'“i )('J'hz”'w@HQN)
2.2
= <g2é53>
< Ce'N?In®N.
Using the above estimates in (20), we have
ILY (Y — gy < ON2IP N 4+ Ce'N2In? N, (21)

for some C. The end point of the subdomain QX is 1 — 27, which in general
is not in OV = {r; < 29 < w3 < --- < xy_1}, S0 we use a piecewise linear
interpolant of the previous iterate to determine Y11 — 27).

Now, using our inductive argument we have

(Y —g)a—2n)|| = [[(Y" = y)(1—27)|
II(Y[k] y)(1—27)||
< [J(YM = g)(1 —2r)]|
+ (g -y —-27)]| (22)
where 9 is the piecewise linear interpolant of y using grid points of Q2.
For the second term on the right-hand side of (22), using solution decomposition
yas in (14) we get
(g —y) (1 =27)[| < [|(v = v)(1 = 27)|[ +[[(w — w)(1 - 27)|]. (23)

Note that (1 — 27) lies in Q.. For any z € C?(€).), standard argument of
piecewise linear interpolant z gives

Iz —2)(1 - 27)|| < CRZ|[z®]|o, and ||(z —2)(1 - 27)|| < Cllzlla,. (24)

For the first term on the right-hand side of (23), we use the first bound of (24),

he <CN~! and Lemma 3.2 to get
(7 —v)(1—27)]| Chellv®]|q,

<
< CN7Z

4
For the second term on the right-hand side of (23), when 7 = “ N, note that
Q

the layer function w is monotonically increasing in the region (1/3,1 —7) C Q..
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Hence using the second bound of (24), we have
(w —w)(1 =27)|| < Cllwllg,
< Ce @7/ <ON2
@ -y -2 <ON2 (25)
Now, using (25) in (22), we have
(YT g1 =27 < C27F+CN2* N+ CN~2
< C27"4+CN?In’ N.

Consider the mesh function
1+x\ _ _
UE(z;) = C (T) 27"+ C(1+2;)N2In® N
+C(z; — (1 —27)e 'N72In% N £ (YFHU — o) (2),

where C is positive constants to be chosen suitably, so that the following are
satisfied.

Note that, T (1 —27)
1 1-2
>C <+(47)> 27+ C1+(1—-27r)N2In® N
—C27F —CN2Im®N,

1
>C (4) 27 + CN 2 N-C27F —CN2In® N > 0.

1
(1) = C () 27k 4+ 2CN2In®* N +2Cre " 'N?2In? N+ 0 >0, and

4
—~CN72In® N —Ce "N 2?2 N > 0.

C
LNUE(z) > a (() 27F 4t CN2In®* N4+ Ce!N21n? N)

Using the discrete maximum principle for the operator LV on QY we get,

1Y+ — )

T+a;\ _
av < C( Zx>2 "+C(1+2)N 2 N

+C(z; — (1 —27)e ' N~21In® N.

Consequently,

IN

1
NOYEH — g)llgnq, c (2> 27 £ 2CN2In® N + 2C7e ' N~21In? N,

< 027D L yON2I® N + Cre !N 2In® N.
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4e
But since 7= — In N, this gives
o

N(YER — g)lloyg, < €270 L ON"2I® N. (26)

Case (ii): Error bound estimation on Q. B
We use solution decomposition as in (14) at each point x; € QY the difference
(Y*+1 _ 9} can be written in the form

(Y — g) (@) = (VI — v) (@) + (WY — w) (). (27)

Suppose that (1 —7) lies in Q,. For any z € C?(€),.), standard argument of
piecewise linear interpolant z gives

Iz —2)(1 = 7)|| < Ch7||z? g, - (28)

In the proposed scheme we use the midpoint difference scheme on Q. One can
deduce the following truncation error estimate as in [8] on z; € QY as

