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ABSTRACT. In the present paper, we introduce and investigate two new subclasses, namely;
the class of strongly a—bi-spirallike functions of order 8 and a—bi-spirallike functions of
order p, of the function class ¥; of normalized analytic and bi-univalent functions in the
open unit disk

U={z:2€C and |z| <1}.

We find estimates on the coeflicients |az|, |as| and |a4| for functions in these two subclasses.

1. Introduction and Definitions
Let A be the class of analytic functions f(z) in the open unit disk
U={z:2€C and |z| <1}

and represented by the normalized series:
oo

(1.1) f(2) :z+2anz" (z € U).
n=2

We denote by 8 the family of univalent functions in A. (see, for details,[4, 27]).
It is well known that every function f € § has an inverse f~!, defined by

i) =2 (z€D)
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and 1
FUF ) =w (ol <ro(f); mo(£) = )[4
The inverse function f~!(w) is given by
(1.2) fHw) = w — asw? + (243 — az)w® — (5a3 — 5asas + ag)w* + - -

The function f € A is said to be bi-univalent in U if (i)f € 8§ and (ii)f~*(w)
has an univalent analytic continuation to |w| < 1. Let X be the class of bi-univalent
functions in U. Initial pioneering work on the class ¥ were done in [9, 16]. Srivastava
et al. [26] mentioned some interesting examples of functions in the class ¥. Recently,
Mishra and Soren [14] were add two more examples which are well demonstrated
there in.

Spacek [19] and Libera [11] introduced the families of a-spirallike functions
(=% < a < §) and a-spirallike functions of order p (=5 < a < 3, 0 < p < 1)
respectively. Libera [11] completely settled the coefficient estimate problem for
a-spirallike functions of order p. In this paper we introduce the families of a-bi-
spirallike functions of order p and strongly a-bi-spirallike functions of order B. We
find estimates for |as|, |as| and |a4| for functions, of the form (1.1), in both these
classes. Through out in this section also, we continue to denote by g the analytic
continuation of the inverse of the function f to U. We now have the following
definitions:

Definition 1.1. The function f(z), given by (1.1), is said to be a member of
o— Sng, the class of strongly a-bi-spirallike functions of order B (la| < 5,0 <3 <
1), if each of the following conditions are satisfied:

arg (ew‘ Zfl(z))' < ﬂg (z €U)

(1.3) feX and )

and

(1.4)

arg (em wﬂi}?) ’ < B% (w € U).

Definition 1.2. The function f(z), given by (1.1), is said to be a member of
a — 8Px(p), the class of a-bi-spirallike functions of order p (laf < 5,0 < p < 1),if
each of the following conditions are satisfied:

et zfl(z)
f(2)

(1.5) fex and R (e > > pcosa (z €U)

and

(1.6) R (a’a wggl(w)) >pcosa (weU).
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Furthermore, let P be the class of analytic functions p(z) of the form:
o0
p(z) =1+ Z 2" (2 € 1)
k=1

and satisfy R(p(z)) > 0 (z € U). We shall need this class to describe the classes
a —8PE and a — 8Px(p).

As follow up of the work of Mishra and Soren [14], at present there is renewed
interest in the study of the class ¥ and its many new subclasses. For example see
1,2, 3,5,7,8, 10, 17, 18, 20, 21, 29, 30, 31]. Many researchers are still working
upon finding an upper bound for a,, for the functions in subclasses of ¥. However,
not much was known about the bound of the general coefficients a,, (n > 4) of
subclasses of bi-univalent functions up until the publication of the article by Mishra
and Soren [14]. See [6, 13, 12, 15, 22, 23, 24, 25, 28]. For a brief history on the
developments regarding the class ¥ see [26].

Motivated by the aforementioned work [14], in the present paper we have intro-
duced two new subclasses of the function class ¥ and we find estimates for |as|, |as|
and |a4| for functions, of the form (1.1), when f € a — Sng and o — 8Px(p).

