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ABSTRACT. In this paper, we give a new approach to solving the 2-variable subnormal
completion problem (SCP for short). To this aim, we extend the notion of recursively
generated weighted shifts, introduced by R. Curto and L. Fialkow, to 2-variable case. We
next provide ”concrete” necessary and sufficient conditions for the existence of solutions to
the 2-variable SCP with minimal Berger measure. Furthermore, a short alternative proof
to the propagation phenomena, for the subnormal weighted shifts in 2-variable, is given.

1. Introduction and Results

The notion of recursively generated weighted shifts, largely studied in the liter-
ature, is employed to solve various questions in operator theory. R. Curto and L.
Fialkow [3, 4] have used this concept to solve the Subnormal Completion Problem
(SCP for short) in one variable. In this paper, we extend this notion to 2-variables,
and we use it to provide a new approach to solve the open problem of 2-variable
SCP. A concrete solution to the minimal 2-variable SCP (see Section 4) is given as
well as an alternative proof for the propagation phenomena for subnormal 2-variable
weighted shifts.

First we recall some definitions and notations. A bounded linear operator T €
B(H) on a complex Hilbert space H is normal if T7T* = T*T, subnormal if T' =
N |g¢, where N is normal and N(H) C K, and hyponormal if T*T —TT* > 0. The
n-tuple T = (Ty,...,T,) is said to be normal if T is commuting and each T; is
normal, and T is subnormal if T is the restriction of a normal n-tuple to a common
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invariant subspace.

For a = {an }52, a bounded sequence of positive real numbers (called weights),
let W, : 12(Zy) — I?(Zy) be the associated unilateral weighted shift, defined by
Weaen = apent1, where {e,}5°, is the canonical orthonormal basis in [?(Zy).
Given k € Z, the moments of « of order k is given by

1 iftk=0
— k 2 )
= () = ||lwieg||” =
e = (@) = Jlwacol] {ag...ail if k> 1.
It is easy to see that W, is never normal. In the case where W, is subnormal,
Stampfli showed in [13] that a propagation phenomenon occurs which forces the
flatness of W, that is, if oy = agy1 for some k& > 0, then a,, = an41 for every
n > 0.

Consider double-indexed positive bounded sequences a = {ak}kezi and g =
{Bk}keZi . We define in a similar way the 2-variable weighted shift T = (T1,T5) act-
ing on the Hilbert space [?(Z2), associated with, a = {Ozk}kezz+ and = {5k}kezi
by

Tiex := axekte, and Thek 1= PrCkte,,

where €, := (1,0) and €3 := (0,1). We recall here that, the vector space 1?(Z3) is
canonically isometrically isomorphic to 1?(Z ) ®1%(Z. ), equipped with its canonical
orthonormal basis {ek}keZi .

Clearly,
(1.1) TiTs = ToT) € Bite, 0k = Gt Bic( for all k € Z2).
Given k = (k1, ko) € Z2%, the moment of («, 8) of order k is
(1.2)
1 if k=0,
o Lok if ky, > 1 and ks =0,
’Yk = ||T11€1T21€260H2 — é0,0) 2(k1 1,0) )
Bio.0) - - Bloka—1) if ky =0 and ky > 1,

O‘%o,o) .. a%}crl,o)ﬁ?kl,o) .. 'B(2k1,k271) if ky, > 1 and ko > 1.
Conversely, one can recover the weights from the moments, by using the following
relations:

(1.3) ak:,/bandﬂkz,/%‘ﬁ.
Tk Tk

The presence of consecutive equal weights, of a 2-variable subnormal weighted
shift, leads to horizontal or vertical flatness (see Definition 3.4). Explicitly, if, for
some ki, ko > 1, Ok k) = Qky4+1,k) (T€SD. B(ry k) = By kot1))s then o, ky) =
1,1y (resp. B, ko) = Bei,1y) for all ki, ky > 1. This result is known as propagation
phenomena. We give new short proof of this fact in Theorem 3.4.
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A characterization of subnormality for multivariable weighted shifts is given in
[10]. More precisely, T admits a commuting normal extension if and only if there
is a probability measure u, which we call the Berger measure of T, defined on the
2-dimensional rectangle R = [0, || 73] x [0, ||72]?] such that

(1.4) e = /R:cklykzdu(:c,y), for all k = (k1, ko) € Z3.

A measure p satisfies (1.4) is also known as representing measure for {’Yk}keZi .

With a given bi-sequence v(?® = {Vi}i621,|i|§2n = {74 }itj<on, We associate
the moment matrix M(n) = M (n)(y?"), introduced by R. Curto and L. Fialkow
[5, 6], build as follows.

M][0,0] M]J0,1] M0, n]

MI[1,0) M][1,1] ... MJl,n]
(1.5) M(n) = . . . , ,

M(n,0] Min,1] M(n,n]
where

Yi+3,0 Yitj—1,1 .- Yi,j

. Yi+ji—-1,1 Vi+j—2,2 - Yi—1,j—1
Vi, Yi-1541  ---  0,i+j

Considering the following lexicographic order, to denote rows and columns of the
moment matrix M (n),

(1.7) L,X,Y, X2 XY, Y2, ... X" X"ly,... Xyr—tyn

The matrix M (n) detects the positivity of the Riesz functional

Ajen i p(z,y) = E aij 'y’ — E @ij7Yij
0<i+j<2n 0<i+j<2n

on the cone generated by {p? : p € R,[z,y]}, the sum of squares of polynomials
(sometimes abbreviated as SOS), where R, [z, y] is the vector space of polynomials
in two variables with real coefficients and total degree less than or equal to n.

