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CLASSIFICATIONS OF METRIC FUNCTIONS ON THE
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ABSTRACT. There are many metric functions in the plane. In this paper
we are to classify the metric functions on the plane using two ways such
as using sum of distances between some points when start point and end
point is fixed, and using area of transferred triangle consisted of distances
between 3 points.
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1. Introduction

Recently there are many results about more practical metric functions than
Euclidean metric in the plane[1,2,3,4,5,6,7,8]. It is much helpful to understand
geometric properties and useful way in the plane. Euclid metric is easy to
understand and useful but is not proper to set as the distance of route in city.
To improve the metric, Manhattan metric[6] introduced for taxi-moving route
and its generalization, a-metric[2,3] are useful to grasp more practical route in
city. Nowadays, there are many researches that adopt new metrics to reflect
more reality and study properties of metric given spaces. In this paper we are
to classify the metric functions by two ways: The first method of classification
using sum of distances between some points when start point and end point is
fixed. The other method using area of transferred triangle consisted of distances
between three points.
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2. Classifications based on summation of distances between several
points

In this chapter we are going to classify the metric functions using summation
of distances between several points.

Definition 2.1. Let d and d be two metrics on the same set X. If there exist

positive constant «, 8 such that ad(z,y) < d(z,y) < Bd(x,y) for all x,y € X,
then we say d is equivalent to d [6].

Definition 2.2. If functions f(z) and g(z) satisfy 0 < TILH;J%‘ < 00 , then
we say that f(z) = O(g(x)) . Also, if it satisfy xlgry%\ < 00, then we write
f(@) = O(g(x)).

Let Ao(zo,y0), A1(x1,Y1), -, An(Tn, yn) be points on a plane which satisfy

o =yo = 0,2 < xig1,Y < Yir1(e = 0,1,...,n—1),2, = y, = a. And for
function d : X x X — [0,00) on a set X, we can consider

m < d(Ag, Ar) +d(A, Ag) + -+ d(Ap—1,An) <M

Let dpin(n) be the maximum value of m and dyax(n) be the minimum value
of M.

We see that dpmin(n), dmax(n) are function of n and d. Now, define a a-
classification a4(n) by

dimax (1)

dmin (’I’L) ’
Example 2.3. Let us consider for the Euclidean metric function d. It is trivial
that dmin(n) = Zl d(Ai, Ai+1) = d(Ao,An) = \@a. Let By, ..., B,, be the points

which the summation of the distances is maximum. Since

aqg(n) = O(Ba(n))

aq(n) =

V(@i —2i41)? + (Y — yir1)? < |25 — T | + 9 — Yisa ],

dnax(n) =Y d(Aiy Ai1) <Y (|73 = zisa| + ys — yira]) = 2a

? 7

So, a-classification for Euclidean metric function is ag(n) = v/2, Ba(n) = 1.

Example 2.4. Let us apply the classification on a metric function d(z,y) =
log(£)|. It is trivial that dmin(n) = d(Ao, An) = |log(F2)|.
Amax(n) = > d(Ai, Aiy1) = Zlog(x'zl) = log(%2). So, the a-classification is

aq(n) =1, 84(n) = 1. For B4(n), we have
Theorem 2.5. If B4(n) =n® (c is a constant), then ¢ > 0

Proof. Assume that ¢ < 0. Since lim S4(n) = lim n® = 0, we see that
n—oo n—oo

lim ag4(n) = 0. Now according to the definition of az(n), the distance between
n—oo



Classifications of metric functions on the plane 95

two discrete points X,Y, d(X,Y) satisfies d(X,Y) < d(4g,X) + d(X,Y) +
d(Y, A,) < le dmax(n) = 0. This contradicts the definition of the metric

function that d(X,Y") < 0 for two discrete points X,Y. O

Theorem 2.6. If S4(n) =n® (c is a constant), then ¢ <1

Proof. Assume that ¢ > 1. Since lim ’8‘17(1") = lim n°! = oo, we see that
n—o0 n—oo
(n) dipae () 2 A
lim 24% — iy fmex®l — Jijm L — 00. Here we know that there is
=00 nooo Mdmin(n) ~ 550 Ndmin(n)

a maximum value among d(A4y, A1), ...,d(A,—1, A,) as they are all real numbers.
Let d(A;, Aj11) be the maximum value thus having d(A-’#AJ“) > > d(As, Aiga).