(3 2
LY — Lgllor < Ch13i” oy + A48 oy
= \Cehellys oy + CR2(1EY lox + 1152 llox))

Subcase (i): For the first term on the right-hand side of (27), using the above
local truncation error estimate, h, < CN~!, ¢ < CN~!'and Lemma 3.2, we get

)||Qgv = ||f*LN’UHQgV
= (LY ~ L)ooy

( CR2|1oV llgx + Ch2[[o6” llox )

= \Cehel o8 lax + CR2(11S oy + 1197 |lox)

-2
(g%2> < CN72,

HLN( k:+1]

IN

Now, using our inductive argument, the bound of (28), h, < CN~1, ¢ < CON~!
and Lemma 3.2, we get

[V — o)1 - 7)) = ||<V““*”— v)(1 7|
= (v ><1fr>||
< Ch|
< CN?%

where we have use the fact that (1 —7) is the mesh point of Q.
Consider the mesh function

d*(z) = C (2(1”31' T)) 27 4 (14 2;)CN =2+ (VI — w)(a,),

where C' is positive constants to be choosen suitably, so that the following ex-
pressions are satisfied.
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Note that, ®*(0)=CN 240> 0,
1
dF(1-7) > C (2> 27"+ C(2-7)N"2-CN~ 2
C —k —2 —2
> 5 27"+ CN™*—CN“>0 and

a ((S) 27k 4+ CN—2> —~CN72>0.

We use the discrete maximum principle for the operator LY on QY to get,

C (1> 27+ C(@2-7)N 2

LN®E(2;)

Y

[VEFY — of|qy

IN

2
< o4 oN2
Subcase(ii): For the second term on the right-hand side of (27). When 7 =
= In N, using the arguments discussed as in ([9], Lemma 6), for x; € QY, we
have IWEH — v < CN~2.
Now, using error bound for the regular and layer parts we get
(YEH — y)|lgn < C27FF 4 ON721n® N. (29)
On combining error bounds (26) and (29), we have
[YEH — yljon < €27+ 4 ON"2In® N
O

Now we will show that the discrete Schwarz iterates converge at a higher rate
than that proved in Lemma 5.1.

Lemma 5.2. Let Y*! be the k'h iterate of the discrete Schwarz method described
as in Section 5. Then there exists some C such that

—N/2
| YR+ — vkl oy < OvF where v = (1 + %) <1

4

and C is independent of k and N. Furthermore if T = 10N then v <
!

2N~

Proof. At the first iteration ||[Y"||q~y = 0.

Then clearly
IYM = YO on = 1Y

YU satisfies

LYYW = for z; € QV,
YU —2r) =YY -2r), vi(1) =),
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Therefore, we use Lemma 4.2 to obtain |[YH||gn < C.

Consequently, HYLH”(H’\QC <C.

Also Y satisfies
LNY[Ll] =Li_1/2 for x; € Qév,

YW(0)=y(0), la-7=v1-1).

Therefore, we can apply Lemma 4.2 to get HYE]HQév <C.
Combine all these estimates to obtain

Y — vyl on < 000,

Thus, the result holds for k& = 0 and the proof is now completed by induction
argument.
Assume that, for an arbitrary integer k > 0,
_N/2
Yy |0y < CvF where v = (1 + 2(27;\7)
Note that

LY(YFU vy =0, for z €, (YF - yFry0) =o,
and (Yo — v - 1) < ovk.