For reason of simplicity, we identify a polynomial p(z,y) = > a;;z'y’ with
its coefficient vector p = (a;;) with respect to the basis of monomials of R, [z, y]
in degree-lexicographic order (see (1.7)). Clearly M(n) acts on these coefficient
vectors as follows:

(1.8) <M(n)p,q>=q"Mn)p=Aen(pg),  p.q€Ryz,yl.
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Furthermore, let g € Rz, y] be with coefficient vector {gs} and let g *y denote
the shifted vector in RZ whose a-th entry is (¢ *¥)a = D g87s+a- The moment
B

matrix M(n)(g*~y) = My(n+ [HdTegg]) is called the localizing matrix with respect
to v and ¢. For example, given y(4) = {7ij }itj<a, then

Yoo Y10 Yoi Y20 Y11 o2
Yoo Y10 o1 Y10 Y20 Y11 Y30 721 712

Yor Y11 Yo2 Y21 712 o3
M(1) = S M(2) =
(1) Yo Y20 T 2) Y20 Y30 Y21 Y40 Y31 Y22

o oz Y11 Y21 Y12 Y31 V22 713
Yo2 Y12 Y03 Y22 V13 o4
Y10 Y20 Y11 Yo1 Y11 702
M,(2) =70 730 721 | and My(2) = {1 721 M2
Y11 Y21 Y12 Yo2 Y12 7Yo3

In the one variable case, the SCP was stated and solved abstractly by J. Stampfli
in [13]:

Problem 1.(One-Variable Subnormal Completion Problem)

Giwen m > 0 and a finite collection of positive numbers Q, = {a,}i,, find nec-
essary and sufficient conditions on €, to guarantee the ezistence of a subnormal
weighted shift whose initial weights are given by €1y, .

When m = 0 or m = 1 the solution can be given by the canonical completion
2

o, 0, Qg, - .. and oy < a1, aq, ..., with Berger measure p := 5a3 and p = %(5&%,
1

respectively. In [13], J. Stampfli showed that given o : /a, Vb, /¢ with a < b < ¢,
there always exists a subnormal completion of « (this solves the case m = 2), but
for a : v/a, Vb, Ve, Vd, with a < b < ¢ < d, such a subnormal completion may not
exist. The complete solution of the SCP in one variable was given by R. curto and
L. Fialkow [3], the explicit calculation requires recursively generated weighted shifts
(such shifts have finite atomic Berger measures).

We now state the 2-variable SCP:

Problem 2.(2-Variable Subnormal Completion Problem)

Given m > 0 and a finite collection of pairs of positive numbers Q,, =
{(ow; Br) }ikj<m satisfying (1.1) for all | k |< m (where | k |[:= ki + k2), find neces-
sary and sufficient conditions to guarantee the existence of a subnormal 2-variable
weighted shift whose initial weights are given by Q.

In [8], R. Curto, S. H. Lee and J. Yoon have introduced an approach to the
2-variable SCP based on positivity and rank-preserving extension of the moment
matrix, developed in [5, 6, 7]. Although this lead to an explicit criterion for SCP
with quadratic moment data (i.e., m = 1), the 2-Variable Subnormal Completion
Problem remains open. Recently, S. H. Lee and J. Yoon [11] found, by using the
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recursiveness, a necessary and sufficient conditions for the existence of 2-Variable
subnormal completion with minimal Berger measure for the case m = 2 ( ie.,
rank M (1)-atomic Berger measure). We will provide , in Theorem 4.2, a complete
(and concrete) solution for the 2-Variable SCP with minimal Berger measure.

In the present paper, we will show that if a given, finite, collection of weights
Q,, admits a subnormal completion in 2-variable, then there exists a 2-variable sub-
normal weighted shift (solution of the SCP for Q,,) with moment sequence obey
to some recurrence relations, we shall refer to such shifts as 2-variable recursively
generated weighted shifts (see Definition 2.5). In Theorem 3.1, we will provide nec-
essary and sufficient conditions for the existence of 2-variable recursively generated
weighted shift completion, and thus a solution to the SCP in 2-variable. As ap-
plication, we provide a generalization of a recent result of S. H. Lee and J. Yoon
[11, Theorem 2.2]. More precisely, in Theorem 4.2 we give a concrete necessary
and sufficient conditions for the existence of a subnormal completion with minimal
Berger measure.

This paper is organized as follows. In Section 2, we introduce the recursively
generated weighted shifts and we exhibit some useful results. We devote Section 3
to provide a solution to the 2-Variable Subnormal Completion Problem (Theorem
3.1 ) and the phenomena propagation for subnormal weighted shifts. In section 4,
we solve the minimal SCP in 2-variable.

2. The 2-variable Recursively Weighted Shifts

We introduce below the notion of 2-variable weighted shifts, which will play a
central role in this paper, and we give some useful properties.

Definition 2.1. Let T = (T1,T2) be a 2-variable weighted shift and let v

{7ij}i.jer, be its associated moment sequence. A polynomial p(z,y) = > pi;z'y’
1,J

Rz, y] is said to be characteristic polynomial associated with T, or with ~, if

m

(2.1) Zpi,j%+n,j+m =0, forall n,m € Z,.
()

Remark 2.2. If p is a characteristic polynomial associated with -, then, for every
q € R[z, y|, the polynomial pq is also a characteristic polynomial. In particular, the
set of all characteristic polynomials associated with v is an ideal in R[z,y].

The following proposition is an immediate consequence of relations (1.8) and
(2.1).

Proposition 2.3. Let v = {vij}ijez, be a bi-indexed sequence and let p(z,y) €
Rz, y]. Then p is a characteristic polynomial of v if and only if M(c0)(y)p = 0.

Definition 2.4. A sequence v = {v;;}i ez, is said to be recursive double indexed
sequence (RDIS in short) if it has two characteristic polynomials p1,ps € R[z,y],
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pi(z,y) = - > aiﬂiyj
2.2 s -
(22) pa(z,y) =yt — > b jz'y?,
ij<stl,jEs+1

or in the symetric form

pl(xay) = xT‘+1 -
(23) i+j§’l‘+1,i7éf’“+ll
pa(z,y) = Yot — 3 bijatyl
i£5<s

i
a;jxty’

Without loss of generality, throughout this paper, we assume that the pair of
characteristic polynomials of the RDIS v = {vi;}i,jez, is given in the form (2.2).

Definition 2.5. A 2-variable weighted shift is said to be recursively generated if
its associated moment sequence is a RDIS.