There exists a positive number 6 > 0 for all positive number ¢ > 0. Since
d(A;,A 1) 2 d(AnAie) c . . .

iy () Rl ey 73 el ey for all positive number r which satisfies r > §,
we get d(A;, Aj4+1) > e. This states that we can select two points so that the
distance between those two points would be bigger than random number. This
contradicts the fact that 84(n) = n° (c is a constant) because B4(n) would fixed

as 0o . O

Remark 2.7. We have shown that if we can select two points so that the
distance between those two points would be bigger than random number, it
shows that dax(n) = 0o and S4(n) — oo . We see that a-classification would
fall in to two categories. First, 84(n) would be expressed as a function of n
and the second, B4(n) — oo. If B4(n) — oo, then dyin(n) is also limitless which
infers that two points exists so that the distance between those two points would
be bigger than random number. Hence we see that if 54(n) would be expressed
as a function of n, then the distance between any two points is bounded. For
example, for a fixed point A, if d(z, A) is continuous then we get S4(n) for all
points Vz € R?. Hence forth we will strong B4(n) for 84(n) can be expressed by
a function of n.

Theorem 2.8. For every ¢ € [0,1], there exist a distance function d which
satisfies Bq(n) = n¢ (c is a constant).

Proof. Tt is known that for the positive number k£ > 1, it is known that e =
dg(X,Y)* is also a distance function. Now lets prove that Bq(n) = n'=%. It

satisfies that a.(n) = Z‘“‘((Z)) = :{;Q"Xl)) = ?\/%"()”2 Let k be the summation of
min A, nY:

euclidean distance between n number of points. For a fixed constant k, let we
consider the maximum for the summation of e-distance between n number of
points.

For dE(Ao,Al) + dE(Al,Ag) + ...+ dE(An—lyAn) = k, if we substitute
dp(A;, Ait1) = xit1, we have > xs = k. The Cauchy-Schwarz inequality
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1
Or Bk < (X0 2 ) (O 1)L =k x nF~L So implies

emaX(n)zze s—1, A ZJ;S <kxnt ~%

is vaild. Hence we have a.(n) = ‘(’ji"(;ﬁ) — C'xn'~% and proves the Theorem. [
2a) k

Theorem 2.9. For a metric function d(X1,Xs) = {|z1 — x2|F + |y1 — y2|F}+,
it satisfies Bqa(n) = 1.
Proof. Tt is know that d is a metric function.[6] Since (|21 —x2|F + |y1 — y2|*)

|2 — i1 |+ |yi — Yiga| for k> 1. Zd(Az»AzH) Z(|$1—x2|k+|y1 y2|F)x

|, — zo| + |y — Yo| = 2a. So the a-classification of the metric function d would

be au(n) = 2 = S, =2!7F and fu(n) = 1.

B =

<
<

O

Remark 2.10. We see that for a metric function d classified as S4(n) = 1, for
every two points upon a plane x,y, there should exist a point z which satisfies
d(x,z) +d(y, z) = d(z,y). According to Minkowski’s inequality we obtain

(lx = a2l + [y = w2l*)F + (o2 = sl + [y = wal")F > (a1 — 2al* + yr — pa])F
That is, d(X,Y) +d(Y, Z) = d(X, Z), if three point X,Y, Z on R? should lie

on a straight line.

Theorem 2.11. If d and d' is equivalent in [0,a]?, then ag(n) = O(a4’'(n)).

