J. Appl. Math. & Informatics Vol. 36(2018), No. 1 - 2, pp. 115 - 120
http://dx.doi.org/10.14317/jami.2018.115

IDENTITIES OF SYMMETRY FOR GENERALIZED
CARLITZ’S ¢-TANGENT POLYNOMIALS ASSOCIATED WITH
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1. Introduction

The area of the Bernoulli, Euler, Bernoulli, Genocchi, and tangent polynomi-
als have been worked by many authors. Those polynomials possess many inter-
esting properties and are of great importance in pure mathematics, for example,
number theory, mathematical analysis and in the calculus of finite differences.
Those polynomials also have various applications in other branches of science(see
[1-14]). The Carlitz type tangent numbers and polynomials possess many inter-
esting properties and arising in many areas of mathematics and physics. Re-
cently, many mathematicians have studied in the area of the g-extension of tan-
gent numbers and polynomials. In this paper, our aim in this paper is to discover
special symmetric properties for generalized Carlitz’s g-tangent polynomials.

Throughout this paper we use the following notations. By Z, we denote the
ring of p-adic rational integers, Q, denotes the field of p-adic rational numbers,
C,, denotes the completion of algebraic closure of Q,, N denotes the set of natural
numbers, Z denotes the ring of rational integers, Q denotes the field of rational
numbers, C denotes the set of complex numbers, and Z; = NU {0}. Let v, be
the normalized exponential valuation of C, with |p|, = p~»®) = p=1 When
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one talks of g-extension, ¢ is considered in many ways such as an indeterminate,
a complex number ¢ € C, or p-adic number ¢ € C,. If ¢ € C one normally

assume that |¢| < 1. If ¢ € C,, we normally assume that |¢ — 1|, < pip%l SO
that ¢” = exp(zlog q) for |z|, < 1. Throughout this paper we use the notation:
1—g° 1—(=q)"
[zl = v oleg =

I—q I+q

Hence, lim,_,1 [z] = « for any = with |z|, <1 in the present p-adic case. Let

(ct. [4-14]) .

g € UD(Z,) ={glg : Z, — C, is uniformly differentiable function}.
Let a fixed positive integer d with (p,d) = 1, set

X:Xd:@(z/dp]vz)v X=X,
N
X = U a + dpZy,

0<a<dp
(a,p)=1

a+dpNZ,={z € X |xr=a (moddp™)},

where a € Z satisfies the condition 0 < a < dp". For g € UD(Z,), the p-adic
invariant integral on Z,, is defined by Kim to be

pY -1
L) = [ a@dna(e) = Jim 3 g@)-DF seeldl (1)

First, we introduce the Carlitz’s type g-tangent numbers 75, , and polynomials
T, 4(x) and investigate their properties(see [6]).

For ¢ € C, with |1 — ¢|, < 1, the Carlitz’s ¢-tangent polynomials T, ,(z) are
defined by

T, o(z) = / L2y + 2]y (1), (1.2)

Zp
Since [z + 2y, = [z]q + ¢7[2y]q, We easily see that

n

Tal) =Y () el ﬂm—zz g+ 2m],

=0

with the usual convention of replacing (T,)" by T4 When x = 0, T, ,(0) =
T x.q is called the n-th generalized Carlitz’s ¢g-tangent numbers.
By using p-adic integral, we obtain

1 \"& (n |
T q(z) =2 (1_q> Z (l>(_1) T g

=0

n n 1
r=2(5) 5 ()0
=
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2. Symmetric identities for generalized Carlitz’s ¢g-tangent numbers
and polynomials

Our primary goal of this section is to obtain symmetric identities for gener-
alized Carlitz’s g-tangent numbers T, , , and polynomials T}, y (x). For ¢ € C,
with |¢ — 1|, < 1, generalized Carlitz’s g-tangent polynomials T;, y () are de-
fined by

Toql) = /X Nz + 20" (y). (2.1)

When = =0, T}, y,4(0) = T}, .4 is called the n-th generalized Carlitz’s g-tangent
numbers.
Let w; and wy be odd numbers. Then we have

/X x(y)g“e

dwgpN—l

- 1 [wiwzz+2waj+2wiylet ()Y
N Z;) x(y)e (=1)
y=

211.)2
j+2y:| [wi]qt
1

av1 dp—1(y)

|:w2:v+

dwo — 1p -1
— lim Z Z wl(z—i-wgdy) [w1ng+2w2]+2w1(1+w2dy)]q( l)i—i-wgdy

N—o0
=0 y=0

(2.2)
From (2.2), we can derive the following equation (2.3):

2w
dwlfl 2

> x(j)(—l)jqw”/xx(y)q”lye

J=0

waxT+

j+2y] [wi]qt
o e

dwy —1 dwo — 1p —1 (23)