Let us show that RDIS are well defined. Consider a RDIS v = {vi;}ij>0
associated with a pair of characteristic polynomials as in (2.2), that is, for all
n,m,e € Zy with n > r and m > s,

(24) Tn+le = E A5 Yn—r+iet+j and Ye,m4+1 = § blk’76+l,nfs+k-
i+j<r l+k<s

A direct computation shows that

Yn+1,m+1 = § Qi Yn—r+i,m+1475 (: E blk7n+1+l,mfs+k)

i+i<r I+k<s
(2'5) +j<r +k<

- E aijblk:’Yn—r-‘ri—i-l,m—s—i-j—i-h
i+j<rl+k<s

Equation (2.5) gives the compatibility condition of the two relations in (2.4). Hence
the sequence v = {7;;}i ;>0 is well defined. The other case (i.e., when the charac-
teristic polynomial are defined as in (2.3)) is treated similarly.

Different pair of characteristic polynomials can be associated with the same
RDIS, as shown in the following example.

Example 1. Let us consider the bi-sequence v = {vi;}: jez, defined by v, m =
a2™ +b3™, where a and b are real numbers. The polynomials 2 — 4z — %y + % and
y + 2x — 5 are two characteristic polynomials of . Indeed,

1 9
’yn+2’m — 4’yn+1’m — §7n,m+l + 57’”‘,7‘@ = a2"+2 + bgm — 40/2n+1 — 4b3m
1 1 9 9
— —a2" — 5b3m+1 +5a2" + 53"

2 2
207
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and
Ynom41 + 2Vn41,m — DYmn = a2 + b3 4 2627 4 263™ — 5a2™ — 5b3™ = 0.
On the other hand, we have

Ynt2.m — 3Vnttm + 2nm = a2"T2 4+ b3™ — 302" — 3b3™ + 2a2™ + 2b3™
= O7

Yrmt2 — Ynma1 + 3Ynm = a2 + b3™ T2 — 4a2™ — 4b3™ ! 4 342" + 3b3™
=0.

Hence (22 —3x+2;y%—4y+3) is, also, a pair of characteristic polynomials associated
with 7. (The last characteristic polynomials are analytic, i.e., (22 — 3z + 2;9% —
4y + 3) € R[X] x R[Y]).

Let v = {vij}ijez. be a RDIS, we denote by P, (C Rlz,y] x R[z,y]) the
set of pair of characteristic polynomials associated with v and we denote by A,
(C R[X]xR[Y]) the family of analytic, monic, characteristic polynomials associated
with ~.

Remark 2.6. The pair of characteristic polynomials (p1,p2) € P,, together with
the initial conditions {'yij} 0<i<degp, —1,, are said to define the sequence ~.
0<j<degpa —1.

We use structural properties of moment matrices to get the following interesting
lemma.

Lemma 2.7. Let v = {4 }ijez, be a bi-indeved sequence and let f,g,h € Rlz,y],
then

(2.6) FTM(c0)(7)(gh) = (£9)" M(c0)(7)h.

Proof. Wewrite f = 3 fuy.i)Z" 42, 9= 3 g jo) @ Y2 and h = 3 hg, k)X y2.
11,02 J1,J2 k1,k2
As the entry, of the infinite moment matrix M (c0)(7), corresponding to the column

XY™ and the line X'Y* is 7,41 ik, We obtain

FIM()(gh) = (3 flrina™y™) T M) X GGaiga) e e 2 1772 HE2)

11,52 J1,j2,k1,k2
= 2 F(i1,i2) 951 ,52) Per ) Yirir e i+ otk
i17i2,]%7]'27k1,k2
= (fg)" M(7)h,
which is the required result. O

It follows that
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Proposition 2.8. Let v = {i;}i j>0 be a bi-indexed sequence and let M (co)(7y) be
the associated infinite moment matriz. If M (oo)(y) > 0, Then, for any polynomial
p € Rz, y] and any integer n > 1, we have

(2.7) M(00)()p" = 0 = M(09)(7)p = 0.

Proof. If M(00)(7)p* = 0, then 0 = M(o0)(7)p* = 17 M (o0)(y)p* = p" M(o0) (v)p,
from (2.6); since M (00)(7) > 0, we obtain M (co0)(y)p = 0 and hence (2.7) holds for
n = 2. By induction, (2.7) remains valid for any power of 2. Now, if M (c0)(y)p™ =0
we choose r in such a way that r + k is a power of 2 to ensure that

M(00)(7)p™t" = (p")" M (c0)(7)p" = 0.

Which gives M (oc0)(vy)p = 0. O

Before continuing our investigations on RDIS, we recall the next result on
weighted r-generalized Fibonacci sequences {y4(n)} 2 where the initial conditions
A ={a,}I_l C C are given and the sequence is associated with the characteristic
polynomial p(z) = 2" —a;2" ! —... —a, € C[z]. It is also is the sequence generated

by the difference equation with initial values:

(2.8) ya(n) =a, n=01...,r—1,
’ ya(n+r) =ayaln+r—-1+...+aya(n); n=rr+1,....
We have
Theorem 2.9.([9, Theorem 1]) Let {ya(n)}>5 be a RDIS and p(z) be the asso-
k

ciated polynomial as above, with p(x) = [[ (x — \))™, (m1+...+mg =7r). Then
i=1

the difference equation (2.8) has r independent solution nI A" (5 =0,...,m;—1;1 =

1,...,k). Moreover, any solution of (2.8) is of the form

k ml,fl

ya(n) = Z Z er;m N,

=1 j=0
where e; ; are solutions of the following system of r-equations

k mp—1
=

Z Z e A = ya(n), n=0,...,r—1.
Jj=

1

As observed in [2, Proposition 2.1], among all characteristic polynomials defining
S, there exists a unique monic characteristic polynomial py of minimal degree,
called the minimal characteristic polynomial, and which, moreover, divides every
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characteristic polynomial. The next proposition gives a generalization of this result
to the 2-variable case.

Proposition 2.10. For every RDIS v = {vi;}ij>0, with A, # 0, there ea-
ists a unique pair of characteristic polynomials (p],p3) € A, with minimal degree.
Moreover, for every (Q1,Q2) € A, the polynomials p] and p3 divide Q1 and Q2,
respectively.