Proof. Because of equivalency between two metric functions, there are p, ¢, which

satisfy p - d(z,y) > d'(x,y) > q - d(x,y) for all z,y in [0,a]?. Since dyax(n) is

defined as sum of n distances, p-dmax(n) > dl 0 (1), diasx (1) > G- dimax(n) Hence
we get

d' (0, A) < agq(n)
d(0,A)-q = aa(n)
Thus ag(n) = 0(aqg (n)). O

Remark 2.12. A metric function dyq(Pr, P2) = |@1|z1] — z2|2a]| + |y1lyi] —
y2|y2|| and Manhattan metric dr(Py, Py) = |x1 —x2|+|y1 —y2| are not equivalent
but ag,, (n) = ©(aar(n)). Hence we see that the converse of theorem 4.1.6 is
not true.

Theorem 2.13. For a metric function d and convex continuous function f :
Ry — RY, if f(0) =0, then

aga(n) = O(f (dm (1)) - aa(n)

dm(n)

);
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where dp,(n) is smallest d(Ag, Ak+1) 0 (f o d)max(n).
Proof. By Jensen inequality, f(0+ Az) > A\f(z) for 0 < A < 1. So we get
f(Ax) fQz) _ flz)

BENERAS v

and % is an descent function. Thus,

(f o d)min(n) = f(dmln(n))

k=0 din(n) k=0
fldm(m) oo
> Sy (o dmax(n)

f(dm(n))
_ (f © d)maX(n) < dm (n) - dimax(n) - f(dm(n)) 'dmaX(n)
D) = (F o d)piuln) = T
50, ap(g)(n) = O(Hdmimaalnl). O

3. Classification using the area of a triangle having distance
functions as length of edge

If d is given metric on R? and three points X,Y,Z, then we can consider
triangle having d(X,Y),d(Y, Z),d(Z, X) as length of the edges. (Let us consider
the case when the three points are on one line too.) Let us say the triangle is
AX'Y'Z'.

dp(X",) Y =d(X,Y),dg(Y',Z")=d(Y,Z),dg(Z', X") = d(Z, X)
Let S the area of AXY Z be fixed and S’ . is the minimum and S’ . the

min max
maximum of the area of AX'Y’Z’. Now we can classify distance functions as

following.

Typel: S/, = 0,5/ . =0
Type2: S/, = 0,50 < 00, (S)ax, can be 0)
Type3: S/, > 0,5 .. =00
Typed: S ;. > 0,5 ., <00

Example 3.1. d(X,Y) =c¢>0(X #Y) and d(X, X) = 0: It is trivial that this
function is a distance function. If X,Y, Z are three different points, AX'Y’Z’ is
a equilateral triangle with length of an edge c. So,

! :S/ _@CQ
4

min max

Example 3.2. d(X,Y) =dg(X,Y) : AX'Y'Z' = AXYZ. So, S, =S, .« =

min max
S
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Example 3.3. d(X,Y) =dg(X,Y)(0 < ¢ < 1) : By Heron’s Formula we get
¢<x+y+z>n<x+yz> \/<zc+yc+zc>n<xc+chc>
S - 7S, =

cyc cyc
4 4 ’
where z = dg(X,Y),y =dg(Z,X),z = dg(Y, Z). Now consider S/, .. For fiexd

S, if we have z = x +y — €(e € x = y) and, € is very small then we could get
x,y very big. In this case

xc+yC_ZC>xC+yC_(x+y)C:(2_20)1,07
and z¢ 4+ y° + 2¢ > 2,2 —y° + 2¢ > 2¢, —2z° + y° + 2¢ > x°. Hence

V2—=2¢ 4.

