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ABSTRACT. In this paper, we deal with the uniqueness problem for the
power of p-adic meromorphic functions. The results obtained in this paper
are the p-adic analogues and supplements of the theorems given by Yang
and Zhang [Non-existence of meromorphic solution of a Fermat type func-
tional equation, Aequationes Math. 76(2008), 140-150], Chen, Chen and
Li [Uniqueness of difference operators of meromorphic functions, J. Ineq.
Appl. 2012(2012), Art 48], Zhang [Value distribution and shared sets of
differences of meromorphic functions, J. Math. Anal. Appl. 367(2010),
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1. Introduction and main results

Mermorphic functions sharing values with their derivatives has become a sub-
ject of great interest in uniqueness theory recently. The paper by Rubel and Yang
is the starting point of this topic, along with the following.

Theorem 1.1. [27] Let f be a nonconstant entire function. If f and f' share
two distinct finite values CM, then f = f.

In 1996, R. Briick [9] posed the following conjecture: Let f be a nonconstant
entire function. Suppose that p;(f) is not a positive integer or infinite, if f and
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f' share one finite value a CM, then

ff—a _

f-a 7
for some non-zero constant ¢, where p;(f) is the first iterated order of f which
is defined by

. loglog T'(r,
n(f) :hmsupw'
r—00 ogr

In 1998, Gundersen and Yang [13] proved that the conjecture is true if f is of
finite order, and in 1999, Yang [31] generalized their result to the k-th deriva-
tives. In 2004, Chen and Shon [11] proved that the conjecture is true for entire
functions of first iterated order p;(f) < 1/2.

In 2008, Yang and Zhang considered the uniqueness problems on meromorphic
function f" sharing value with its first derivative. One of their results can be
stated as follows.

Theorem 1.2. [32] Let f(z) be a non-constant meromorphic function and n >
12 be an integer. Let F = f™. If F and F’ share 1 CM, then F = F', and f
assumes the form f(z) = cen=.

In 2010, Zhang replaced F’ by F(z + ¢) and proved the following theorem.
Theorem 1.3. [33] Set S1 = {1,w,...,w" "'} and S5 = {o0}, where w = cos2E +
zsm%r Suppose [ is a nonconstant meromorphic function of finite order such
that Ef(z)(Sl) = Ef(ZJrc)(Sl) and Ef(z)(SQ) = Ef(z+c)(52)- If n > 4, then
f(z) =tf(z+c), where t™ = 1.

In 2012, Chen, Chen and Li replaced F’ by A.F where A .F = F(z+4c¢)—F(z)
and proved the following theorem.

Theorem 1.4. [10] Let f(z) be a non-constant meromorphic function of finite
order and n > 9 be an integer. Let F(z) = f(2)". If F(2) and A.F share 1, 0o
CM, then F(z) = A F.

In recent years, similar problems are investigated in non-Archimedean fields.
Now let K be an algebraically closed field of characteristic zero, complete for a
non-Archimedean absolute value. We denote by A(K) the ring of entire func-
tions in K and by M(K) the field of meromorphic functions. The value shaing
problems for meromorphic functions in K was investigated first in [1] and [20].
In recent years, numerous interesting results was obtained in the investigation
of the value-sharing problem for meromorphic function in K (see, for example,
2),[4)5], [7)18], [12], (14-[18], [21],[23]-[26], [28], [29]).
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Let us recall some basic definitions. For f € M(K) and S C K, we define

E;(S) = U {(z,m)|f(2) = a multiplicity m} ,
a€s

and we denote by E’; (a) the set of all a-points of f where an a-point with mu-
tiplicity m is counted m times if m < k and k + 1 times if m > k. It’s obvious
that if E’; (a) = E¥(a), then z is a zero of f —a with multiplicity m(< k) if and
only if it is a zero of g —a with multiplicity m(< k) and zp is a zero of f —a with
multiplicity m(> k) if and only if it is a zero of g — a with multiplicity n(> k),
where m is not necessarily equal to n.

