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ABSTRACT. This paper studies the global stability of a class of discrete-time pathogen infec-
tion models with latently infected cells. The rate of pathogens infect the susceptible cells is
taken as bilinear, saturation and general. The continuous-time models are discretized by using
nonstandard finite difference scheme. The basic and global properties of the models are estab-
lished. The global stability analysis of the equilibria is performed using Lyapunov method. The
theoretical results are illustrated by numerical simulations.

1. INTRODUCTION

Pathogen infections (such as HIV, HBV, HCV, CHIKV and HTLYV, etc.) models which de-
scribe within-host dynamics have been described by system of nonlinear ordinary or delay
differential equations (see e.g. [1]-[32]). The use of digital computers in performing simula-
tions necessitated the investigation of discrete-time systems. Further, it is important to note that
scientists often collect the data and analyze the results at discrete times. For the models pre-
sented in the above mentioned papers, the exact analytical solutions are unknown. Therefore, a
discretization can be used to obtain discrete-time model which is an approximation of the exact
one. One of the very important task is to choose a discretization scheme which preserves the
properties of the corresponding continuous time model. In 1994 Mickens [33] has introduced
nonstandard finite difference (NSFD) scheme for solving differential equations. It has been
proven that NSFD can preserve the main properties of several types of continuous time mod-
els. NSFD has been used to investigate the global stability of equilibria of the corresponding
continuous time models in epidemiology [35]-[39] and virology [40]-[52].

The basic and pioneering model describing the pathogen dynamics is due Nowak and Bang-
ham [1]. The model contains three compartments: susceptible (or uninfected) cells, infected
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cells and free pathogens. A lot of considerations have been added that aim to get the best rep-
resentation of the pathogen infection. Most notable are latent pathogen reservoirs which serve
as a major barrier in curing pathogen infection. Despite the fact that the antiretroviral therapy
significantly limits the level of pathogen in the blood, there is still a low viral load due to on-
going reactivation of latent infected cells reservoirs. Variant models have been developed to
study the dynamics of pathogen in the presence of latent reservoirs (see, e.g., [17], [26]-[32]).
However, all the models presented in these papers are given by continuous-time. In this paper,
our target is to study a class of discrete time pathogen infection models with latently infected
cells. We study the qualitative behavior of the models with different forms of infection rates.
We investigate global stability of the equilibria of the models using Lyapunov method. The
theoretical results are supported by numerical simulations.

2. MODEL WITH BILINEAR INCIDENCE

We propose the following continuous pathogen infection model with latency:

$=p—09s— Kksp, 2.1
w=(1—-¢)rsp— (a+m)w, (2.2)
U = ERKSP + mw — yu, 2.3)
p = 6u — np. 2.4)

where s, w ,u, and p are the concentrations of susceptible cells, latently infected cells, actively
infected cells and free pathogens, respectively. Parameters 5 and § represent the birth rate and
death rate constants of the susceptible cells, respectively. Susceptible cells become infected at
rate ksp, where k is the incidence rate constant. Parts € and (1 — €) with 0 < € < 1 of infected
cells are assumed to be latent and active, respectively. The term mw represents the activation
rate of the latently infected cells. Free pathogens are produced at rate fu. The death rate of
latently infected cells, actively infected cells and pathogen particles are given by aw, yu and
np,respectively.
Discretizing system (2.1)-(2.4) using NSFD method [33]-[34] we obtain

Sp41 = Sn = B — 08p41 — KSn+1Pn, (2.5)
W1 — Wy = (1 — €)KSn41Pn — (@ + M)Wpt1, (2.6)
Un41 — Up = ERSp41Pn + MWp41 — YlUn+1, (2.7
Prnt1 — Pn = OUni1 — NPn1, (2.8)

wheren € N={0,1,2,...}.
We consider the initial conditions:

(s0,wo, uo, po) € Ri ={(s,w,u,p) | s >0,w>0,u>0,p> 0} (2.9)
2.1. Preliminaries. Let us consider the region
I ={(s,w,u,p): 0 < s,w,u < Ni;,0 <p< Ny}
where N| = % Ny = %eNl and £ = min {5,@, %,n}.
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Lemma 2.1. Any solution (s, Wy, Uy, pn) of model (2.5)-(2.8) with initial conditions (2.9) is
positive and ultimately bounded.

Proof. From Egs. (2.5)-(2.8) we obtain

ﬁ + Sn
= - " 2.1
Sn+1 146+ kp,’ (2.10)
wy, (1 — €)K(B + sn)pn
n+l = , 2.11
tntt 1+a+m+(1+a+m)(1+5+mpn) @11
" Uy ek(B + sn)pn muwy,
T4y T+t apn) | AN Fatm)
m(1 — €)K(B + sn)pn
2.12
+(1—|—fy)(1+a+m)(1+(5+/€pn)’ 2.12)
D n Ou,, n Oer(B + sn)pn
Pt T T 0@ty A A )+ 0+ Apa)
Omw, Om(1 — €)k(B + sn)pn (2.13)

T aE0 N0 tatm O+ nI+N0 +at+m)(1+0+rpn)

Since all parameters of model (2.5)-(2.8) are positive, then by induction we get s,, > 0, w,, > 0,
Uy > 0and p, > 0foralln € N.
To investigate the boundedness of solutions we define the following sequence M,,:

Mn:5n+wn+un+%pn-

Then
Mn+l =M, + 38— 55n+1 — OQWnp41 — %Un-‘rl - %pn-ﬁ—l
<My +8—EMpq.
Hence M 5
M < roy 2
n+1 > 1 _'_5 1 +£

By Lemma 2.2 in [41] we have

1 " 154 1 "
M, <|—) My+=|1—-|— .
”—<1+5) ’ s[ <1+5>}
Consequently, nh_{glo sup M,, < Ny, nh_}n&) sup s, < N, nh_}rrgo supw, < Ni, n11_>1r010 sup u, <

Ny and lim sup p, < Na. Therefore, the solution (s, wy, Uy, py) converges to I'y as n —
n—o0
0. ]

The basic reproduction number of model (2.5)-(2.8) is given by:
k05 (e +m)

Synatm) (2.14)

Ro =
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System (2.5)-(2.8) has two equilibria,
(i) pathogen-free equilibrium Q°(s°, 0,0, 0) where s° = 3/4.
(ii) persistent pathogen equilibrium Q*(s*, w*, u*, p*), where

0 dyn(1 —
N [ lD)

on 1)
- - 1 = Mo —1), pr=2(Ro—1).
Ry Orlac +m) (Ro—1), w (Ro—1), p H(Ro )

0k
Clearly, Q* exists only when Ry > 1.

2.2. Global Stability. We define the function G(z) > 0 as G(x) = z — Inz — 1. Hence,
Inx <x—1. (2.15)
Theorem 2.2. If Ry < 1, then Q° is globally asymptotically stable.