T

Sl >

max 4

If z — oo, then we see that S/

max =
Now let us calculate Sy,;,,. We will show the existence of the lower bound of
Let f(z) = &4 =2" then

!
S @hy—a)e

min

(z¢4y° —2°) — (x4+y—2)z"

fi(z) = —clz +y —2)"

(x 4y —2)%
_ $C+yC—ZC_1($+y)
(x 4y —2z)tte
So, we get f(z) is minimum when z = {*;igc } " In this case,
c c _ (ztHy°yayty 2L .
f((l'(‘—f—y(.)k%):x +vy (I-H/ )( xtyz 1: Z‘C‘i‘y(‘ ;
Ty (z+y— (F)=1) (+y)(r+y— (G )=T)!
and
€1 ac_ e z°4y° 14t°
Y 2 Tty _ T+t _g)
= cgc L - P -
(z+y—2)° (eryf(%)c_l)cfl (141t — (EE)=T)et x

So, we get a lower bound given in a function of c. If we denote it by g(c), then

(x+y+2)9(c) [[(x+y—=2)? ,
;s \/ cye _ \/9(0)3(45)3

S’
min — 4 4

(Ca+y +2° = (x+y+2)9)

/
min*

Example 3.4. For an injective function f : R> — R and d(X,Y) = |f(X) —
f(Y)] is metric function [6]. For three different point X,Y,Z on R? we can
assume that f(X) < f(Y) < f(Z). Then

d(X,2) = f(Z2) = [(X) = [(Z2) = f(Y) + [(V) = [(X) = d(X,Y) +d(Y, Z).
So, we get the S always 0. Hence S’; . = S/... = 0.

min max

So, we get a lower bound of



Classifications of metric functions on the plane 99
Example 3.5. d(X,Y) =dr(X,Y): Let the coordinates of X,Y, Z be (a1, b1),
(CLQ, bg), (ag, bg) respectively. If a1 S a9 S as, bl S bg S b3 then,
d(X,Z) =a3 — a1+ bz — by
=a3—as+bz—by+ay —ay +by—by :d(X,Y)—‘rd(Y,Z),

and we get S’ =0, so, S} ;, = 0. Consider for the case of S” > 0. Then without

loss of generality, we can say
a; < az < ag, by < bz < by
Then, if we let as — a1 = a,a3 — as = b, b3 — by = ¢, by — b3 = d, then

AX,Y)=a+b+ec, dY,Z2)=b+d, d(Z,X)=a+c+d.

So, by Heron’s formula S’ = \/bd(a +c)(a+c+b+d), S = betbdtad Tf we
take a,b very big and ¢, d very small with S fixed,then we can get S’ very big.
So, S’ =00

max

Lemma 3.6. All real number r can be expressed in the form of

o0
r= Z a;10%(a; € Z,—1 < a; < 8)
uniquely. In this case, this is pseudo-decimal expression. Here we consider
1.—-1—-1—-1—1-—1...=0.88888...as 8888....

Proof. For all real number r, prove the existence of sequence a; that satisfies

r= Z a;i10%(a; € Z,—1 < a; < 8).
First, consider a big natural number N that |r| < 10¥~!. Then,
10N 10N
10N>T+r>7—10N—1>0.

. . . N
So, if we get a decimal expression of % +r,

10V N-1
4 r= Z 2, 10F (2 € Z,0 <y, < 9).
9
k=—o0

Then, we get

N—_1 N-—1 N-1

= X w0t X0t 3 et
k=—o00 k=—o00 k=—o0

So, if we let

CL1:O(ZZN),CL7,:1‘171(’L<N),
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then, 7 = Y @;10%(a; € Z,—1 < a; < 8). So, if there is a real number r that

is expressed in two diffetent ways by

r= Z ail()i = Z biloi(ai,bi e€Z,—1<a;,b; < 8)
1=—00 i=—00

&) .
Then, if we let r; = a; —b; then, 0 = Y 7;10". Since —9 < r; < 9, for two sets

i=—00
t = Z 7’2101 = Z (_Tj)].oj. So ANB = (0 and by the uniqueness of the

i€A jEB
decimal expression of ¢, we get A and B are empty. So, we get the uniqueness
of pseudo-decimal expression. O

Theorem 3.7. When using pseudo-decimal expression, if we define f : R? — R
by

o0

FOY2 anl0®, Y bpl0%) = ) (axl0® + b 10%54),

k=—o00 k=—o00 k=—o00

then f is a bijective function.