Let F be a nonempty subset of M(K). Two functions f, g of F are said
to share S, counting multiplicity(share S CM), if E;(S) = E,(S). Further, for
f € M(K), we define the shift of f as f(z+4c), where ¢ € K is a nonzero constant.

In the present paper, we discuss the uniqueness problem for the power of
p-adic meromorphic functions and their shifts and prove the following theorems.

Theorem 1.5. Let f(z) be a p-adic meromorphic function and n > 7 be an
integer. If Efn(z)(l) = Efn(erc)(l) and Ef(z)(oo) = Ef(erc)(OO), then f(z) =
tf(z+c), where t™ = 1.

Corollary 1.6. Let f(2) be a p-adic entire function and n > 5 be an integer. If
E¢n:)(1) = Efnzq0)(1), then f(2) =tf(z +c), where t" = 1.

Theorem 1.7. Let f(z) be a p-adic meromorphic function and n > 7 be an
integer. If E?,L(z)(l) = E?,L(HC)(l) and E.y(00) = Ef(z40)(00), then f(z) =
tf(z+c), where t™ = 1.

Theorem 1.8. Let f(z) be a p-adic meromorphic function and n > 8 be an
integer. If E;n(z)(l) = EJ%”,(ZJFC)(l) and E(f)(z)(oo) = E?(ZJFC)(OO), then f(z) =

tf(z+c), wheret™ = 1.

The main tool of the proof is the p-adic Nevanlinna theory (see, for example,
[20], [22], [19]). So in the next section, we establish the basic properties of the
characteristic functions of p-adic meromorphic functions.

2. Counting functions and Characteristic functions of p-adic
meromorphic functions

Let f be a nonconstant entire function on K and b € K. Then we can write
f in the following form

F=> balz=b)",
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where b, # 0 and we denote wgf- (b) = q. For a point a € K, we define the function
w§: K — N by w§(b) = w?_a(b).

For a real number p with 0 < p < r. Take a € K and we set

1 T
Ny¢(a,r) / ns(a,z) dz,
P

" lnp x

where ng(a,z) is the number of solutions of the equation f(z) = a(counting
multiplicities) in the disk D, = {# € K : |z] < z}. If a = 0, the we set
Ny(r) = N¢(0,7).

If [ is a positive integer, then we define

Noslar) = — [ 2@ gy
o Inp J, x

where ny f(a,z) = 3, <, min{wys_q(2), 1}

Let k be a positive integer. Define the function w’; from K into N by w’;(z) =0
if w?(z) > k and w]]?(z) = w?(z) if w?(z) < k. And n?k(r) = > |a<r w?k(z),

<k <k
ny (a,r) = nf_a(r).

Define
<k
1 "nz (a,x
Nfgk(a,r)——/ 7 )dx,
Inp J, T
If @ = 0, then we set Nfgk(r) = Nfgk(O,r) Set
<k
1 "ni.(a,x
N < o [0,
' Inp J, T
where nf}f(a,m) = Y la<r min{w?fa(z),l}. In a similar way, we can define
N]fk(a,r), lefk(a,r), ka(a,r), Nfzk(a,r), Nl?fk(a,r) and Nl?fk(a,r) which are

called truncated counting function. Such notations was firstly introduced by
Han, Mori and Tohge [16], Han and Yi [17].

Recall that for a nonconstant entire function f(z) on K, represented by the
power series

f(z)= Z anz"
n=0

for each r > 0, we define |f|, = max{|a,|r™,0 < n < co}.
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Now let f = % be a nonconstant meromorphic function on K, where f; and

f2 are entire functions on K having no common zeros. We set |f|, = % For a

point a € K U {oco}, we define the function w$ : K — N by w§(b) = w%fafz (b)
with a # oo and w$(b) = w§, (D).

Taking a € K, we denote the counting function of zeros of f —a, counting mul-
tiplicity, in the disk D, = {z € K : |z] < r}, i.e. we set Ny(a,r) = Ny, _qp,(r)
and set Ny(oo,r) = Ny, (r). In a similar way, for nonconstant meromorphic func-
tion on i(, we can define Nf<k(a, r), lefk(a, r), Nf>k(a, r), Nfzk(a, r), Nl?fk(a, T)
and N7¢(a, 7).