2. Coefficient Bounds for the Class of Bi-spirallike Functions
We state and prove the following:

Theorem 2.1. Let the function f(z), represented by the series (1.1), be in the class
a—8P% (ja| < Z,0< B <1). Then

(2.1) ja2] < ——22_Jeos(a/B),

(1+0)
Beos (%), 0<pB<4,
(2.2) jas| <90 <’6)a T
1Jrﬁcos(g), 3<B<1
and

2_ j—
% (1 - %% cos(a/ﬁ)) cos(a/B), 0< B < 3tYT3

2_ —
(2.3)  Jas] < % (1 + %% cos(oz/ﬂ)) cos(a/B), 32@ <B<i

2_ —
% (51;f4 %16%/% 1 cos(a/ﬂ)) cos(a/B), 2<B<1.
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Proof. We write

(2.4) £(2) = L&) iy (z e, —53 <a< 5%)

z

where h(z) is analytic in U and satisfies
h(0) = e and |argh(z)| < Bg (z €U).

It can be checked that the function ¢(z) defined by:

h(z)% = cos (g) q(z) + isin <g) (z€U)

is a member of the class P. Suppose that
qz)=14c1z+c2* +--- (z€).

By comparing coefficients in (2.4), we have

(2.5) as = Bere "3 cos (g) ,
(26) 203 —a3 = feseH cos (g) s (g)
and
3ay — 3azaz + ag = 303671‘(%) cos (Z) +B(B — 1)C102€72i(%) cos? (g)
(2.7) + w&’e_gi(%) cos® (;) .

Similarly, we take

g(w)

(2.8) g (w) =L Hw) (wem; % <a< ffg)

where H(w) is analytic in U and satisfies
H(0) = €' and |arg H(w)| < ﬁg (w e ).

The function p(w) defined by

H(w)? = cos (a> p(w) + isin (g) (w € 1)
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is a member of the class P. If
pw) =1+ hw+bw’+ -+ (wel),

then again by comparing the coefficients in (2.8), we have the following:

(2.9) —ay = Blie” %) cos (;) ,

(s —1 o
(2.10) 3a3 — 2a3 = Blae” ") cos (04) + Mi%e”’(?) cos® (a>

p 2 B

and
~(10a3 — 12aza; + 3as) = Blze” ") cos (Z) +B(8 — 1)lyle%(5) cos? <§)
(2.11) +wl§em(%) 053 (g) .
From (2.5) and (2.9), gives
(212) l1 = —C1.

We shall obtain a refined estimate on |c;| for use in the estimates of |az| and |a4].
For this purpose we first add (2.6) with (2.10); then use the relations (2.12) and get
the following:

2a2 = B(co + lz)e_i(%) COS <g) + @(Cf + l%)e_%(%) cos? <g) '

Putting as = Bere *(5) cos (%) from (2.5), we have after simplification:

2 c2 + 12
1

(2.13) cl = T 5D con (%)

By applying the familiar inequalities |ca| < 2 and |l3] < 2 we get:

4 2
(2.14) ler] < =

(1+ ) cos (%) (14 B)cos (%)

and

ye% Zi cos(«x .
2] < Bler| cos(a/B) = —=s/con(aB)

We have thus obtained (2.1).
We next find a bound on |az|. For this we substract (2.10) from (2.6) and get
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dag = 4a3 + Blcz — I2)e” () cos (g) + 75(62_ D (2 —12)e™2(5) cos? (Z) .

The relation ¢§ = I} from (2.12), reduces the above expression to
) «
(2.15) 4az = 4a3 + Blcy — lo)e %) cos 3)

Next putting that as = Sere () cos ( ) and using (2.13), we obtain

dag = 4% e 215 cos? (a) + B(ca — 1y)e™ "5 cos (a)
B B
= 452 e + l2 e_Qi(%) COS2 <a)
(1+ B)e %) cos (%) A
+ B(eg —lp)e™ cos( )

B
T 1+8

(58 + 1)ea + (38 — 1)la] e~ () cos <g) .