Proof. For arbitrary x,y € R, we know that pseudo-decimal expression is uniquely

exist. By the Theorem 3.6. g
Theorem 3.8. Since for all real number r, the pseudo decimal expression of
(oo}
r= Z (ak102k + bk102k+1)
k=—oc0

s unique, the corresponding

= i apl0* y = i b 10%

k=—o00 k=—o0
1s also unique too. So, f is a bijective function.

Theorem 3.9. For () # Sy C RY, there exist distance function d : R> — R such
that

So ={d(X,Y)|X #Y}...(%)
Proof. By Theorem 3.7, there exist a bijection f : R2 — R. Now, let us prove

the existence of surjective function g : R — Sy. First, sq is a fixed element of Sy
that satisfies the following conditions.

(1) When Sy is bounded below, let s¢ be the greatest lower bound of Sy
(2) When Sy is not bounded below, let sy be an arbitrary element of Sp.
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Then for s € Sy, g(s) = s and for all t ¢ Sy, g(¢t) = so. Then, we get that g
is a surjective function.
If welet h = fog:R?— Sy then, h is a surjective function, and if

A, = {z|h(z) = s,z € R*} # 0,
then, we get
U A = R? Ve, 2anes, © Asy N Ag, = 0.
s€So
Construce d : R?> — R satisfying

@ d(z,z) =0
@ d(z,y) = d(y,r) = max(s1, s2)(z € As;,y € Asy, T # y)

For x € A,y € As,, 2z € Ag,, if we assume s1 < 53 < s3, then
d(r,y) = max(s1, s2) = s2,
d(y,z) = max(sz, s3) = s3,
d(z,z) = max(ss, $1) = s3.

So, for all 2, y, z, d(z,v), d(y, 2), d(z, x) are the edges of a triangle and this means
d is a distance function. Now let’s prove that d satisfies ().

(1) When Sy is bounded below, for all ¢ < sg, t ¢ Sy. So, g(t) = sp and that
means there are infinitely many x such that g(z) = sg. So, |As| =
and for all x # y € A,,, we get d(x,y) = so, and for different so # s € So,
x € Asy, Yy € A, we get d(x,y) = max(s, sg) = s. Hence Sp = {d(X,Y)| X #
Y}

(2) When S is not bounded below, for all s € Sy there exist s > s’ € Sy. So,
forx e A;, y € Ay

d(z,y) = max(s,s’) = s
So, we get
So ={d(X,Y)|X #Y}.

Hence we complete the proof.

Remark 3.10. If Sy is a form of [a, b], then we can divide R? into
Ao =A{(z,y)lz < a}, Ac = {(z,y)|lr = c}a < c <b), Ay = {(z,y)|z > b},
and we can construct a distance function d.

Theorem 3.11. For all real number o < 3, there exist Type4 distance function
d that satisfies following condition

! . ! _
min avSmaz - 6
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Proof. First, there exist a > b that satisfy

b
8= ?a{az 1\/4(12 — b2

Then, if we think of distance function d that Sy = {a,b} in Theorem 4.8, then

actually the possibel S’ are o and 3. So, S/, = &, Shax = B- O
Definition 3.12. For two distance function d, d’, we say d is half equivalent to
d' if and only if there exist real number « that for all z,y, j((i’z)) <a.

Theorem 3.13. If Type4 distance function d is an isometric to dg, d is half
equivalent to dg.

Proof. Let say d(z,y) = dg(f(x), f(y)). First, if f(x), f(y), f(2) lies on a line,
S’ =0 and we see that if S > 0 then, it contradicts to (S);,, Stax) 1S bounded.
So, S = 0 and that means z,y, z, has to lie on a line too. So, we get that a line
on f(R?) has to be on a line on R? too.