We define

my(oo,r) = max{0,log|f|,}, mys(a,r)= m_1 (c0,7),
and then characteristic function of f by
Ty(r) = mys(oo, 1) + Nyg(o0,7).
Thus we get
Nf(a, )+ mf(a>r) = Tf(r) +0(1),
where a € K U {o0} and

Ty(r) = T%(r) +0(1), m#(oo,r) =0(1).

3. Some Lemmas
In this section, we present some lemmas which will be needed in the sequel.

Lemma 3.1. [19][6] Let f be a nonconstant meromorphic function on K and
let a1, as,...,aq be distinct points of K. Then

(¢ = DT5(r) < N1 p(o0,7) + 3 Nuglai,r) = No.po(r) — logr + O(1)

=1

By similar discussions as in [3], we can obtain the analogous lemmas in p-adic
case as follows:

Lemma 3.2. Let f and g be nonconstant meromorphic functions on K. If
Ef(1) = E4(1) and Ef(co0) = E4(00), then one of the following three cases
holds:

(t) Ty(r) < Npg(0,7)+ NE]%(O, )+ N1,4(0,7) + NE;(O,T) + Ny, (00, 1)
+Ny 4(00,7) —logr +O(1),

(w) f=g, (i) fg=1.
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(2N (4 2
H(f’ f—l) (g' g—1>'

First we suppose that H # 0. We consider the poles of H. It is clear that all
poles of H are of order 1. We can deduce from the definition of H that the poles
of H occur at the zeros of f' and ¢’ since E;(1) = Ey4(1) and Ef(c0) = Ey(00).

Proof. Set

It’s obvious that m (0o, r) = O(1), and
N7'(1,7) < Nu(0,7) < Tu(r) + O(1) < Ng(oo,7) + O(1)
< N72(0,7) + NE2(0,7) + Nyogr(r) + Niog (r) + O(1), (1)

where Ny ¢/(r) is the counting function of those zeros of f’ that are not zeros
of f(f — 1), while each zero is counted with multiplicity 1.
On the other hand, by Lemma 3.1, we have

Ty(r) < Ny f(00,7) + N1, £(0,7) + N1 ¢(1,7) — No g/ (r) — logr + O(1),  (2)
Since E¢(1) = E4(1), we note that
Nys(1,r) = N7'(1,r) + NEF(Lr) = NFY (L) + NEg(1,r), (3)
Then
Ty(r) < Nyg(00,7) + Ny p(0,7) + N7 (1,7)
+N72(1,7) = Nop/(r) — logr + O(1). (4)
Next we consider lej(l, ).

Ny (0,7) = Ng(0,7) + N1,4(0,7) = Ny (0,7) < Ty (1) + O(1)

= Ny (00,7) +my (00,7) + O(1) = N1,4(00,7) + Ni4(0,7) + O(1).. (5)
So
Ny (0,7) < Ny g(00,r) + Ng(0,7) +O(1). (6)
Moreover
Nog (r) + N{2(1,7) + NZ2(0,7) — N 2(0,7) < Ny (0,7) (7)

where N 4 (r) is the counting function of those zeros of g’ that are not zeros of
g(g —1). From (6) and (7) , we get

Nog(r) + N2 (1,7) < Ny g(00,7) + Nig(0,7) + O(1) . (8)
Combining (1), (4) and (8), we obtain
Ty(r) < N1s(0,7) + N7 7(0,7) + N1 g(0,7) + N7 (0,7) + Ny f(00,7)
+N1 4(00,7) —logr +O(1).
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Suppose H = 0. Then by integration we get

ag+b

cg+d’

where a, b, ¢ and d are constants and ad — bc # 0. So T¢(r) = T4(r) + O(1).

f= 9)

We now consider the following cases.

Case 1. Let ac # 0. Since E¢(o0) = E,(00), we can obtain that f and g have
no pole from (9). Since
a bc — ad
- = 10
=S e (10)
it follows that f — £ has no zero. So By Lemma 3.1, we get
Ty(r) < Nij(00,7) + Nipo2(0,7) + N1 7 (0,7) + O(1) = N4 (0,7) + O(1),

which implies (7).