1
Let B (a;) = (g“g%) be the solution of
2,c\4Li

0 S2EFR (1)) + aD~ EF () + BEL]CH] (x;) =0 for z; € QY (30)
—€

0
0
EF0) =0, EFTU1 1) =00k

Using the maximum principle argument we note that EF1(0) > 0, E'[;;H} (1—

7) >0, EFU(z;) > 0 for x; € QF, and thus one can easily deduce that

C

LNEF(2) >0, for z; € QY. Hence

LY(EFY — (Y =Y )) ()

LY (BF) (@) = LY (Y = YI) (@0),
> 0, as LV (YFEH — YY) () = 0 for z; € QF,

BI(0) - (Y - Y0 2 0. By -n) - (1 =i -0 2o
Then by using Lemma 4.1, we have

(YT — vl () < BRH(2)) for a; € QN (31)
The exact solution to the difference problem (30) is
mi — mi

E[CIHU (z;) = Cka, (32)

my — My
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where

h Bh? h Bh2\? h o Bh?
my = (1+a+’3)+\/<1+0‘6+56> +(—1—O;+B

2e 4e

ah a(l—7) aT
> . —
- 1+2€ <1+ 2eN )‘( +2€N)
B ah  Bh? oh  Bh2\? ah  Bh?
m2<1+2€+48>\/(1+25+45 + *17? TE
Now -
LY (YF —yFh) =0, Ve QF,

(Y2 ) = o,

Using our inductive hypotheses and (31)
ICYE -y —2r))| =

IN

where we have used the fact that (1 — 27)
Using Lemma 4.2 we obtain

—|k+1 |k
1YE -y (1 — 27
(YD — vy (1 — 27|
EFU1 —27),

is the mesh point of QY.

Y -y gy < EFFU( - 2m).

Here we used

EX (1 - 2r)

I
Q
N

IN

= Cv

T

||Y£‘k+2] _Y[k_‘—l]”fﬂr\’ <

Consequently, |[YF+2) — YL]HI]HQQ;\Q = CvFTL,

Finally note that

LY (YF2 Iy ) =0, fora; € QN, (Y _ylE ()

Using our inductive hypotheses and (33), we have

(Y — Y (1 - 7))

—|k+2 —lk+1
18 = ‘Canh IE R |

:07
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k+2 k+1
1Y+ -y (1 - 7|
< oVt

where we have used the fact that (1 —7) is the mesh point of Q.
Therefore, we can apply Lemma 4.2 to get

[(YE = YE)|gn < CVAF (35)
Combining the estimates (34) and (35) we obtain,

HY[k-‘rQ] _ YUH_I]HQN < Cllk—H.

4
For 7 = = In N using the arguments given in Lemma 5.1 of [7] we obtain,
@

v 2N ’
2ln N\ ~V/2
_ <1+ ; ) <oN“l, N>1.

O

The following theorem contains the main result of this paper, combining Lem-
mas 5.1 and 5.2, we prove that, two iterations are sufficient to attain second order
convergence.

Theorem 5.3. Let y be the solution to (7)-(8) and Y™ be the k' iterate of

the discrete Schwarz method described in Section 4. If T = % InN and N > 2,
then

|| Y — yllgy <ONF+CN"21n® N,
where C' is independent of k and N.

Proof. From Lemma 5.2 there exists Y such that
Y:= 1t YH

k—o0

We know from Lemma 5.1 that there exists C such that
IYH — yljox < C27F + ON"210% N.
This implies that
Y — yllgv <CN2In® N. (36)
We also know from Lemma 5.2 that there exists C' such that
Y1 YWl < ONE,
Consequently, for N > 2, there exists C' such that

IYH —Y|lon < ¢ N7,
=k



150 J. Christy Roja and A. Tamilselvan

ka
= ¢ [1—]\71] ’

< CN7k (37)

Thus, using (36) and (37), we conclude that

IYH - Y +Y — yllor,
Y —Y|lgn + [[Y — yllo~,
CN~*4+CN2Im®N.