Now, let’s show that f~! is an affine transformation. Since f is injective and
the range of f is R?, f~!': R? — R? preserve the straight line. So, for points
x,y € R?, the trails of point z € R? that the area of Azxyz is S are two lines.
Also, for f(z), f(y) € R? the trails of point w € R? that the area of Af(x)f(y)w
is more than S’ . and less than S/ .. is a form of two bands on both sides of

min max

f@)f(y). If S(Awyz;) = S(Azyze) = S, then
min < S(Af(2)f(y)f(21)), S(Af(2) f(y) f(22)) < Spnaes

Hence f(z1), f(z2) has to be in the form of band mentioned above. In this

case, the z € R? such that f(z) € f(Zl)(f(ZQ; becomes to be z € £z5. Then
S(Azyz) =S, and so

;nin < S(Af(‘r)f(y)f(z)) < S;nax‘

But, since f is a bijective function, there exist z that f(z) becomes the intersec-

tion point of f(z1)f(z2) and f(z)f(y) and that is a contradiction because
S(Af(x)f(y)f(z)) =0
So, f(zl)f(zgi is parallel to f(z)f(y ). That is, we proved that two parallel lines

transformed by f has to be parallel. Hence, f ! becomes an affine transforma-
tion. If we think of the plane as a vector space then there exist matrix A and
vector B that f~1(x) = Ax + B. Also, since f~! is a injective function, f has a
form of

flx)=A"'z —BA™!

Now, if
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then, f((z,y)) = (az + by + a, cx + dy + B). So, for two points A(z,y), B(z, w).
Hence we get

dp(A,B) = V/(z — 2)? + (y — w)?,
d(A, B) = V{a(x — 2) + by — w)}? + {c(z — 2) + d(y — w)}?
< V(a2 + e+ |ab + cd|)(z — 2)2 + (b2 + d2 + |ab + cd|)(y — w)>2.

So, without loss of generality, if we let b* + d? > a? + ¢2, then we have

d(A, B)
dz (A, B)

<02+ d2 +|ab+ cd|.
0

Definition 3.14. Let Sg, be the set of d : R? — R such that there exists a
function f: Rt U{0} — R™ U {0} satisfies

(2) flx)=0&2z=0

(3) flz)+ fly) = f(z) forally + 22>z 2 [y — 2|

Theorem 3.15. For the function f in definition 3.13, d is a distance function.

Proof.
1) Tt is trivial that d(z,y) > 0.
2) If d(z,y) =0, f(dr(x,y)) =0so dg(x,y) = 0(.- (2)) then, z = y.
Also, if x =y, dg(x,y) = 0 so, d(z,y) = 0. So, d(z,y) =0z =y.
([l

Definition 3.16. The function f is call to pseudo polynomial if and only if
there exist a finite set A that satisfy f(z) = > g(a)x*(g(a) # 0) for some g.
acA

Theorem 3.17. For a distance function d € Sg,, if f is a pseudo polynomial,
then there exists real number ¢ that f(x) = cx.

Proof. Let there is a Typed distance function d € Sg, that f is a pseudo poly-
nomial. In this case, for all positive real number z, f(z) > 0.
If we let, dg(z,y) = ¢,dr(y, z) = a,dg(z,z) = b, then by Heron’s formula

S:1\/(a+b+c)(a+b—c)(a—l—c—b)(b—l—c—a),

4
SI

= %\/(f(a) +F0) + F(©)(f(a) + f(0) = F(e)(f(a) + fc) = F(0))(f(b) + f(c) — f(a)).
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In this case S’ satisfies S/, > 0 and S/, < oc.
If b = ¢, then

5= —a, s =L arer s > £20r0) - ).
Then, by condition (3) of definition 4.13 we get that for all z,y > 0,y < 2z,

fly) < 2f(@)...(+x)