Therefore, the inequalities |ca| < 2 and |l3] < 2 give the following:

=@

<

Wl

1+B(5ﬂ+1+1—3ﬁ)cos( )—45005( ), 0<
4lag| <

1+ﬁ (5,8+1+36—1)cos(6> = 11(3'58 cos(%),

W=
IN
=
VAN
—

which simplifies to:

This is precisely the assertion of (2.2).
We shall next find an estimate on |a4|. At first we shall derive a relation

connecting ¢, ¢, cs,lo and l3. To this end, we first add the equations (2.7) and
(2.11) and get

_gag + 9asas = B(cs + I3)e” (%) cos (ﬂ) + B8 — )(0102 + 1112)6*22'(%) cos2 (Z)

+w(c§ +13)e 8 g3 (g) .
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By putting [y = —c; the above expression reduces to the following:
(2.16)

—9a3 + 9azas = B(cs + ls)e” () cos <g> +B(B = Dei(ez — la)e > 5) cos? (g) .

Substituting a3 = a3 + g(CQ —1y)e™5) cos (%) from (2.15) into (2.16) we get after
simplification:

9ﬂ4a2 (e — lo)e ") cos <g> =B(cs +Is)e” (5 cos (g)

+ B(8 — 1)er (e — ) 25 co

w0

[ V)
PR
™| 2
S~

Since ag = Bc1e_i(%) cos (%), (see 2.5) we have

9 2 _9i(a (6% (o (07
%01(02 — 1) %) ¢os? (,6’) =B(cs + l3)e "5 cos <ﬁ)

+ B(8 = 1)er(eg — lp)e™ 25 cos? <) )
Or equivalently:

(2.17) ci(ea —1lo) = 4(50;1?)6“3) cos (g) .

We wish to express a4 in terms of the first three coefficients of ¢(z) and p(w). Now
substracting (2.11) from (2.7), we get

6ay = —11a3 + 15aza3 + B(cs — l3)e (F) cos (g)

+B(B—1)(crea—I1ly)e 25 cos? (g) +—B(ﬂ — 1é(ﬂ =2 (3—13)e3UBF) cos? (g) .

Observing that [y = —c¢; we have c:{’ — l:f = 2c:f and therefore
6as = — 9a§ + 9aqasz — 2a§ + 6agas + B(cs — ls)e_i(%) cos (;)

+B(B = er(ca + l)e 38 cos? (g)
BB-1B-2) 3,-31(5) cog? (a) .

+ 3 (&1

B

We replace —9a3 + 9azaz by the right hand side of (2.16), put az = Bzc%e_%(%)
cos? (%) + 8 (cy —1p)e™B) cos (%) (see (2.15)) and as = Bere (5 cos (%)
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This gives
6as = B(c3 + l3)e_i(%) cos (g)

+ B(B — Deier — I2)e 15 cos? (g) —233c3e7315) cos® (g)

+68cre” "3 cos <g) ([3 e 2U5) cos? (g) + g(CQ —ly)e 5 cos (g))

+ Bles — I3)e %) cos ( — ey (co + Ip)e 2E) cos? (g)
n B(B — 1;(,3 2>C:I,e—3‘(%) cos3 (g)

= 2Bcse” "3 cos (g) + Mcl(@ — lp)e” %(3) cos? (g)

2
1353 352 =+ 25 3 _31( ) cos (a)

+ B(ﬁ - 1)01(02 + lQ)G_Qi(%) COS2 (g) + 3

Next, replacing c;(ca — l2) by the expression in the right hand side of (2.17) and ¢?
by (2.13) we finally get

6as = 2Bcse” 5 cos <g) + '8(5627 2) 4(56; i if’)e_i(%) cos <g)

+B(B—1Der(ca +12)e” (%) cos? (g)
N 1383 — ?))62 + 2’8(:1 (612122)67%(%) cos? (‘;)