Proof. Let (Q1,Q2) € A, with Q1(z) = 2" —apz” — ... — a, and Qa(y) =
STt — boy® — ... — bs.
Given an integer j € Z. Since, for all i € Z,

Yitr+1,j = Q0Yitr,j T --- T @V,

then @ is a characteristic polynomial of the Fibonacci sequence v; = {vi;}icz, :
i — i, hence there exists a minimal characteristic polynomial ng ), which divides
Q1. Thus Q] = A ng), the smallest common multiple of {ng);j € Z4}, divides
@1 and is a Charzjia)eristic polynomial of .

Similarly, Given an integer ¢ > 0. (@ is a characteristic polynomial for the
Fibonacci sequence v; = {7ij}jez, : j — 7ij, then there exists a minimal character-

istic polynomial ng‘) of 7;, and hence Q3 = A Qéi) is a characteristic polynomial

i>0
of v, which divides Q2. We conclude that the pair of analytic characteristic poly-
nomials (Q7],Q3) provides a positive answer to the proposition. O

In the following proposition, as well as in the remainder of this paper, we asso-
ciate every RDIS ~ (with A, # () with its pair of minimal polynomials. The next
theorem, of independent interest, is a crucial point in our approach.

Theorem 2.11. Let v = {vi;}ijez, be a RDIS and let (p1,p2) = (p],p3) € A,.
If M(c0)(y) > 0, then the polynomials p1 and ps have distinct roots.

Proof. Let I = 1,2 and let p;(z) = [] (z — \i)%, where \; € C. We notice that since
i=1

pi(z) € Rlx,y], then if \; € R, for some 4, hence there exists j # i such that \; = A;

and d; = d;. Setting M = migmlx d;. Since p; is a characteristic polynomial of «, then,

m m

from Proposition 2.3, M (c0)(7) J] (z—X;)% = 0 and hence M (c0)(y) [ (z—X;)M =

=1 =1

0. By using Proposition 2.8, it follows that M (co)(y) [ (z — A;) = 0. Hence, via
i=1

m
Proposition 2.3, the polynomial [] (z— ;) is a characteristic polynomial of v, which
i=1

3

divides p;. As p; is minimal, we deduce that p;(x) = ] (z — \;), as desired. a

i=1

In the next, we give an extension of Theorem 2.9 to 2-variables.
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Lemma 2.12. Let v = {v;;}ijez, be a RDIS and let (Py, Py) € A, with Py(z) =
k1 ko

[I(x—=X)™ and P(y) = [[(y — B)™, (M, 61 € C). Then

=1 =1

kl ma—l kz nc—l

(29) Yij = Z Z Z Z ea,b,c,dibjdAi ga

a=1 b=0 c=1 d=0

where eqp,c.qa are determined by using the initial condition {'Yij}ogigrfl,ogjgsfl-

Proof. Given an integer j € Z., the single sequence 7; : i — 7;; is a general
Fibonacci sequence associated with Py, setting r := deg P;. This implies, by virtue
of Theorem 2.9, that

k1 mg—1

(2.10) V=D D canli)i N
a=1 b=0

where e, ; are determined uniquely by the initial conditions {v;; }o<i<r—1.
Since, for every i, the sequence j — ;; is a general Fibonacci sequence associ-
ated with Py(r) = 2% — p1a*~! — ... — ps, then

Vijrs — P1Vigrs—1 — --- — PsVij = 0.

Hence, using (2.10), we obtain

k‘l mafl
211) S0 (canlG+5) = preap(i+5—1) = — preap(i)iPN =0
a=1 b=0
As i — i®A! (with b = 0,...,m, — 1;a = 1,..., k) are linearly independent, see

Theorem 2.9, then

eap(J+8) —pireap(j+s—1)—... —pseqap(j) =0.
Since j is arbitrary, the sequences j — eq4(j) (b =0,....,mq —l;a = 1,..., k1)
are general Fibonacci sequences, associated with the characteristic polynomial P;.
Hence, for all b=0,...,m, — 1 and a=1,...,k;, we obtain
kz ’I'LLfl
(2.12) Cap() =Y D Capeai’Bl,
e=1 d=0

where eq .4 are determined by the initial conditions {ea,b(j)}ogjgsq- We con-
clude, from (2.11) and (2.12), that

k}l mafl k}z ’I’chl

Yij = Z Z Z Z 6a,1),c,dibjd)‘7;ﬂg' -

a=1 b=0 c=1 d=0



Multivariate Weighted Shifts and the 2-variable SCP

By virtue of Theorem 2.11 and Lemma 2.12, we have the next corollary.

Corollarly 2.13. Let v = {vij}ijez, be a RDIS, with M(co)(y) > 0, and let
(P, P) € Ay. Then

r+1 s+1

(213) Yis = Z Z ea,cAZ Z7

a=1c=1

where Z(Py) := {z € C such that P(z,Z) = 0} = {M\,..., A1} and Z(Ps) =
{B1,. - Bst1}-

The next lemma establishes, for a RDIS -y, a link between the positivity of
infinite moment matrix and that of the finite one.

Lemma 2.14. Let v = {vi;}ijez, be a RDIS and let (p1,p2) € P,. Then
M(o0)(y) > 0 <= M(degps + degps —2)(7) = 0.

Moreover, rankM (c0)(y) = rankM (deg p1 + degps — 2)(7).
Proof. Let (p1,p2) be as in (2.2) and let H € Ry41[z,y], with v = r + s. First, we

will show that, for every e =0, ..., v+ 1, there exist some real numbers {al(z); I,k e
Zy with I + k < v} such that

A (xfy" T H) = Z ozl(Z)A,y(zlka).
I+k<v

To this end we distinguish two cases.