If the maximal element ag of A is ag > 1 and g(ag) > 0, then

2
i 122

Z—00 f(g;)
It contradicts to (**). Also, if g(ag) < 0, then lim,_, o f(x) = —c0, and it is a
contradiction. So, we get g(ag) > 0 and ag > 1. Now if 20 — a = € (S is fixed),
then

=2% > 2,

2h —
S = b4 6\/6(4b—€<b\/&,

- ()

Since f is a pseudo polynomial and g(ag) > 0, there exist some large N such
that f is an increasing function in « € [N, 00). (Because, f'(z) is also a pseudo
polynomial with positive leading coefficinet, there exist some large N that for
all z > N, f'(x) > 0.)

Now consider the case when there is an element of A that is smaller than 1.

If ag < 1, then

2f(b) = f(a) = 2f(b) — f(2b—€) > 2f(b) — f(20),

and we get

and
T (2/(5) ~ f(2b— ) > lim (2f(8) — [(26)) = lim g(ao)(2 — 2)b = o0,

which contraicts to d is Type4.
Also, when ag = 1, if we let

hz) = f(z) —g(D)z,

by condition(*), if we let a; is the biggest element of A except ag, then g(ai) > 0.
So,

24(b) — F(a) = 2£(b) — F(2b— €) > 2(b) — £(20),
and we get

blim (2f(b) — f(2b—¢)) > blim (2h(b) — h(2b)) = blim g(a1)(2 —2%)bp% = o0,
and it contradicts to d is Type4.

So, if f(x) is a pseudo polynomial, then ap = 1 and the only element of A has
to be 1. So, there exists real number ¢ that f(z) = cz. O



Classifications of metric functions on the plane 105

REFERENCES

. C. O’Brien, Minimization via the Subway Metric, Honors thesis, Ithaca College, 2003

2. O, Gelisgen and R. Kaya, On a-distance in three dimensional space, Applied Sciences 8
(2006), 65-69.

. O. Gelisgen and R. Kaya, Generalization of a-distance to n-dimensional case, professional
paper (accepted 28.11.2006)

. E.F. Krause, Taxicab geometry, Addison-Wesley Publishing Company, Menlo Park, 1975

. Y.J. Lee, C.H. Cho, I.S. Ko and B.H. Kim, On the characterization of the quadratic curves
in the plane with subway metric Proceeding of the 2014 International Math. Education
Workshop, 471-474

. M.H. Mortad, Introductory Topology, World Scientific Publishing Co. 2014

. H.G. Park, K.R. Kim, I.S. Ko and B.H. Kim, On polar taxicab geometry in a plane, Journal
of Applied Mathematics and Informatics 32 (2014), 783-790

. S. Tian, a-distance : A generalization of Chinese checker distance3 and Tazicab distance,
Misouri Joural of Mathematical sciences 17 (2005), 35-40

Sehun Kim is a student of Seoul Science High School and he is a gold medalist of
IMO(International Math. Olympiad) in 2016 and 2017.

Seoul Science High School, Seoul 03066, Korea.
e-mail: andrel304@naver.com

Byungjin Kim is a student of Seoul Science High School.

Seoul Science High School, Seoul 03066, Korea.
e-mail: ssm06073@naver.com

Jungon Kim is a student of Seoul Science High School

Seoul Science High School, Seoul 03066, Korea.

e-mail: tommy5252@naver.com

Haram Kim is a student of Seoul Science High School

Seoul Science High School, Seoul 03066, Korea.
e-mail: rlagkfkal22l@naver.com

Byung Hak Kim received Ph.D at Hiroshima University. His research area include differ-
ential geometry and global analysis.

Department of Applied Mathematics and Institute of Natural Sciences, Kyung Hee Univer-
sity, Yongin 17104, Korea
e-mail: bhkim@khu.ac.kr