Proof. Construct a discrete Lyapunov function L, (S, Wy, Un, Pp) as:

Ln:soG<s—") m a+m Y(a+m)

1+ .
s0 actm " aetm ™ G(ae—l—m)( "pn

Hence, L,, > 0 for all s,, > 0, wy, > 0, u, > 0 and p, > 0. In addition, L,, = 0 if and only if
sp = s, w, =0, u, = 0and p, = 0. Computing the difference AL, = Ly — Ly as:

+m Ao+ m)
AL, = OG(S”“> m “ 1
n= o s0 a6+mwn+1+ae+mun+l 9(ae+m)( )P
0 (Sn m a+m Y(a +m)
o) 1
[8 s0 +ae—|—mwn actm'™ 0(ae+m)( e

o [ Sn+1 Sn Sn, m a+m
= AL | _ _
° < i > * o€ + m(wn+1 wa) + o€+ m(un—i_1 n)

W”m’)u ) (st — o).

Using inequality (2.15), we have

S a+m
ALp < spt1 — Sp + s <5 n1 - 1> + a€+m(wn+1 — wy) + a6+m(un+1 — Up)
n+
v(aw +m)
AT _
0 (e +m) (L+m)(Pnt1 = pn)
0
S a+m
pr— 1 —_— _— J— P
< 3n+1> (Sn41 =) + e + m(wnJrl wn) + e+ m(umrl n)
~y(a +m)
— (1 — .
+3 o m)( + 1) (Prg1 — Pn)
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From Egs. (2.5)-(2.8), we have

AL, < <1 - Snl) (B — 6Snq1 — KSny1Pn) + e m((l — €)KkSpt1Pn — (@ +M)wn11)
M(eﬁsn—&—lpn + MWy 1 — Y1) + mwunﬂ — NPnt1)
M(pnﬂ — Pn)

= (1 — Sjil) (B = 0sns1) + Kspp — Mpn

= 8;(51 (Spg1 — )% + <I€SO - m> n
=t = G (e )
= (o =0 I (R~ 1)y

Hence, for Ry < 1, we have AL, < 0 for all n > 0, hence L,, is a monotone decreasing
sequence. We have L, > 0, then there is a limit lim L,, > 0. Therefore, lim AL, = 0,
n—oo n—oo
which implies that lim 5,1 = s” and lim (Rg — 1)p, = 0. For the case Ry < 1, we
n—00 n—00
have lim s,;1 = s and lim p, = 0. From Egs. (2.5)-(2.7), we obtain lim w, = 0 and
n—o0 n—o0 n—o0

lim w, = 0. For the case Ry = 1, we have lim s,4+1 = s9. From Egs. (2.5)-(2.7), we obtain
n—oo n—oo

lim p, = 0, lim u,, = 0 and lim w, = 0. Hence, in the case Ry < 1, the pathogen-free
n—oo n—oo n—o0

equilibrium QU is globally asymptotically stable. O
Theorem 2.3. If Rg > 1, then Q* is globally asymptotically stable.

Proof. Define

Un(sn)wnyumpn) =s5'G (Sl) +

S*

WG (L) 4 LM g (1)

aE+m w* aE+m u*

V(e +m) o [ Pn
+0(ae+m)(1+n)p G<p*>'
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Clearly, U,,(sy,, Wn, Up, pp) > 0 for all s,,, wy,, up, pp, > 0 and U, (s*, w*, u*, p*) = 0. Com-
puting AU,, = U, 11 — U, as:

AU, = s*G (S"+1> L™ G (wn+1) n a+m O (un+1)

s* aE+m w* aE+m u*
~v(a +m) . DPnt1
— (1 G
+ 0 (e +m) (1+mp p*

o)+ e (5) - et o () + e+ e ()]

:S*<Sn+1_3n+1n S >+ mw* (wn+1_wn+ln wy, >

s* s* Sn+1 ae+m \ w* w* Wn1
Lot mut (uny o un vlatmp® (prit P g Po
ae+m u* u* Up i1 0 (e +m) p* p* Pn+1

B le() <))

Using inequality (2.15), we get

AU, < s* <3n+1_5n+ Sn _1>+ maw* <wn+l_wn+ Wn, _1>

s* Sn+1 aeE+m w* Wn+1
n (o +m)u* <un+1 — Uy, n Un 1) v(a + m)p* <Pn+1 — DPn n Pn_ 1)
ae+m u* U1 0 (e +m) p* Pn+1

ooy °(5) ¢ G5
= (1— all )(5n+1—8n)+ = <1— v >(wn+1—wn)

Sn+1 ae+m Wp 41
a+m u*
+ 1-— Upt+1 — U
ae+m < Up 41 (n )

L olarm) (1 a > (buit = pn) + ey [G (pn+1> - (PnH '

0(ae+m) \" P 0 (o€ +m) p* p*
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From Egs. (2.5)-(2.8), we have

8*

AU, < (1 - ) (B - 55n+1 - HSnJrlpn)

Sn+1
m w*
1- 1- -
o (1= 25 ) (- Onsniapa — o mhn)
a-+m u*
1- (€KSp41Pn + MWpt1 — Yn11)
aE+m Un+1

v(a+m) p*
1— Oups1 — o,
+ 8 (ae+m) ( pn+1>( Upy1 — NPnt1)

st 6 (5) < ()

Since 8 = §s* + ks™p*, then

*

AU, < (1 - > (08* + Ks"p* — 0Sp4+1 — KSn+1Dn)

Sn+1
m w*
1— 1— -
etm < wn+1> (1 = €)rsnp1pn — (@ +m)wpy1)
a+m u*
+ <1 — ) (€KSp+1Pn + MWp11 — Yln1)
aE+m Up+1

v(a+m) p*
1— 0 —
+ 7 (actm) < pn+1> (Oupt+1 — NPn+y1)
ymla+m) ., I:pn-i-l —p—Z—i—ln Pn ]

0 (e +m) p* P Prt1
0 - mkr(l —¢€)s w*
== (Sn41— 8)% + Ks*p* <1 — > T K8 Py — (1 —€) sn41pn
Sn+1 Sn+1 ae+m W1

m(a + m)w* _ek(a+m) sppipput mla+m)utwppr | y(lat+m)
aeE+m Qe+ m Un+1 Qe+ m Un+1 aeE+m
e+ m)pruppy | ynle+m) . yn(a+m) n(a+m)

Pn

“In .
aE+m  ppyi 0(ae+m)p 9(ae—|—m)pn 9(ae+m)p Pl
We have
. onla+m)
R — 0
s P 0 (ae+m)""