(i) When e > r + 1. We have, from Remark 2.2, A, (p;z¢ "~ ty*1=¢H) = 0,
then A, (zy"T17¢H — > aztterlyitvtl=e ) = (.

i+ji<r
Hence
A’y(xeyv+1—eH) — Z aijA’Y(xz+e—r—1yj+v+1—eH)
1+j<r
= Z al(z)A.y(xlka),
I+k<v

withl=i+e—r—1L k=j+v+1—cand aj_ctri1,h—v—1te = Q) -

(ii) When e < r. Tt follows, from Remark 2.2, that A(p2a©y” *"°H) = 0. Since
s+1 .
p2 =yt = 30 byl y TS = 30 byaty’, then
=1 iti<s

s+1
Ay(xeyv+l—eH_Z bf75+1_f.’17f+eyv+1_e_fH— Z bijxi+eyj+v+1—eH) = 0.
f=1 1+j<s

721
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Hence,
s+1
Aw<xeyv+1-ef1>:: (3 brava o “ey I H)
(2.14)
( Z b xz—i—eyj—&-v—&-l eH)
i+j<s

In the first term of the right-hand expression of equation (2.14), the Riesz
functional A is applied to a sum of monomials of total degree v+ 1 times H. With
the aim of lowering the degree of the associated polynomial, we employ the method
used in the case (i), for the monomials with power of x greater than r + 1 (i.e.,
f+e>r+1). When f+e <r+1, we reapply the technic of the case (ii) in order
to increase strictly the power of . It follows that each time when applying case (ii)
the minimum power of z, of all monomials, increases strictly. Since we can decrease
the total degree of each monomial with power in x greater than or equal r + 1, by
applying the case (i), we write

A (zfy" T H) Z a (z'y*H).
I+k<v

Now we construct a m(v) X v-matrix W, with successive rows defined by the

relation,
— § : (e)
Pzeyv{»lfe = Qe €(1,k)
I+k<v

where e = 0,...,v+ 1 and {e( x); k + 1 < v} the canonical basis of R™(™)
Therefore, it is easy to show that:

M®+mw<Mgh>g>

with B = M(v)(y)W, and C = B*W,. Since M(v)(y) > 0, then, by using
Smul’jan’s theorem [12] (see also Section 4), M(v 4+ 1)(y) > 0 and rankM (v) =
rankM(v + 1). In the same way one can show that M(v + 2)(y) > 0 and
rank(v + 2) = rankM(v + 1) = rankM(v). And thus, by induction, we con-
clude that M (00)(y) > 0 and rankM (v)(y) = rankM (c0)(7y), as desired. O

3. The 2-variable SCP and the propagation phenomena

In this section we involve the 2-variable recursively generated weighted shifts
to obtain a solution to the SCP in 2-variable. Also, a simple and new proof to the
propagation phenomena, for the 2-variable subnormal weighted shift, is given.

Theorem 3.1. Let Q, := {(Q(ky k) Bk ko)); K1 + k2 < 2n} be a given collection
of weights obeying (1.1) and v+ 1) be the associated moment sequence, given by
(1.2). The following statements are equivalent.
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i) Q, admits a 2-variable subnormal completion,
il) Q, admits a recursively generated 2-variable subnormal completion,

iii) There exists a RDIS v = {7ij}ij>0 such that vV C ~ and the matrices
M (deg p1+degp2—2)(7), My (degp1+degpz—1)(y) and M, (degp1+degps—
1)(y) are positive, where (p1,p2) € Ps.

Proof. First, let us show that i) = ii). If €, admits a 2-variable subnormal com-
pletion, then there is a Berger’s measure v, supported in Ri, such that

(3.1) Yij = /wiyjdu, i4+7<2n+1.

A result of C. Bayer and J. Teichmann in [1] states that if a finite bi-sequence of
positive numbers {;; }o<it+j<2n has a probability measure verifies (3.1), supported
in Ra_, then it has a finitely atomic positive measure p verify the same relation
and supported, also, in R2. Write suppp C {A1, Ao, ..., A} X {B1,Ba, ..., Bs},
where A1, Ao,..., A\, and B, 8s,...,08s are real numbers. It is easy to see that
T S
a1yl T (z—Ag)dp = [ 2y 7175 [] (v —Br)dp =0, for alli > r—1 and j >
k=1

s—1. Then_u is a representing measure (that is, p satisfies the relation (1.4)) for
the RDIS v = {i;}i,j>0, defined by the initial conditions {7;;} o < <-— 1, and by

0<j<s—1.
the following linear recurrence relations:
r—1 s—1
(3.2) Yi+lj = E nYi—n,; and y; j41 = E bmYi,j—ms
n=0 m=0

foralli >r—1and j > s — 1, where

ap—1 = (—l)k_l Z /\i1)‘i2 .. .)\ik,

1<i1<ia<...<ip <1

bk*l = (—1)k_1 Z ﬂilﬁig s /Blk

1<i1<ia<...<ip<s

(3.3)

T S

r—1 s—1

Remark that 2" — 3 ap,2" ' " = [] (z— M) and 2°— > b,z® 1" = [] (x—Bx).
n=0 k=1 n=0 k=1

Hence v is a RDIS admitting a Berger’s measure, and thus the recursively generated

2-variable subnormal completion associated with ~ gives a positive answer to the
SCP associated with ,,.

To show that ii) = iii), it suffices to remark that if Q,, admits a recursively gen-
erated 2-variable subnormal completion, then there exists a finite Berger’s measure
pand a RDIS v = {v;;} such that 42" 4 and [ atydp = v, for all i, j € Z.
Hence, for every Q € R[z,y] with deg @ < degp; + degps — 2, we have

Q"M (1 + degps - 2@ = [ Qduo.
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Therefore M (p1 + degps — 2)() > 0. Similarly, let H € R[z,y] be with deg H <
deg p; + degps — 2, since p is a positive measure supported in Ri, we get

H" M (py + degpy — 1)(7)H = /xHQdu >0

and
HTMy(pl +degps —1)(y)H = /yHQd,u > 0.

Hence M, (p1 + degps — 1)(y) and M, (p1 + degps — 1)() are positive.