1Y — gl

IA A

6. Numerical Illustrations

In this section, we consider one example to illustrate the theoretical results
for the BVP (1)-(2). The stopping criterion for the iterative procedure is taken
to be |[YFH — yl||ov < 10714, Let YjN, j=1,2 be a Schwarz numerical
approximation for the exact solution y; on the mesh QY and N is the number
of mesh points. We normally omit the superscript k& on the final Schwarz iterate
and write simply YjN. For a finite set of values of e = {271 .- 2739} we compute
the maximum point-wise two mesh difference errors for j =1, 2,

V¥ = yyllaw = DX = |1¥;Y = ¥7¥|law, D} = max DL,

where YV is the numerical solution obtained on a mesh with the same transition
points, but 2N intervals in each subdomain. From these quantities the order

DN .
of convergence [2] are computed from pj-v = logs {DQ’N} . The computed maxi-
J

mum point-wise errors DJN (j = 1,2) and the computed order of convergence are
tabulated (Table 1). The nodal errors are plotted as graphs (Figure 1). Table 1
lists DY, pl¥, DY, pl¥ and k (the number of iterations computed) for various
values of N and €. We can see that the errors are independent of the singular
perturbation parameter € and decrease as IV increases. The computed rates of
convergence are almost second order, with the usual In N factor associated with
these techniques.

Example 6.1. Consider the BVP

—ey” (z) + (22 + 1)y (x) + (4o + 9)y/ (z) — 6y(z) = sinhz, = € Q
y(0) =0, 3(0)=0, y'(1)=0.

The numerical results are presented in Table 1.
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TABLE 1. Values of D{V, pi\’ and Dé\f, pé\f for the solution components
Y1 and Ya respectively for the Example 6.1

Number of mesh points N
64 128 256 512 1024

2T 1.1852¢-006 3.0394¢-007 7.6946¢-008 1.9357¢-008 4.8544¢-009
2—3 2.0192e-006 5.1153e-007 1.2872¢-007 3.2284¢-008 | 8.0840e-009
2— 5 2.7844e-006 6.2110e-007 1.4262¢-007 3.5708¢-008 8.9339¢-009
2=7 4.5897¢-006 1.1288¢-006 2.7680e-007 6.7717¢-008 1.6544¢-008
29 5.1993e-006 1.2969¢-006 3.2364e-007 8.0647¢-008 | 2.0074e-008
21T 5.4359¢-006 1.3515¢-006 3.3799¢-007 8.4546e-008 2.1133e-008
213 5.5599¢-006 1.3752e-006 3.4297¢-007 8.5788¢-008 2.1461¢-008
2~ 15 5.6163e-006 1.3891e-006 3.4545¢-007 8.6268¢-008 | 2.1575e-008
217 5.6344¢-006 1.3958¢-006 3.4708e-007 8.6542¢-008 2.1624e-008
219 5.6392¢-006 1.3980e-006 3.4788e-007 8.6737¢-008 2.1656¢-008
2—21 5.6404¢-006 1.3985¢-006 3.4815e-007 8.6835¢-008 | 2.1680e-008
223 5.6407¢-006 1.3987¢-006 3.4822¢-007 8.6868¢-008 2.1692¢-008
225 5.6408¢-006 1.3987¢-006 3.4823e-007 8.6876¢-008 2.1696¢-008
2—27 5.6408¢-006 1.3987¢-006 3.4824e-007 8.6878¢-008 | 2.1697e-008
2—29 5.6408¢-006 1.3987¢-006 3.4824¢-007 8.6879¢-008 2.1697¢-008
P 5.6408¢-006 1.3987¢-006 3.4824¢-007 8.6879¢-008 2.1697¢-008
2—33 5.6408¢-006 1.3987¢-006 3.4824e-007 8.6879¢-008 | 2.1697e-008
2~ 35 5.6408¢-006 1.3987¢-006 3.4824¢-007 8.6879¢-008 2.1697¢-008
237 5.6408¢-006 1.3987¢-006 3.4824¢-007 8.6879¢-008 2.1697¢-008
2—39 5.6408¢-006 1.3987¢-006 3.4824e-007 8.6879¢-008 | 2.1697e-008
DT 5.6408e-006 1.3987¢-006 3.4824e-007 8.6879¢-008 | 2.1697e-008
plV 2.0118¢+000 | 2.0059e+000 | 2.0030e+000 | 2.0015e+000 -