Using the conditions of Q*
(1 —e)rs™p* = (a+m)w*
€xs p* + mw* = yu*

Ou* = np”,
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we get
m(a+m) ,  m(l—e€)rs*p*
L = e
Qe+ m Qe+ m
o'
vatm) o _amlatm) o
ae+m 6 (ce +m)
1 _ k ok k ok
kst = m(1l — €)rs*p N e(a+m)krs*p ’
Qe+ m aE+m
and
AU, < 7(371-1—1 o 8*)2 + ulﬁs*p* 1— S 4 6(01 m)HS*p* 1— S
Sn+1 ac+m Sp+1 oe+m Sn+1
_ m(l — 6) kst *Sn-‘rlpnw* + m(l B 6) ks p* — E(Oé + m) Ks* *3n+1pnu*
aE+m S*pP*Wn41 aeE+m aE+m S*P*Up+1
_ m(l — 6) /-is*p* U*wn—i-l + m(l B 6) Hs*p* + E(Oé + m) HS*p* _ m(l — 6) Ks* *p*un-i-l
aE+m Up41W™* aE+m aeE+m aE+Mm Prn1u*
*
1—
- clatm) /is*p*p Yntl + m(l =€) ks*p* + 76(06 +m) ks"p" + ks*p* In P
aE+m Pn+1u* aeE+m aE+m Prn+1
-5 )
= S — 8
St ( n+1 )
LMo 1 - 6 [4 _ Sp+1Pppw™ _ U Wp 41 _ P Unt1 +1ln Pn }
ae+m Sn-i-l S* P Wn1 Up+1W* Dnt+1u* Pn+1
e(a+m) S u* *u
+ ( + AT s p 3_ n+1Pn p n—l—i 1 Pn :|
e?s + m Sn+1 S P Unt1 PpniiU Pn+1
_ 1 _ * *
— (SnJrl _ S*)2 ( 6) IQS*p* |:G ( S > + G <3n+1pnw )
Sn+1 aeE+m Sn+1 S*p*wp41

o) o ()
Un41W Pni1u

o 6(0[ + m) HS*p* |:G ( s* ) + G (Sn-i-lan*) + G (p*un+1):|
ae+m Sn+1 S*P*Un+1 Prn+1u*

Thus, U,, is monotone decreasing sequence. Because U,, > 0, there is a limit lim U,, > 0.
n—oo

Therefore, lim AU,, = 0, which implies lim s, = s*, lim w, = w*, lim u, = u* and
n—oo n—oo n—oo n—oo

lim p, = p*. O
n—oo
3. MODEL WITH SATURATED INCIDENCE

It has been reported in [15]-[16] that pathogen dynamics model with saturated incidence is
more accurate in case of high concentration of the pathogens. Thus we consider the following
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model:
) Ksp
$=p—10s— , 3.1
s 1+ 3.
1—
b= TP, (3.2)
L+ pp
) ERSD
U = + mw — yu, 3.3
T+ gl (3.3)
p = 6u — np. (3.4)
where p is the saturation constant. Using the NSFD method we obtain
KSn+1Pn
s —B_56 _ Zontilfn 3.5
Sp41 — Sp = 3 Sn+1 1+ 1pn ) (3.5)
(1 - 6)"’<v8n+1pn
_ — - Jwnelin 3.6
Wn+4+1 — Wn 1+ Dn (a + m)wn-i-la ( )
€RSp41D
Un+1 — Un = ﬁ + Mwp41 — YUn41, (3.7)
Pnt1l — Pn = OUni1 — NPyt (3.8)

3.1. Preliminaries.

Lemma 3.1. Any solution (s, Wy, Uy, pp) of model (3.5)-(3.8) with intial conditions (2.9) is
positive and ultimately bounded.

Proof. From Egs. (3.5)-(3.8) we obtain
(B 4 sn)(1 + ppn)

ST TS+ (W1 +0) + /)pn (3-9)
Wp, (1 - 6)’€pn(ﬁ + Sn)
W = T (I+a+m)(1+6+ (u(1+6)+rK)py)’ (3.10)
" __Un n ekpn (B + Sn) N muwn,
Ty T A A+ 0+ (A0 +Rr)pn) A+ (1 +a+m)
N m(1 — €)kpn(B + spn) 3.11)
A+7)A+a+m)(1+0+ (ul+0)+r)p,)’
_ Dn Ou,, Oekpn (B + spn)
P = Ty T A A9 L+ o+ (L +0) + m)pn)
n Omuw,, N Om(1 — €)kpn(B + sn)
1+n)A+~) 1 +a+m) (1+n)(1+fy)(1+a+m)(1+5+(u(1+<z)3T2/)<)pn)‘

The solution of (3.5)-(3.8) with initial (2.9) satisfies s,, > 0, w,, > 0,u,, > 0and p,, > 0. The
boundedness of solutions of model (3.5)-(3.8) is similar to the proof of Lemma 2.1. ]
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System (3.5)-(3.8) has two equilibria
(i) pathogen-free equilibrium Q°(s°, 0,0, 0) where s° = 3/4.
(ii) persistent pathogen equilibrium Q*(s*, w*, u*, p*), where

w_amlatm) + Boplactm) o oyml=9) o g
0 (ac+m)(uo+r) 0(ud + k) (ae+m) 0
«  0ny _ « 0 B

where R is given by Eq. (2.14)

3.2. Global Stability.
Theorem 3.2. Suppose that Ry < 1, then Q° is globally asymptotically stable.

Proof. Construct a Lyapunov function L,, as:

Wn, n

Sj) m a+m v(a +m)
ae+m ae+m 0 (e +m

Ln(Sm W, Umpn) = SOG < )(1 + U)Pn-

30

Hence, L,, > 0 for all s,, > 0, w,, > 0, uy, > 0 and p,, > 0. In addition, L,, = 0 if and only if
$p = %, wy, =0, u, = 0 and pn, = 0. Computing the difference AL,, = L,+1 — Ly, as:

a+m v(a+m)

AL, = s°G <$7;31> aen—i W1+ e Ut t3 (ae +m) (1 +n)pn+1
B [SOG (%) ﬁwn o?ej—n;zun * 97((36_:—71;1)) (L+n)pn
— 40 <Sr;)rl B Z% +1ln ::) + aeT— - (Wpt1 — wp) + 56—:_7; (Unt1 — Up)
97((3617:3) (1+m) (Prt1 — pn)

Using inequality (2.15), we have

S m a—+m
AL, < Spn+1 — Sn + s? < - 1> + (wn—H - wn) + (un—i-l - un)
Sn+1 aeE+m aeE+m

v(aw +m)
RASL Ve | _
Flac T )( + 1) (Prt1 — Pn)
0
S m a+m
pr— 1 —_— _— J— P
< 3n+1> (Sn41 =) + e + m(wnJrl wn) + e+ m(umrl tn)
a+m
+ M

8 (ac 3 m) (LT D Prs1 = Pn).
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From Egs. (3.5)-(3.8), we have