It remains to prove the implication iii) = i). From Lemma 2.14 it follows that
M (00)(7) has finite rank, then there exists an integer n (resp., an integer m) such
that, in the matrix M(co)(7), the column X"*! (resp., the column Y1) is a
linearly combination of the columns 1, X, ..., X™ (resp., the columns 1,Y,...,Y"™).
So we write

X" = aoX" + ... Fa,l and Y™ = BoY™ 4 L 4 by

Hence, for every i,j € Z, we have

(XY M(s0) (X" = (XYT)M(00)(7) (@0 X" + ... +a1)
(XY M(00) (1) Y™ = (XIYT)M(00)(7) (boY™ + ...+ bpl),

that is,
YVitn+lj = 00Yitng T oo+ OnYVij
Yigtmt1 = 00Vijem + -+ bm i

Setting Q1 (z) = apz”+. . .+a, and Q2(y) = boy™+. . .+bsm,, we have (Q1,Q2) € A,.
Since M (degp; + degps — 2)(y) > 0, then, via Lemma 2.14, M(c0)(y) > 0 and

thus there exits, by using Theorem 2.11, a pair of minimal analytic characteristic
r+1
polynomials (Hi, Hs) € A, with distinct roots, writing Hy(z) = [] (z — A;) and

s+1 a
HQ(‘I) = H (y - 51)7 where Alaﬂl S C.
1=1
Hence, via Corollary 2.13,

r4+1 s+1
Yij = Z Zea@/\flﬁg, for all i,j € Z,
a=1c=1
r+1s+1
and thus the measure p = 21 Zl €a,c0(x,,8.) (Here, 6(x, g,y is the Dirac measure at
a=1c=

(A, Be) € R?, having mass ()., 8.) at * and mass 0 elsewhere) verifies

Yij = /xiyjd,u, foralli,j € Z.
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We will show that p is a Berger measure, that is, p is a positive measure
supported in Ri, which implies that v is a moment sequence of some 2-variable
subnormal weighted shifts, so that 2,, admits a 2-variable subnormal completion.

Let I, = {(a,b) such that e, . # 0} and let

(3.4) Lovspey) =[] (;__x) 11 (Ak—/\-j)

0<1
l

<r
#1

Clearly
(3.5) Loxig(@,y) = {
Thus, for every (a,b) € I,,, we have

€ac = / | Lona,go) I dit = L{s, 50 M(00) () Lix ) = 0-

and then e, . > 0, because e, . € I,,. Therefore, 11 is a positive measure.
It remains to show that (Ae,3y) € R2, for all (a,b) € I,. To this aim, let
(a,b) € I,,, we have

€a,cha = / | Lix,. 5. |? wdp = L{, 5.y Ma(00)(7) La, 5.) > 0

and
€a,cfe = / | Lix, 50 12 ydp = L\, 5.y My (00)(7)L(a, 5.) = 0.
Since eq ¢ > 0, we deduce that (Ag, Bc) € Ri, as desired. O

The following corollary, of Theorem 3.1, characterizes subnormal recursively
generated 2-variables weighted shifts.

Crollary 3.2. Let T = (T3, T3) be a recursively generated 2-variable weighted shift
and let v = {i;}i ;>0 be the associated moment sequence, with (Py, P,) € A,. Then
T is subnormal if and only if M(deg(P1) + deg(P2) — 2)() > 0.

In particular, we have

Crollary 3.3. Every collection of positive numbers a0y, 8(0,0), ®(0,1); B(1,0), such
that 81,0y 0,00 = @(0,1)5(0,0), admits a subnormal completion.

Proof. Let {vij}o<ij<1 be the collection of moments associated with w =
{a0,0), B0,0), @(0,1), B1,0) }» given by (1.2), and let v = {vi;}:jez, be the RDIS
defined by the initial conditions {v;;}o<ij<1 and by the pair of, minimal, ana-
lytic characteristic polynomials (Py, Py). We set P1(X) = (X — Ao)(X — A1) and
Po(X) = (X = Bo)(X = B1), with 0 < Ao < A and 0 < By < f1.
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The measure p = Cood(xg,60) + C1090,60) + Co19(x0,61) + C110(2, 1) 18 & rep-
resenting measure for v if and only if (C;;)o<i j<1 are nonnegative and satisfy the
following linear system of 4 equations

Coo + C10 + Co1 + C11 = Y00,
Coo0Bo + Ci0Bo + Co181 + Ci151 = Y01,
Cooro + CroA1 + Coido + Cr1i M = Y10,

CooBoro + CroBor1 + Co1B1Ao + Cr1fiA = 711

Since the determinant of the preceding system is

1 1 1 L
Rl (e WIT AN T

Boro Borr Piro B

we obtain the existence of {Cog, C10,Co1,C11}. Thus for the existence of T =
(T1,T5) a subnormal completion of {7;;}o<i j<1 it suffices show that {Cj;}o<i j<1
can be positive.

The numbers Cyg, C19,Co1 and Cy; are given by

_ y11—=Miy01—B1viot+ i B
Coo = (A1—20)(B1—Bo) ’

_ —y11+Aiv01+Bovi0—A180
Cor = (A1—=X0)(B1—Po) ’
Cio = —7m1+X0v01+B81710— Ao

()\Al_AU)B(ﬂl_ﬁO)\) P ’
— Q11 —Ao0%01—PoY10 050
Cu =156k

Direct computations show that Cyg, C19, Co1 and Cq; are positive numbers pre-
cisely when,

2
max{2y10, T} < A,

2
max{2y1, T} < B,

0 S >\O S min{;,yloll ) %}a

3 Joir 11
0 < fo < min{ %5 SR

(6)

Therefore it suffices to choose the roots of the polynomials p; and ps obeying
(6). O

We employ Berger’s Theorem and Equality (1.3) to give a simple proof to the
propagation phenomena for 2-variable subnormal weighted shifts.

Definition 3.4. A 2-variable weighted shift T = (71, T5) is horizontally flat ( resp.
vertically flat) if (i, k) = (1,1, for all ki, ke > 1 (vesp. B, k) = B1))-

Theorem 3.5. Let T = (T1,T5) be a subnormal 2-variable weighted shift associated
with the weight sequences {ak}kezi and {Bk}kEZi- If Ok ky) = Q(ky+1,ks) fOT SOME
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ki, ko > 1 (resp. Bk, ks) = B(ki,kot1)), then T is horizontally flat (resp. vertically
flat).