k 2 2 2 2 2
2T 4.6881e-006 1.1814e-006 2.9650e-007 7.4268¢-008 1.8585¢-008
23 4.1003e-006 1.0242¢-006 2.5580e-007 6.3909¢-008 1.5971e-008
20 2.4274e-006 5.6902e-007 1.3339¢-007 3.3585¢-008 | 8.4238e-009
2—7 3.5317e-006 1.0404¢-006 2.7093e-007 6.7786¢-008 1.6714¢-008
29 2.0472e-006 1.0271e-006 3.0922¢-007 8.2121e-008 2.0941¢-008
2~ 11 1.9974¢-006 5.4564e-007 2.7292¢-007 8.2420e-008 | 2.1973e-008
2~ 13 7.2388¢-006 5.0118e-007 1.4096e-007 7.0053¢-008 2.1146e-008
2—15 1.0961e-005 1.8221e-006 1.2506e-007 3.5829¢-008 1.7724¢-008
2= 17 1.2597¢-005 2.7549¢-006 4.5689¢-007 3.1202¢-008 | 9.0319e-009
2~ 19 1.3113e-005 3.1640e-006 6.9050e-007 1.1438¢-007 7.7900e-009
2—21 1.3252¢-005 3.2931e-006 7.9283¢-007 1.7284e-007 | 2.8613e-008
2—23 1.3287¢-005 3.3278¢-006 8.2512¢-007 1.9844¢-007 | 4.3238e-008
225 1.3296¢-005 3.3366¢-006 8.3379¢-007 2.0651e-007 | 4.9638¢-008
227 1.3299¢-005 3.3388¢-006 8.3600e-007 2.0868¢-007 | 5.1657¢-008
2—29 1.3299¢-005 3.3394¢-006 8.3656e-007 2.0923¢-007 | 5.2199e-008
231 1.3299¢-005 3.3395¢-006 8.3670e-007 2.0937¢-007 | 5.2337e-008
233 1.3299¢-005 3.3396¢-006 8.3673e-007 2.0941e-007 | 5.2372¢-008
235 1.3299¢-005 3.3396¢-006 8.3674¢-007 2.0942¢-007 | 5.2381e-008
237 1.3299¢-005 3.3396¢-006 8.3674e-007 2.0942¢-007 | 5.2383e-008
239 1.3299¢-005 3.3396¢-006 8.3674¢-007 2.0942¢-007 | 5.2383e-008
DY 1.3299¢-005 3.3396¢-006 8.3674c-007 2.0942¢-007 | 5.2383¢-008
Y 1.9936e+000 1.9968e+000 | 1.9984e+4000 | 1.9992e-+000 -

k 2 2 2 2 2

7. Conclusion

A singularly perturbed third order ODEs of convection-diffusion problem is
considered. It is shown that a designed discrete Schwarz method produces nu-
merical approximations which converge in the maximum norm to the exact so-
lution . This convergence is shown to be of almost second order. Note that from
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—

N 2715
2—21

—F— N2eN2(InN)®

N 245
2—21

107 —— NZN2(InN)3

FiGURE 1. Nodal error for the component Y; and Y5 of the
Example 6.1

Theorem 5.3, for k > 2 the N ~21n® N term dominates the error bound. Thus,
two iterations are sufficient to attained the desired accuracy.

Numerical experiment validate the theoretical result. The graph plotted in
the figure is convergent curves in the maximum norm at nodal points for the
different values of € for the example considered. This graph clearly indicate that
the optimal error bound is of order O(N %+ N~21n® N) as predicted. The main
advantages of this method used with the proposed scheme are it reduced iter-
ation counts very much, easily identified in which iteration the Schwarz iterate
terminates and it produce almost second order convergence.
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