0
AL, < (1— ° > <ﬁ—55n+1—mn+1pn>
Sn+1 1+ UPn

m (1 — €)kspt1Pn
Py < T+, (a + m)wp41

a+m <€/€Sn+1pn
ae+m \ 1+ upy,

M@nﬂ —Pn)

0 0
5 k8"pn  n(a+m)
=|1- —0s + -
( 3n+1> (8 nt1) 14+ ppn 0 (e + m)pn

+ Mwp41 — 'Yun-i-l) +

=0 (sme1 — 0% + (e +m) ( k03 (ae +m)
Smp1 0 (ae+m) \dyn(a+m) (L + ppn)
= yn(a+m) < Ro )
= —\5n - + -1 n
Snil (541 = °)° 0 (e +m) \ 1+ ppn p
_ =0 o2 mlet+m) pRo o  ynla+m)
= o T T T e ) T )P T 9(ae +m)

_1>pn

(RO - 1)pn-

263

Hence, for Ry < 1, we have AL,, < 0 for all n > 0. Hence, L,, is a monotone decreasing

sequence. The proof can be completed similar to that of Theorem 2.2.

Theorem 3.3. If Rg > 1, then Q* is globally asymptotically stable.

Proof. Let us consider

* m Wp, a-+m
Un{sn, wn, tn, pn) = 87C (s*) o€ + mw*G (ﬁ) + ac+m

V(e +m) o [ Pn
+0(ae+m)(1+n)p G<p*>'

u*G(

Un

u*

)

O
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264
Clearly, U, (Sp, Wn, Un,pr) > 0 for all s, wy, Uy, pp, > 0 and Uy, (s*, w*, u*,p*) = 0
Computing AU, = Upy1 — U, as:
AUn:S*G(Sn+1> m UJ*G (wn+1)+ a+mU*G (un+1)
s* aE+m w* aE+m u*
’7(a+m) * Pn+1
—(1 G
0(ae+m)( +77)p »
a+m N
s (2)

WG <%> + c(:e—:—n;lu*G <Z%) 9 (ae+m)

o) ek
s* aeE+m

w*
s* s* Sn+1 ae+m w* w* W41
a+mu* u"+1—u—"+ln Up, +7(a+m) . pn+1_@+lnp7n
ae+m u* u* Unt1 0 (e +m) p* p* Prt1
(e + m)p* a (Pt _ ()]
6 (ce +m) p* p*
Using inequality (2.15), we get
AUn < 5 (5n+1 — Sn + Sn _ 1> + m w* <wn+1 — Wp + Wn _ 1>
s* Sn+1 aE+m w* Wn+1
at+m (Ul — Uy | Uy Yla+m) . (Pat1—Pn | Pn
—1) + + —1
ae+m u* Unt1 0 (e + m) p* Pn+1
mla+m) Pn1) _ o (Pn
6 (ce +m) * p*
s* m w*
—(1- - 1- -
( 5n+1> (5n+l Sn) + ae+m < wn+1> (wn+1 wn)
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From Egs. (3.5)-(3.8), we have

AU, < <1— ® ) (5—5«9n+1—w>
Snt1 1+ ppn

a€E+m Wp41 1+ ppn

a+m u* €RSn+1Pn
+ 1-— + mw — YU
ae+m ( un+1> ( 1+ ppn T n+1>

V(e +m) < p* ) mla+m) , (Pny1 Pn Pn
+ 1= — | (Qups1 — Pny1) + D ——+1In
0 (e + m) Pril (Bun1 = npns1) 6 (ce + m) p* p* Pril
_ <1 s ) (B — 6spi1) + £8"pn m(l—¢€)  KSpy1ppw” m(o +m) ot
Sna1 14+ ppn ae+m (14 pupn) wpt1 oe+m
_elat+m) Kspyipput m(a+m)wput | y(a+m) ot Y(a+m) pruni1
ae+m (14 ppp) tuns+1 QE+m  Upt ae+m aE+m  pnii
vn(a+m)p* ynletm) o P Pe
o(acrm)’ To(acrm’ o T o

Using the conditions of Q*

* KS*p*
=0s" + ,
g 1+ pp*

(1 —€)rs*p*
L+ pp*

eks*p*

1+ pp*

— (a+m)ur,

+mw* = yu®,

Ou* = np”*,
we get

m(a +m)w* ~ m(l—¢) ks*p*
ae+m ae+m 1+ up*
Hat+m) . _onlat+m) . Kspt
aetm © flac+m)’ T 1+
ks*'p* m(l—¢) ks*p* | ela+m) ks*p*
L+up* act+m 14+pp*  ac+m 14+ pp*’
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and

AU, <

ae+m 1+ up* s*p*wp41 (1 + upp,

_Ungap” LA ppn

n

B )
ae+m 1+ pup* s*p*wps1 (1 + ppn) ae+m 1+ up*

)

)
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-9 *)2+ /@s*p* (1_ s* >+ Iis*p* pn( +ﬂp*)
S

Sn+1 — S
sn+1( " 1+ upn +1 L+ pp* p* (1 + ppy)

m(l —e€) ks*p* spp1paw” (14 pup m(l —e¢) ks*p*

_|_

m(l—e€) ks'p" urwni

(
ela+m) ks*p* spi1ppu” (1 + pp
ae+m 1+ pp* s p*unyr (1+ppn)  ae+m 1+ pp*u +1w*

%, % %, % %k
Hsp*_/@sp*uf+1p+nsp*+msp*< Pr >
L4+ pp* 14+ pp* wpnyr 1+pp* 14 pup p* Pnt1

-0 (5mi1 — 52 + m(l—¢€) ks*p* (1 s > N e(a+m) ks*p* (1 s )
Sn+1 ae+m 1+ up* Sn+1 ae+m 14 up* Sn+1
m(1l —e€) ks*p* spripnw® (1 + pup®) n m(l—e€) ks*p*
) ae+m 1+ pup*

ela+m) ks'p* sppappu” (1+pp*)  m(l—€) Ks'p" w'wniq

ae+m 1+ up* s*p*upt1 (1 + upy) ae+m 14 pup* uppqw*
m(l—e€) ws*'p*  ela+m) ks*p*  m(l—¢€) KS*P* Upt 1D

ae+m 1+ up* aeE+m 1—1—,up*_ ae+m 1+ pup* u*ppi1
ela+m) ks*p* upy1p®  m(l—e€) ks*p* el +m) ks*p*

ae+m 14 pup* u*ppiq ae+m 1+ up* ae+m 14 up*
Ks*p* (_pn P Pa(lH up*)>
L4 pp* \ px pny1 - P*(1+ ppn)
-0 oo m(l—e€) rs*p* s* Spt1PnW* (1 + up*)  wrwpi
(Spy1— )" + 5— - -
Sn+1 ae+m 1+ ,up* Snt1l S*P*Wna1 (L4 ppn)  upprw*