Proof. Let v = {vi;}ij>0 be the moment sequence of T, see (1.2). Given
an arbitrary number ng > max(k; + 1, k2), let A(m0) = {7ij}ij<n, be a trun-
cated subsequence of . Since v admits a Berger measure, then, via Tchakaloff’s
Theorem [1], there exists a finite supported Berger measure p of A(m0) - write
p= >, pijon,v,) Notice that {;;0 < j < g} # {0} because the moments of

0<i<p,
0<j<aq

the subnormal weighted shift are strictly positive.
Since @, ky) = Uk +1,ks), then it follows from (1.3) that

V(k1+1,k2)  V(k142,k2)

V(k1,k2) V(ki141,k2) ’

hence

( Z pij)\?1+179§2)2 — ( Z PijAflﬂé?z)( Z pij/\§1+2’19?2)7

0 D, 0 P,
0 q. 0 q

INIA

7
J

INIA

INIA
IANIA

[
J

INIA

1S P
J q

INIA

0
0
that is,
D piiene(N = AR)PAPNOR 9 = 0.
0<i<k<p,
0<j,h<q
We deduce that A; = A whenever \;.Ax # 0, and thus
Yo =AY pud), for all n, 1 < no.

0<j<q

Since ng is arbitrary, then

01(717771)\/F>/(7L'~_1’m)\/r)/@’l)oé(l’l)7 foralln,meN*.

V(n,m) ’7(1,1)

The vertically flatness can be proved analogously. ]

4. The Minimal 2-variable SCP

Given an integer n > 0, let Q, = {(Q(k, ko)s Blr,ka))i 1 + k2 < 2n} be a
given collection of weight obeying (1.1) and let 2"V = {~,:}, <o, 11 be the
corresponding moment sequence given by (1.2). We say that Q,, admits a minimal
2-variable subnormal completion if it has a subnormal completion with rankM (n)-
atomic Berger measure.

For n = 1, a characterization of weights admitting minimal 2-variable subnormal
completion is given by S. H. Lee and J. Yoon [11]. In this section we give the
complete solution of this problem.
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Recall that, an extension of M (n)(y™) is a block matrix of the form

(1) M= ( M(ngz@n)) g )

A theorem of Smul’jan [12] shows that M (n)(y(?>™) admits a positive extension in
the form of moment matrix if, and only if,

i) M(n)>0,
ii) there exists a matrix W such that B = AW,
iii) C > B*W,
iv) C is a Hankel (n 4 2) x (n 4 2) matrix.
Moreover, M (n)(y?") admits a flat extension, or M is flat, if, and only if, C' =
B*W. Notice that the condition iv) serves only to ensure that M is a moment
matrix, see (1.5) and (1.6). If the conditions i)-iv) are satisfied, we set M =
M(n + 1)(72*2), where v(27) C 322 je v, = 7;; for all i +j < 2n. To
simplify our notations, we set (2712 = 7(2n+2)
Observe that if M(n+1)(y3"*+2)) = M(n+1) is flat (that is, rankM (n +1) =
rankM(n)), then every column of M(n + 1), indexed by a monomial of degree

n+1, is a linear combination of columns indexed by monomials of degree less than
or equal to n. Explicitly, the columns in M (n + 1) satisfies

42)  X"eve= 3 WXy withal) €eRande=0,...,n+1.

i+j<n
Hence

(XYETMn+ )X 7eye = 3 ol (XYF)TM(n+ 1) XY,
i+j<n

for (I4+k <n-+1), that is

(4.3) Yndl—etleth = Z agj)'yi+l,j+k (e=0,...,n+land I+ k <n+1).
i+j<n

Setting Pxn+i-cye(T,y) = . az(-;)xiyj.
i+j<n

Lemma 4.1. Let 4(*"*2) = {Vij itj<onte be a finite collection of non negative

numbers such that rankM(n + 1) = rankM(n) and let Pxnt1-cye be as above.
Then, for alle € {0,...,n+ 1}, the polynomial z"+1=¢y® — Pxni1-cye is a charac-
teristic one of the RDIS defined by the initial conditions {7i;}i j<n and by the pair
of characteristic polynomials (x" 1 — Pxni1,y" 1 — Pyny1).

Proof. Let v = {vij}i,jez, be a RDIS defined by the initial conditions {~;;}i j<n
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and by the pair of characteristic polynomials (z"*! — Pxni1,y"t! — Pyui1). Cor-
responding to the sequence 7, the Riesz functional A : R[z,y] — R defined by
A pijz'y?) = > pijyij- Then, for all a,b € Zy, we have

4,J 4,J

(4.4) A(z%P (2" = Pxni1)) = A(a®P (y" " — Pyns1)) = 0.

Let e € {0,...,n + 1} be a fixed integer, we will show that 2717y — Pyxni1-cye
is a characteristic polynomial of -, that is, for all a,b € Z,

(4.5) A(z%y® (2" 1%y — Pxnii-eye)) = 0.

We distinguish two cases;

1) a+b<n+1, then (4.3) implies that A(z2TH1=eybte) = A (299 Pxni1-cye)
and hence (4.5) is verified.

2) a+b=n+ 2, we show first that
(4.6) Axly9Qr) =0forall f+g<n+1,

where Q = yPxn+1-tyr — TPxn-ryr+1 and k € {O, Lo, n+ 1}
For f + g < n, we have

A(fffngk) = A(»Tfyg(ypxwlfkyk — 2 Pxn-kyn+1))

(.’L'fyg-i_lPX'rHrl—kyk — (Ef+1ygpxn—kyk+1))

A
(4'7) — A(gcf"‘”"‘l_k g+1+k _ xf+1+n—kyg+k+1)’ due to (4_3)’
0

Y

For f + g = n+ 1, since deg@r < n + 1, and according to (4.3), we de-
rive that A(xfy9Q) = A(PxsysQr). As deg Pxrys < n, then (4.7) implies that
A(PxsysQr) = 0, and hence A(z7y9Qy) =0 (for all f +g <n+1).