— lim E § E z+] waj w1t dwiway
N—o00 ) q q q

7=0 i=0 y=0
% e[wlw2x+2w2]+2w11+2dw1w2y]qt(_1)y

By the same method as (2.3), we have

2w1
wiz+—j+2y
w2

d’u}gfl

> x(j)(—l)jqwlj/ X(y)g Ve

=0 X

[wa]qt

2 dpa(y)

dwz—1dw; —1p" —1 (2.4)

= ngnoo Z Z Z )l-‘rjqwquwziqdwlwgy

7=0 i=0 y=0
% e[wlw2x+2w1j+2wgz+2w1w2dy]qt(_1)y

Therefore, by (2.3) and (2.4), we have the following theorem.
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Theorem 2.1. For wy,ws € N with wy =1 (mod 2), wy =1 (mod 2), we have

211)2

dwq—1 ) . , [wza:Jr j+2y} [wi]qt
> x(j)(—l)Jq”ﬂ/Xx(y)qwlye ! @ du—(y)
=0

divs—1 |: 2’[1)1 L :| fwa] (25)

2= ) ) wiz+ Jt+2y waqt

= x(j)(—l)qu”/Xx(y)qw”e w2 av2 dp—1(y).

j=0

By substituting Taylor series of €%* into (2.5) and after calculations, we obtain
the following corollary.

Corollary 2.2. Forw;,ws € N withw; =1 (mod 2), we =1 (mod 2), we have

dwi—1 n
n . i _waj w 2wy
[w1lg x()(=1)q ”/ x(y)qg**Y [w2x+ —j+ Qy} dp—1(y)
=0 X w1 g
dwzfl 2w n
n - j Jw1g w 1.
= [waly x(7)(=1)'q ”/ x(y)q"?Y [w1x+ g +2y} dp—1(y).
=0 X qw2

(2.6)
By (2.1) and Corollary 2.2, we have the following theorem.

Theorem 2.3. For wy,wy € N with w; =1 (mod 2), wy =1 (mod 2), we have

dwi—1
n . i 2ws |
[wily > X1 g Ty g <w2x+w1j >
j=0

dw2—1
n . D 2wy |
= [waly Y X(G) (1) g Ty qu <w1w+wj)'
§=0

By (2.6), we can derive the following equation (2.7):

n

2wsy .
X(y)g“ [wzx + =25+ 24 dp—1(y)
X w1

5 (
>

0

> ([wQ]q)i [27)gua g2~ /X X(®)a" [war + 291, dpr (y)

(w1l
[

w2]¢1>i -1 wa(n—12)j
2 wo 2 ]Tnfi wy (W2X) .
( ) ([ 1](] [ ]]q q X d ( 2 )

n
T
n
, 1

K2

2.7)
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By (2.7), and Theorem 2.3, we have

dwlfl n
n . i _waj w1 2wy .
[wily Y x()(=1)q ”/ X(y)q“? {w2x+3+2y] dp—1(y)
§=0 X w1 gt
dwlfl

. . L n . it i i)
= 30 A0 S (7 walnly 2T T, (020
=0

j=0
n n dwq—1
=3 ()l T (am2) 3 XG0 g
i=0 j=0
n n . i
= Z (Z) [w2]2[w1]ql ZTn—i7X,Q“’1 (ng‘) Smi(dwl’ q* |X)7
i=0
(2.8)
where
wlfl
Sni(wral) = Y x(D(=1Y¢" DI
j=0
is called as the sums of powers. By the same method as (2.8), we get
dw2—1 2w n
. i wij 2 1.
[waly > x()(=1)¢" J/ x(y)g*?? [w1m+ —j+2y|  du-i(y)
3=0 X w2 qv2 (2.9)

- n 7 n—1i w1
=5 ()l T 112) S )
=0

By (2.8) and (2.9), we have the following theorem.

Theorem 2.4. For wy,wy € N with w; =1 (mod 2), we =1 (mod 2), we have
n

n 7 n—1 wo
Z (Z) [w2]q[w1]q Sn,i(dwlaq |X)Tn—i,x,q“’1 (ng)

=0
n n 4 » }
=2 (z) [wi]g[wa]g ™' Sp.i(dws, ¢ ) Tn—ix.qve (w12) -
=0

By setting £ = 0 in Theorem 2.4, we have the following corollary.

Corollary 2.5. Forwy,ws € N withw; =1 (mod 2), we =1 (mod 2), we have

n
i=0

n ) —1 wo
Z(i)[wz]z[wﬂg Sn,i(dwlaq ‘X)Tn—i,x,q‘”l

n
n ; _
B (Z) [wilgwa]g ™ Sni(dwa, ¢ [X)Tn—i,x,qv2 -
0
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