UWPny1 1+ pp* pn+1} ae+m 1+ pup*
_Ungap” LA ppn

ela+m) ks*p* [4 8" Spgapau” (14 pp*)
Spy1 S P unt1 (14 pupn)

: e )
U*Prt1 1+up pn+1 1+ up*

We have

ks p* (_1_pn+pn(1+up*)+1+upn>
px  p*(L+pupn) 1+ pup*

P o) Lbppn  plpe = ")
px  p* (14 pp,) 14 pp* p*(1 4 ppn) (1 + pp*)
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Then
-

Sn+1
m(l —e) rs*p*

RS
ae+m 1+ pp* Sn4-1 s*p*wp41 1+ ppn Up41W*
e <un+1p ) <1 + MPn)
U Pp41 1+ pp*
_e(a+m) ks*p* [ < )+G<Sn+1an*1+Mp*)
ae+m 1+ up* Sn+1 s p*unt1 1+ pupn

‘o (uan ) e (1 + upn) kst p(pn — p*)*
UPpt1 L+ pp* L+ pp* p*(1 + ppn) (1 + pp*)

AU, <

(5n+1 — 5"

Thus, U,, is monotone decreasing sequence. Since U,, > 0, then there is a limit lim U, > 0

n—oo
and henece, lim AU, = 0, which implies that lim s, = s*, lim w, = w*, lim u, = u*
n—oo n—o0 n—oo n—oo
and lim p, = p*. O
n—oo

4. MODEL WITH GENERAL INCIDENCE

In the literature, several forms of the incidence rate have been considered see e.g. [17]-[25].
In this section, we assume that the incidence rate is given by K (s, p)p, where K is a general
function.

5= ﬁ 0s — (svp)p) (41)

W= (1-e)K(s,p)p— (a+m)w, (4.2)

= eK(s,p)p+ mw — yu, 4.3)

p=0u—np. (4.4)

Using NSFD method we get

Sn+1 — Sn = 5 - 53n+1 - K(3n+1apn)pm 4.5)

Wnt1 — Wy = (1 — €)K(8p41,Pn)Pn — (@ + m)wpy1, (4.6)

Up+1 — Up = EK(SnJrl»pn)pn + MWy 1 — YUpit, 4.7)

Prntl — Pn = OUng1 — NPny1- 4.8)

4.1. Preliminaries. The function K (s, p) is assumed to satisfy the following conditions:
(A1) K(s,p) > 0,forall s > 0,p > 0, and K(0,p) = 0 forall p > 0,

(A2) 2K(2) g forall s > 0 and p > 0,
(A3) 286220 < g forall s > 0 and p > 0.
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Lemma 4.1. Any solution (s, Wy, Uy, pn) of model (4.5)-(4.8) with initial conditions (2.9) is

positive and converges on I'y as n — oo, and 1’y is positive invariable for model (4.5)-(4.8).

Proof. From Egs. (4.6)-(4.8) we obtain
Wy, + (1 - 6)I((Sn—ﬁ-lapn)pn

_ 4.9
K
Uil = Up + € (3n+11 7_f7’i3pn + mwp41 ’ (410)
Pn + eun—i—l
= 4.11
Pn+1 1+ n ( )

When n = 0 we prove that (s1, w1, u1, p1) exists and is positive. From Eq. (4.5) we have
(1+6)s1—so— B+ K(s1,po)po = 0.
Let

¢(s1) = (1+0)s1 —so— B+ K(s1,p0)po =0
w(0)=-s0— <0
sllgnoo 80(81) - o
From Assumption (A2), ¢ is a strictly increasing function in s;. Hence, there exists a unique
s1 > 0 such that ¢(s;) = 0. From Egs. (4.9)-(4.11) we have w; > 0, u; > 0 and p; > 0.
Therefore, by using the induction, we obtain s,, > 0, w, > 0, u, > 0 and p, > 0 for all
n > 0. The boundedness of solutions can be shown similar to Lemma 2.1. ]

Lemma 4.2. For model (4.5)-(4.8) let (Al)-(A2) hold true, then there exists a threshold param-
eter Ro > 0 such that

(i) if Ro < 1, then there exists only pathogen-free equilibrium Q°,

(ii) if Ro > 1, then there exist two equilibria, Q° and a persistent pathogen equilibrium Q*.

Proof. Let Q (s, w, u,p) be any equilibrium of model (4.5)-(4.8) satisfying

B —ds — K(s,p)p=0, (4.12)
(1—€e)K(s,p)p— (a+m)w =0, (4.13)
eK(s,p)p+mw —~yu =0, (4.14)
Ou —np = 0. 4.15)
From Egs. (4.12)-(4.14) we have
(1= e)K(s,p)p (e +m)K(s,p)p .
w = —(a—i—m) , U= Yt m) ,  K(s,p)p=p—0s. (4.16)
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Substituting from Eq. (4.16) into Eq. (4.15) we get

6 (cce +m)
K (s, —np=0. 4.17
Y@t m) (s,p)p —np 4.17)
From Eq. (4.16) we get
_ 0 yn(a +m)
o= 80 (ce + m)p'

Eq. (4.17) has two possible solutions p = 0 or p # 0. If p = 0, then from Egs. (4.12)-(4.14),
we get s = s, w = 0 and u = 0 which gives the pathogen-free equilibrium Q°(s°,0,0,0)
where s* = % If p # 0, then we have

0(actm), (o wifatm)

JAAET) (g0 = YT —p=0.

v(a 4+ m) (8 69(ae—|—m)p’p p=np =0
Let

oy Lot m) <SO et m)

v(a 4+ m) 59(a6+m)p,p>p—77p=0.

_ _ _ 050(cve
We have (0) = 0, and 1)(p) = —np < 0 where p = % Moreover

, _9(ae—|—m)

— [mlf (s°,0) —1].

K (sO,O) -

Therefore, ¢'(0) > 0 if
6 (ae +m)
yn(a+m)

It follows that, if condition (4.18) is satisfied, then there exist p* € (0, p) such that ¢)(p*) = 0.
Hence, the basic reproduction number of system (4.5)-(4.8) can be defined as:

K (s°,0) > 1. (4.18)

)= flaetm) e 0 4).
(e +m)
Moreover, let p = p* in Eq. (4.12) we get
B —o0s— K(s,p*)p* =0.
Let us define
P1(s) = —ds — K(s,p")p*.