Now we consider the case a + b = n + 2, which we split in two subcases.

i) If a > e: according to (4.6), we have

A(xa—eyb+ePXn+l) — A(.,L.a—e-l-lyb—&-e—lPany)
.= A(xaybpxn+1—eye)

Thus
= MA@ Y" T Pxni1) — A(@y" Pxni1—cye)

(48) = A(z®~ et ybte) — A(2*y’ Pynsi-cye), by applying (4.4),
= A(gorntlmegbte _gagbpo i)
— A (@Y — Pynsteye)).
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ii)Ifa<e: sincea+b=n+2,thenb+e>n+1andb+e>n+1. According to
(4.7), we have

A(as“ybPXaneye) = A(xa+1ybilpxn—eye+l)
=...= A(Ia+n+lieybin71+epyn+l) ’

Hence
= A(za+n+1 ¢ b n- 1+ePYn+1) - A(l‘aybpxni»lfeye)
(4 9) _ A(anrnJrl e b+e) _ A(CE Y PXW,+17eye), due to (44),
A(xa—i-n—i-l e b+e ;vaybPXn+1—eye)

= A(x%y (gc""'1 “y® — Pxnti-cye)).
Therefore, we conclude that
(4.10) Az (2" T %Y — Pxntieye)) =0, foralla+b<n+2.

By induction, we obtain A(z%® (2" 1~y — Pxni1-cye)) =0, forall a,b € Z,. O

Now we are able to give a concrete solution to the minimal 2-variable SCP. To
this aim, let Y™ = {vi};cz2 Jil<2n = {7ij}tirj<2n be a given bi-sequence and let
MTJi,j] (i,7 =0,1,...,n) be as in (1.6). In the next theorem, we denote by B the

following matrix
MI[0,n + 1]

B=B(n+1):= :
Mn—1,n+1]
Mn,n + 1]

Theorem 4.2. Let Q, := {(Q(k, k), B(ki.ko)); K1 + k2 < 2n} be a given collection
of weights obeying (1.1) and let 2"V M(n), My(n), My(n), B and Pynii-i,s
(i=0,...,n4 1) be as above, with RangB C RangM (n) and M(n), M,(n) and

M, (n) are positive. Then €, admits a minimal subnormal completion if and only
if

(4.11) PT,,LH,jij(n)Pxnﬂ 7, i —P — Jy_[+1M( )Pxn+2—iyi71

x

for all integers i and j with0 <j<n—1and2+j<i<n+1.

Proof. Let m = m(n) denote the number of rows (or columns) in M (n). Adopting
the notation in (4.1), with B is a m x (n + 1) matrix. Observe that, the sequence
7(27+1) fills only the matrices M(n) and B. We are looking for new numbers
(entries) for the matrix C' in order that M be a flat moment matrix.

Let the rows X" 1=7YJ  columns X"*t1=Y? (i,5 = 0,...,n + 1) entry of the
matrix M be equal to P, ]yJM(n)P$n+l—iyi (i.e., C = (M(n)W)*W). With this
completion, M becomes a flat completion of M (n).
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Let us show that M is a moment matrix, that is, C' is Hankel. The relation
(4.11) implies that the upper left triangular part of the matrix C' is Hankel type.
Since M (n) is symmetric, then C is also symmetric, and thus C = (M (n)W)*W
is a Hankel matrix. Setting M = M(n + 1)(y?7+2). Tt follows, from Lemma
4.1, that there exists a DIRS ~ such that rankM(n) = rankM (oco)(y) (where
M(n) = M(n)(7%") = M(n)(7)).

We show now that rankM,(n + 1)(y) = rankM,(co)(y) and rankM,(n
1)(y) = rankMy(c0)(y). We prove first that the columns in M, (n + 2) verify
the relation X¢ynti=¢ = '+z:< al(;)Xin(: Ppeyni1-(X,Y)). We have, for all

K3 n
a+b<n+1, =

(XY My(n 4 2)(7) (XY™ — Preynii—c(X,Y))
= < M ('n, + 2)( )( € ’I‘LJrl € Pfeynﬁ»l—e) Z‘ayb > see (1.8)7
=< M(n+1)(7) (@Y7 = Ppeynsa—c), 2Ty >

=0, since 2%y"T17¢ — Pyeynt1-c is a characteristic polynomial of ~.

Hence M,(n + 2)(v)(XY"T17¢) = My(n + 2)(7)(Pyeyn+1-<(X,Y)). Since
deg Pyeynt1-« < n, then rankM,(n + 1)(vy) = rankM;(n + 2)(v), and thus we
obtain, by induction, rankMy(n + 1)(y) = rankM,(co)(y). Similarly, one shows
that rankMy(n+1)(v) = rankM,(co)(7y). Since M (n+1)(y) and M, (n+1)(v) are
positive, then, via Schmul’jan’s theorem, M, (c0)(y) and M, (co)(7y) are positive.

Let (p1,p2) € Ay. We conclude, from above, that M (degpi + degps — 2)(7),
M, (degpr + degps — 1)() and M,(degpr + degps — 1)(y) are positive. Now,
by applying Theorem 3.1, €2,, admits a subnormal completion with finite Berger
measure, say =y, €(qundd(r, g, (With e ) # 0, for all (a,b) € 1,,).

(a,b)el,
It remain to show that card suppu = rankM(n)(vy). Let (5, 5.) = (1, Aa, Be,
2 NaBe, B3 = (,\;ﬁg)(i,j)eﬁ € R . By using Corollary 2.13, the infinite mo-

ment matrix can be formulated as follows M (c0)(y) = . gel e(a,c)C(/\a,ﬂc)C(j;\a,gc)a
then

rankM (o0)(y) < card I, = card suppj.
On the other hand, Let Ly, 3.) be as in (3.5) and let

1
M(OO)(’Y) Z K’(G,C) ?L(Atuﬁc) = 07

a,c
(a,c)el,

where {£(q,c) }(a,c)cz, are real numbers (not all zero).

Since \/%Lahﬁj)M(oo)('y)ﬁL(A B 18 1if (¢,7) = (n,m) and equal to
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0if (4,7) # (n,m), then

1 1
0=( Y ”(am)TL(/\aﬁc))TM(OO)(’Y) > Kae) ———La50)

(a,c)€l, m (a,c)€l, m
— 2
= D Haoy
(a,c)el,

a contradiction. Hence card suppp < rankM(co)(y), and thus card suppy =
rankM (n)(v), as desired. O
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