Case 2. a # 0 and ¢ = 0. Then f = %g+ 2. If b # 0, by Lemma 3.1,
Ty(r) < Nug(00,7) + Ny p_5(0,7) + N1y (0,7) + O(1)
= Ny f(00,7) + N1,4(0,7) + Ny £(0,7) + O(1),
which implies (4).
If b =0, then f = 2. If § = 1, we obtain (ii). If & # 1, then by E;(1) =
E4(1) we get f # 1 and f # 9. According to Lemma 3.1, we have

a

Tf(?“) < Nl’f(OO,T) + Nl,f(l,r) + Nl’f(d

,7)+ O(1) = Ny s(00,7) +O(1),
which implies (7).
Case 3. a =0 and ¢ # 0. Then f = cgﬁ. If d # 0, by Lemma 3.1,
Ty(r) < Nig(00,7) + Ny p_2(0,7) + N1#(0,7) + O(1)
= Ny,#(00,7) + Ni1,4(0,7) + N1, £(0,7) + O(1),

which implies (7).

If d =0, then f = L. If = 1, we obtain (iii). If £ # 1, then by E(1) =

cg’

E4(1) we get f#1 and f # % According to Lemma 3.1, we have

b
Ty(r) < Nug(oo,m) + Nup(L,7) + Niy(2,m) + O(1) = Nyp(o0,m) + O(1),

which implies (7). This completes the proof of the lemma. O
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Lemma 3.3. Let f and g be monconstant meromorphic functions on K. If
E3(1) = E;(1) and Ef(co) = Ey(oc), then one of the following three cases
holds:

(i) Tr(r) < Nip(0,7) + NEF(0,7) + N1 g(0,7) + NE2(0,7) + Ny g (00, 7)
+N; 4(c0,7) — logr+ O(1),

(i) f=g, (i) fg=1.

Lemma 3.4. Let f and g be monconstant meromorphic functions on K. If
f?l(dl) = E}(1) and E}(c0) = Ey(c0), then one of the following three cases
olds:

(i) Tr(r) < Nip(0,7) + NF7(0,7) + N1 g(0,7) + NF2(0,7)
+N1q, 5(00,7) + N1 g(00,7) + N1 (00, ) — logr + O(1),
(i) f=g, (i) fg=1.

where N1 (00, 1) denotes the reduced counting function of those poles of f whose
multiplicities differ from the multiplicities of the corresponding poles of g.

Lemma 3.5. [2] Let f be a nonconstant p-adic meromorphic function. Then

mw(oo,r) = O(l); Tf(erc)(r) = Tf(z) (’I“) + 0(1) .

4. Proof of Theorem 1.5
Let
F=f"z), G=F(z+c¢)=f"(z+c¢). (11)

Then it is easy to verify Fp(l) = Eg(1l) and Ep(c0) = Eg(co). Suppose the
Case (7) in Lemma 3.2 holds

Tp(r) < N1,p(0,r) + lefp(O,r) + N1,¢(0,7) + NIZ,?;(O, )+ N1,p(00,7)
+N1 g(oo, 1) —logr +0(1), (12)
It’s obvious that
N1#(0,7) + NF7(0,7) < 2Ny p(0,7) = 2N £(0,7) < 2T%(r). (13)
According to Lemma 3.5, we obtain
N1.(0,7) + N7 &(0,7) < 2N1,6(0,7) = 2Ny p(st0)(0,7)
= 2N1 f(24) (0,7) < 2T (g0 (1) = 2T (r) + O(1), (14)

N1 p(oo,r) = Ny g(oo,1) < Tf(r), (15)

Nl,G(OQT) = Nl,F(erc)(OOaT) = Nl,f(z+c)(OOaT)
S Tp(aye)(r) =T(r) + O(1). (16)
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Combining (12), (13), (14), (15) and (16), we deduce
Tr(r) = nTy(r) < 6T¢(r) + O(1), (17)
that is,
(n—6)Ty(r) <0O(1), (18)
which contradicts with n > 7. Therefore F' = G or FG = 1.