We have 11 (0) = 8 > 0 and 11 (s°) = —K(s%, p*)p* < 0. Since K (s, p) is strictly increasing
with respect to s, then )y (s) is strictly decreasibg with respect to s. Hence, there exists a unique
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s* € (0, s°) such that ¢ (s*) = 0. From Eq. (4.16) and Assumption (A1) we have
«_ (L—e)K(s",p")p"

w = > 0,
(o +m)
ut = eK(s7, p)p” + mu” > 0.
Y
This shows that if Ry > 1, then there exists a persistent-pathogen equilibrium Q* (s*, w*, u*, p*).
O

4.2. Global stability.
Lemma 4.3. [40] Let 5, p and o be three positive real numbers and Q(5, w0, i, p) be any equi-

librium point. The function ¥ ,y defined on interval [0, oo) by

\II(QU) U_/ K(t

has the global minimum at s = 5 and satisfies

D) K(s.p)
(1 - K(g,p)> (s—o0) < ‘I’(Q,a)(S) < <1 — K(s.p) (s—o0), foralls>0. (4.19)
Theorem 4.4. Suppose that Ro < 1, then Q° of system (4.5)-(4.8) is globally asymptotically
stable.

Proof. Construct a Lyapunov function L,, as:

m a+m (o +m)
L,=V
" (@) (5n) + aet+m' " T e Tm T (e +m

From Lemma 4.3, we obtain \P(QO7SO)(SH) > 0. Hence, L,, > 0 for all s,,, wy,, upn, pn > 0 and

L, = 0if and only if s,, = s, w, =0, u, = 0and p, = 0. Computing the difference
AL, = Lpy1 — Ly as:

)(1 + )P

a+m V(o +m)
ALy = ¥ (qo0)(sn+1) + e 4 Lt + e U + m(l + n)pn+1
m a+m v(aw +m)
— v 1
|: (Qovso)(sn) + o€ + mwn + QLE + m " 0 (O[f + m) ( + n)pn

/Sn+1 K(sO,O)d L_m ( )+ a+m( )
= — 8, — T w —w u —u
Sntl = Sn s K(1,0) ae+m. " " ae+m: " "

n

v(a+m)
-t~ 7 1 n _ "
o (1 )i~ )
m a+m
- \IJ(Qoysn)(Sn-H) + e + m(wn—i-l - wn) + e 1+ m(unH — un)

S (1 )i~ o)
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Using Lemma 4.3, we can get
K(s°,0)

ALy < (1= 20 (s = 504 i = 0) + S i =)
e (1 )i = o)
From Egs. (4.5)-(4.8), we have
AL, < <1 — m> (B = 05n41 — K(Snt1,Pn)Pn) (4.20)
o (1= 9K (sn 1, pa)pn — (0 m)unga)
+ jeiTZL(GK(SnH,Pn)Pn + MWp 1 — Yny1) + M(eunﬂ — NPn+1)
M(mﬂ ~ ). @21

Collecting terms of Eq. (4.21) and using s° = %, we obtain

AL, < <1 - zm> (B = Osn41) + mfc(snﬂ,pn)pn _ m%
- ( m> (5" = sns1)
ot (Dot g gt ),
_ 550 (1 - M) (1-2220) Z?Sé - Zg <f;{<(s::1,ﬁ]n)> Ry — 1) .

Since K (s, p) is decreasing with respect to p, then K (sy,41,pn) < K(Sp+1,0). Thus
K(s°,0) snt1\ |, (e +m)
AL, <50 (1 - 250 (1—” ) Ro—1
n= ( K(3n+170)> s +9(ae+m)( 0= Lo
Because K (s, p) is strictly increasing with respect to s, we have

1_L0’0) (1_5n+1>§0.
K(sp+1,0) s0
Hence, if Ry < 1, we have AL,, <0 forall n > 0. Obviously, AL,, = 0if and only if s,, = 50

and (Ro — 1)p, = 0. We discuss two cases:
e [f Ry < 1, then lim p, = 0. then we get lim w, = 0 and lim w, = 0.
n—oo n—oo n—oo

o If Ry = 1. By using ILm s, = s and from Eq. (4.5), we obtain le K (%, pp)pn = 0.
n oo n (o]

Because s > 0, we have K (s°,p,) > K(0,p,) = 0 (use Assumptions (A1) and (A2)). Thus,
pn = 0.
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By the aforementioned discussion, we deduce that the largest compact invariant set in
{(59, W, Un, pn)| AL, = 0} is the just the singleton Q. Therefore, Q° is globally asymptoti-
cally stable by the LaSalle’s invariance principle [53]. U

To establish the global stability of the persistent pathogen equilibrium Q* we require the
following condition

K(s,p) \ (K(s,p") p
(A4) <1 — K(s,p*)) <K(s,p) — p*) <0, forall s,p > 0.

Theorem 4.5. Suppose that Ry > 1, then Q* of system (4.5)-(4.8) is globally asymptotically
stable.

Proof. Consider

w*'G <%> + 2 tm u'G (ﬁ)

Un(snywn7un7pn) = \I](Q*7s*)(8n) + ’U]* a€+m U*

ae+m

+7e(a6+m)(1+n)p G(p*>.

By Lemma 4.3, we get ¥« ¢+)(s5) > 0. Clearly, Uy, (spn, Wn, Un, pn) > 0 forall s, wy, tn, pp >
0 and U, (s*, w*,u*,p*) = 0. Computing AU,, = Uy, 4+1 — U, as:

= sy (Wntl at+m . (Unyl
AlUn = \I](Q*’S*)(SHH) + ae—}—mw G( w* ) + ae—|—mu G( u* )
Y(a+m) w« v [ Pntl
—(1
+9(O¢6+m)( o G< p* )

oy [ Wn a+m . (un v(a+m) w [ Dn
— | Po* ) (Sn — - (1 o
[ (Q’S)(S)+a6+mwG(w*>+ae+muG(u*)+9(ae+m)( —H])pG(p ﬂ

Sntl K (s*,p*) m W41 Wy,
= st = s = ok e (Gt e (G
S+l TS /sn K(7,p*) T+ae+mw ¢ w* ¢ w*

Fa e () e G g e o (%) o ()]

mw* w w w
— \II(Q*,.S”)<37L+1) + ( ntl 77: +1In n )

aeE—+m w* w Wr+1
a+m)u* (Uupe1  u i
4 ( ) n+ Y + In m
aeE+m u* u* Up4+1

L At m)p® <pn+1 _Pn gy P >+7n(a+m)p* [G <pn+1> _G<pnﬂ

0 (ae+m) \ p* p* Prtl 0 (e +m)
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From inequality (4.19), we have

K(s*,p*) m Wp,
AU, < (1— ——" — — *1
n > ( K(sn+1,p*) (3n+1 Sn) + cetm Wpy1 — Wy + W' In wnit
a+m " U a+m *
+()<un+1—un+uln = >+7( ) <pn+1—pn+p lnp">
ae+m Unt1 0 (e + m) Dnt1

e [ (5) -0 ()]

Using inequality (2.15), we obtain

K(s*,p") m Wy
e SR _ _ * -1
Knir.p") (Snt1 — Sn) + e £ \Wnt1 = wn +w —

a+m « [ Un v(a+m) « [ DPn
n - Un *1 YRR mn - FMn *1

et (ot (522 1) ) S (o=t (322 -1))
+’Y’7(a+m)p [G (PnH)_G(m)]

0 (ae +m) P

K(s*,p*) m w*
1_ — on 1_ n - n
( (8n+1p)>(sn+1 8)+a€+m< wn+1>(w+1 n)

a+m Y(o +m) p*
1— - AT (1 - -
046 Tm Un+1> Un+1 un) + ) (ae T m) ( Pt (anrl pn)

yn(a+m) , [pot1
6 (ce +m)

av, < (1-

2oy ],
b p* Pn+1
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From Egs. (4.5)-(4.8), we have

K(s"p") )
AU, < (1- 2P dsn K (Sn+1,Pn)pn
(1= o)) (5= bsui1 = Kswsr.palmn)

m
ae+m ( wn+1) (1 =€) K (8n+1,Pn)Pn — (@ + m)wny1)

a+m
GK 5n+1apn)pn + mwnp1 — 'YunJrl)
aE+m un+1

+ Kot m) <1 — ) (Ount1 — nppt1) + gu/iChs m)P* <pn+1 S L P >

+

0 (e +m)

Pn+1 0 (e +m) Pt p* Pn+1
K(s*,p") ) K(s*,p")
=1————""—=|(B—9s + ————<K(Sp+1,0n)D
( K (sny1,p%) ( 1) K (spy1,p") (n+1.2n)n
m(l—e€) w* m(o+m) e(a+m) u*
LS M e ' K
prp———— (Snt1,Pn)pn + = = Fw” = = e (Sn-+1:Pn)Pn
m(a+m) u* yat+m) ., y(at+m) p* me+m)
Wn41 + u - Un41 + 57 =P
aE+m Upii ae+m ae+m ppiq 0 (e +m)
n(a +m) *[—+1 }
6 (ae +m) p* Pnt1
Using the conditions of (Q*
B =0s"+ K(s",p")p",
(1= K (s", 5" = (o + m)u’
eK(s*,p")p* + mw* = yu’,
Ou™ = np”*,
we get
m(a+m) m(l —e)
* — K * * *
aetm ae+m (s )P,
Yeatm) . mla+m) , e
= == K
aet+m 0(a6+m)p (% )",
m(1 —e) e(a+m)
(8%, P )" = K (T )T A e R (ST
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AU, < 65" (1 - M) (1-22) + K (s (1 _ K(SP))

K(Sn-‘rlvp*) s* K(Sn-l-lvp*)
K 1-— K *
—|—K(8*,p*)p* (Sn+1ﬂpz)p’: - m( 6) ( *’ *) * (Sn:tl?]*)n)fn w
K(snt1,p*)p*  aet+m K(s*,p*)p* wn+1
m(l —e v« s €Ela+m v s K (Sn41,Pn)pn u*
UL =) g g, gyt — SXTT e gn yrypye K Sns1s Pl
oae+m ae+m K(s*,p*)p* up+1
m(l —e * % *u*w 1 * k) % * ok *p*u 1
9 g,y L (e Yt — (s, ppr L
aeE+m Up+1W Pn+1U
+ K (55, p)p" + K (5%, p )" [‘ium Do }
p Pn+1
K(s*. p* 1— K(s* p*
— 68* (1 _ (8 , P ) > (1 _ 5n+1> + m( e)K(s*,p*)p* <1 _ (S ,D ) >
K(sp+1,p%) s* ae+m K(spt1,p%)
+ 7E(O‘+m)K(s*,p*)p* (1 _ Ky ) > _mllz9 (s*,p")p" (S"il’f")f" -
e +m K(sn+1,p*) e +m K(s*,p*)p* w1
m(1 — ¢) el +m) K(snt1,pn)Pn U
K * * * _ K‘ * * *
t et (s*,p")p ae (s*,p")p K(s . p )" mn
m(l—e) wwper  m(l—e) e(a+m)
Py (s*,p")p v T actm (s*,p")p e (s*,p")p
m(l —e e s sPDUnt1  ela+m v sy £ D Unt1
—QK(S )Pt — ( )K(S ph)pt
ae+m Pn+1U e+ m Pn+1U
m(1 — e) e(a+m)
K * * * K * * *
Py (s*,p")p e (s*,p")p
— K
+K(S*,p*)p* Pn +11’l DPn + (Sn+17pn)pn 7

p* Pnt1 K(sny1,p*)p*
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avy < ost (12 HEND ) (1o

K(Sn-‘rlvp*) s*
m(l —e€ K(spi1, w* u¥w
+ ( )K(S*, *)p* |:5 o ( n—:l ]jn)fn . n-i—j<
ae+m K(s*,p*)p* Wn41  Upp1w
Puppr K(s,p")  K(sn+1,p%) L Pn }
Dny1u” K(SﬂJrlap*) K(Sn+1apn) Pn+1

e(a+m)
K * *
ae+m (s%p7)
. K(snt1,Pn)Pn w*  punpr  K(s *,p*) K(8n+1,p*) Pn
4- - - - +In
K(s*,p*)p* Unt1  pntru* K(8n+1a K (8n+1,Pn) Prt1
Pn K(5n+1apn) pn 5n+1a )
_|__ K S*, >k >k <_1 _ o n +
( P )p p* K(SnJrlvp*) p* 5n+1apn
— §5s* (1 . K(S*,p*) ) (1 o Sn+1) (1 - 6) ( ) |: ( (Sn+17pn)pn w* )
K(onrn.0") v ) actm K(stp )0 o

U Wp41 P Un 1 K(s*,p%) > ( (Snt1,p" ))}
+G| ——— | + G +G|—"—|+G| —"7"T"=
(“m—lw*) <pn+1u*> <K(3n+1,p*) K (spy1,pn)
_ 6(a+m)K(S*,p*)p* |:G (K(Sn+17pn)pn u > + G <p un+i> + G < K(S Y ) )

ae+m K(s*,p*)p* tn+1 P41t K (sn41,p*)
—|—G ( (Sn+17p )>:| +K(S*,p*)p* <_1 _ ZLZ"‘ (SnJrl)p?:)]L?:_’_ (5n+17p )>
K ($nt1,Pn) p* K(sn+1,0*) ¥ K(Sn+1,Pn)
Because K (s, p) is strictly increasing function with respect to s, we obtain that

(1 _ K(s",p") ) (1 _ Sn+1> <.
K(SnJrlap*) s*
Based on the assumption (A4), we have
Pn K(Sn-i—lvpn)pn K(5n+lup*) _ K(Sn+lupn) K(Sn+lup*) DPn
p K(8n+17p )p K(Sn+lapn) K(Sn-‘rlap ) K(5n+1apn) b
Thus, U,, is monotone decreasing sequence. Because U,, > 0, there is a limit lim U, > 0.