If F =G, that is f"(z) = f™(z + ¢). So we deduce f(z) =tf(z + c), where t
is a constant and ¢t™ = 1.

If FG =1, that is

G4 =1, (19)
From (19) we obtain f(z) # 0,00 and fgf(j)c) = f255y- According to Lemma 3.5,

we can deduce

sz (r) = T% (r)+0Q1) = T% (r)+0(1)

= mf(fz(+)c) (OO, 7‘) -+ Nf(fz(«{»)c) (OO, T) -+ O(l) = O(].) R (20)

which is a contradiction. This completes the proof of Theorem 1.5.

5. Proof of Theorem 1.7
Let
F=f"z), G=F(z+0) = f'(z+0). (21)

Then it is easy to verify E%(1) = E%(1) and Er(cc) = Eg(c0). Suppose the
Case (i) in Lemma 3.3 holds

Tp(r) < Nip(0,7) + NE#(0,7) + N1.c(0,7) + NG (0,7) + Ny s (00, 7)
+Ni g(00,7) —logr+0O(1), (22)

Similar to the proof of Theorem 1.5, we can get the conclusion of Theorem 1.7.

6. Proof of Theorem 1.8
Let
F=f"z2), G=F(z+c)=f"(z+¢). (23)

Then it is easy to verify E%(1) = EZ%(1) and E%(cc0) = EZ(00). Suppose the
Case (4) in Lemma 3.4 holds

Tp(r) < Ni,p(0,7) + NEp(0,7) + N1 g (0,7) + NE&(0,7)
+N1,7(00,7) + N1,G(00,7) + N1 «(00,7) — logr + O(1), (24)
It’s obvious that

Ny p(0,7) + Nfg(o,r) < 2N, 1 (0,7) = 2Ny 4(0,7) < 2T (r), (25)
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And
Nl,F(OO7r) = vaf(OO,’f') < Tf(r) ) (26)

N1 . (00,7) < Ny p(oo,r) < Ty(r). (27)
According to Lemma 3.5, we obtain
N1.g(0,7) + N7&(0,7) < 2N1,6(0,7) = 2N1 p(at0)(0,7)
= 2]Vl,f(z-ﬁ—c) (07 T) < 2Tf(z+c) (T) = 2Tf(r) + O(l) ) (28)

N1,G(00,7) = N p(s4¢)(00,7) = Ny f(2qc)(00,7)

< T(ate)(r) = Ty (r) + O(1). (29)
Combining (24), (25), (26), (27), (28) and (29), we deduce
Tr(r) =nTy(r) <7T¢(r)+O(1), (30)
that is,
(n=T7)Ty(r) <0O(1), (31)

which contradicts with n > 8. Therefore F' = G or F'GG = 1. Similar to the proof
of Theorem 1.5, we can get the conclusion of Theorem 1.8.

7. Remarks

With S; = {1,w,..,w" "'} and Sy = {oo} , where w = cos2™ + isin3T, we
can get the following equrvalent forms of Theorem 1.5, Corollary 1.6, Theorem
1.7 and Theorem 1.8 respectively.

Theorem 7.1. Let f(z) be a p-adic meromorphic function and n > 7 be an
integer. If Ep(2)(51) = Ef(s4¢)(51) and Ef()(S2) = Ef(z4c)(52), then f(z) =
tf(z+c), where t™ = 1.

Corollary 7.2. Let f(z) be a p-adic entire function and n > 5 be an integer. If
E(2)(51) = Ef(210)(S1), then f(z) = tf(z + c), where t" = 1.

Theorem 7.3. Let f(z ) be a p-adic meromorphic function and n > 7 be an
integer. If B, (S1) = B}, (S1) and Ef(;)(S2) = Ef(z1.0)(S2), then f(z) =
tf(z+c), where " =1.

Theorem 7.4. Let f(z ) a p-adic meromorphic function and n > 8 be an

integer. IfE (»(51) = Z+C )(51) and Ef(z)(52> = f(z+c)(52), then f(z) =
tf(z+c), where " =1.
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