n—o0
Therefore, lim AU, = 0, which implies that lim s, = s*, lim w,, = w*, lim u,, = u* and
n—oo n—oo n—oo n—o0

*

lim p, = p*.
n—oo |:|
5. NUMERICAL SIMULATIONS

We perform our simulation by choosing

KS
K(s,p) =

14+ As




STABILITY OF DISCRETE PATHOGEN INFECTION MODELS 271

where A > 0 is the holling-type II infection rate constant. Therefore, system (4.5)-(4.8) be-
comes

KSn+1DPn
P B _ entlfn 51
Sp41 — Sp = 3 Sn+1 1t )\Sn—&-l’ (5.1
(1 - E)KSnJrlpn
— Wy = ————— — 5.2
Wnp4+1 — Wn 1+ )\5n+1 (a + m)wn-i‘l? (5.2)
€RSp+1D
U1 — Uy = T A, 41— YU, (5.3)
1+ Aspq1
Prt1 — Pn = Oni1 — NP1 (5.4)
For this system, the basic reproduction number is given by
0k (e +m)

BRICEROICEPY
We verify the assumptions (A1)-(A4)

K(s,p) = 1—,:8)\3 >0, forall s >0,p > 0,and K(0,p) =0 forallp >0,
0K (s,p) K
= ) dp >
95 (1+>\8)2>0f07*a s>0,andp >0,
K
a({g;’p):Oforallszo, andp > 0,

(- %) (xey — ) =°

Then, function K (s, p) satisfies Assumptions (A1)-(A4) and hence Theorems 4.4 and 4.5 are
applicable for such function.

The numerical simulations for system (5.1)-(5.4) will be conducted using the following data:
=10, =0.1,a=04,m=0.1,7v=0.2,0 = 1 and = 1. The other parameters will be
chosen bellow.

Let us consider the initial values

IV1: s(0) = 800, w(0) = 20, u(0) = 60, p(0) =

IV2: s(0) = 600, w(0) = 15, u(0) = 40, p(0) =

IV3: s(0) = 400, w(0) = 10, u(0) = 20, p(0) = 20 and

IV4: s(0) = 600, w(0) = 2, u(0) = 15, p(0) = 15.

Case(I) Effect of « of stability of steady states:

We choose ¢ = 0.5, A = 0.0005 and & is varied as:

(i) = 0.0001. This yields Ry = 0.2000 < 1. Figures 1-4 show that, the concentration of
susceptible cells increases and tends to the value s = 1000. In addition, the concentrations of
latently infected cells, actively infected cells and free pathogen decrease and tend to zero for
the initial values IV1-IV3. This shows that QU is globally asymptotically stable and Theorem
4.4 is valid.
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(ii) x = 0.001. With this value we obtain Rg = 2.0000 > 1. Figures 1-4 show that
for the initial values IV1-IV3, the solutions of the system tend to the equilibrium Q* =

(400.0135, 6.0036, 18.0104, 18.0103). Therefore, @Q* exists and it is globally asymptotically
stable. This validate the result of Theorem 4.5.
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FIGURE 1. The simulation of susceptible cells of system (5.1)-(5.4) for Case(I).
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FIGURE 2. The simulation of latently infected cells of system (5.1)-(5.4) for Case(]).
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FIGURE 3. The simulation of actively infected cells of system (5.1)-(5.4) for Case(I).
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FIGURE 4. The simulation of pathogens of system (5.1)-(5.4) for Case(l).

Case(II) Effect of the Holling type II on the pathogen dynamics:

For this case, we take IV4 and choose the values € = 0.5, k = 0.001. Figures 5-8 and Table
1 show the effect of Holling-type II parameter A on the stability of the system. We observe that,
as A is increased, the pathogen-to-susceptible and infected-to-susceptible transmission rates are
decreased. Then, the concentration of the susceptible cells are increased, while the concentra-
tions of the latently infected cells, actively infected cells and free pathogens are decreased. In
addition
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(1) if A < 0.002, then Q* exists and it is globally asymptotically stable,
(ii) if A > 0.002, then QO exists and it is globally asymptotically stable.
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FIGURE 5. The simulation of susceptible cells of system (5.1)-(5.4) for Case(Il).
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FIGURE 6. The simulation of latently infected cells of system (5.1)-(5.4) for Case(II).
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FIGURE 7. The simulation of actively infected cells of system (5.1)-(5.4) for Case(II).
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FIGURE 8. The simulation of pathogens of system (5.1)-(5.4) for Case(II).
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Case(III) Effect of latency on the dynamical behavior of the system:

In this case, we show the HIV dynamics for different values of ¢, the fraction of uninfected
cells that become latently infected cells. We take x = 0.0006, A = 0.0005 and the initial
conditions IV4. Figures 9-12 show the effect of € on the evolution of system states. When
€ increases, it is observed an increase in the concentration of the latently infected cells. This
means that the reservoirs of these cells are enlarged, which promotes an increase in the amount
of virus that escapes treatment [55]. Subsequently, after activation of the latently infected
cells, new HIV will be produced and released into the blood stream [56]. Using the values of
the parameters given in Table 1 we have the following:

(i) if 0.0 < € < 0.3750, then R < 1 and Q° exists and is globally asymptotically stable,

(i) if € > 0.3750, then Ry > 1 and Q* exists and is globally asymptotically stable.
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FIGURE 9. The simulation of susceptible cells of system (5.1)-(5.4) for Case(III).
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FIGURE 11. The simulation of actively infected cells of system (5.1)-(5.4) for Case(III).
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FIGURE 12. The simulation of pathogens of system (5.1)-(5.4) for Case(ILI).

Table 1 shows that as ) is increased the values of R are decreased.

TABLE 1. The values of R for system (5.1)-(5.4) with different values of .

A Equilibria | Ry
0.0005 Q* 2
0.001 Q* 1.5000
0.0015 Q* 1.2000
0.002 QP 1
0.003 Q" 0.7500
0.004 Q° 0.6000

6. CONCLUSION

In this paper, we have proposed and analyzed three discrete-time pathogen infection models
with different incidence rate. We have considered two types of infected cells, latently infected
cells and actively infected cells. We have discretized the continuous-time models by nonstan-
dard finite difference scheme. We have determined the basic reproduction number Ry. We have
proven the positivity and boundedness of the models’s solutions. Using Lyapunov method, we
have established the global stability of the two equilibria of the models. We have proven that
if Rg < 1, then the pathogen-free equilibrium QU is globally asymptotically stable and if
Ro > 1, then the persistent pathogen equilibrium @Q* exists and is globally asymptotically
stable. We have performed some numerical simulations to support our theoretical results.
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