= 2fcze” “%) cos (g) + Qi(;ﬂj(c;g + 13)672-(%) Cos (g)

1683 — 382 — (a
+ M01(02 + l2)e*21(ﬁ) cos? (Oé)

3(1+5) B
L[40G +1) 2(58 — 2)
_ﬁ{ 5644 T T5gya
WCI(CZ + 12)671'(%) cos (g)} e U5 cos (g) .
This gives
Jé] (58+1)
'a“‘ 36{’ 55+ 4 " lt ' R "3
2
‘16‘;(14—?) le1]](e2 + 12)] cos (g) } cos <g> .
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Therefore,

2_ —_—
% (1 — %% cos(oz/ﬁ)) cos(a/B), 0<B< 32@

2
jasf < % (1+ 32972820 Joos{a/B)) cos(a/B). 2547 < 5 <

(SN

2_ —
% (51;54 i %16%% 1 cos(a/ﬂ)) cos(a/B), 2<pB<1.
We get the assertion (2.3). The proof of Theorem 2.1 is, thus, completed. O

Remark 2.2. Taking o = 0 in the above Theorem 2.1, we readily arrive at Mishra
and Soren [14] of Theorem 2.1.

Theorem 2.3. Let f(z), given by (1.1), be in the class 8PS (p) (lof < 5,0 < p < 1).
Then

(2.18) laz] < +/2(1 — p) cos v,

(2.19) lag] < 2(1 — p) cos a

and

(2.20) lay| < w {1 +134/2(1 — p) cos a} .

Proof. Let f € 8P%(p). Then by Definition 1.2, we have

(2.21) et Z]J:;S) =Q1(z)cosa+isina
and
(2.22) el wgg(/z(ut;}) = P (w)cosa + isina

respectively, where R(Q1(z)) > p,
Qi(z)=1+ciz+e2> 4+ (2€)
and R(Py(w)) > p,
Pi(w) =1+ Lw+bw*+--- (wel).

As in the proof of Theorem 2.1, by suitably comparing coefficients in (2.21) and
(2.22) we have

(2.23) ase'® = ¢; cos a,
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(2.24) (2a3 — a2)e'™ = ¢y cos a,

(2.25) (3ay — 3agaz + a3)e'™ = c3 cos
and

(2.26) —age’® =14 cos a,

(2.27) (3a3 — 2a3)e™™ = Iy cos a,
(2.28) —(10a3 — 12aza3 + 3a4)e™™ = I3 cos av.

In order to express ¢; interms of ¢y and Iy we first add (2.24) and (2.27) and get

COS

(2.29) 2a3 = (c2 + lo)

et

Again putting aze!® = ¢1 cos a from (2.23) we have

2
pCcOs” cos o
201 e2ia - (02 + l2) el
Or equivalently:
9 et
(2.30) cl = (CQ + lg) Scosa’

The familiar inequalities |co| < 2(1 — p), |la] < 2(1 — p) yield

41—-p) _2(1-p)

f] < -
2cosa cos
which implies that
2(1
(2.31) o </ 22=2)
cos o

and

las| < |ep]cosa

2(1—p)
COS «x

cosa = +/2(1 — p)cosa.

This proves (2.18).
Following the lines of proof of Theorem 2.1, with appropriate changes, we get

that
cos o

ela :

das = (302 + 12)
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The inequalities |co| < 2(1 — p), |l2| < 2(1 — p), yield
(2.32) las| <2(1 — p) cosa.

This is precisely the estimate (2.19).
We shall next find an estimate on |a4|. By substracting (2.28) from (2.25) we

get
cos o

et

6as = —11a3 + 15aza3 + (c3 — I3)
A substitution of the value of as from the relation (2.23) gives

3
3CO8” (v
1 3ia

COS «x

et

6as = —11c + 150 =Ly + (c5 — L)
el(l

Therefore, using the inequalities |cs| < 2(1 — p), |l3| < 2(1 — p), the estimate for
|c1] from (2.31) and the estimate for |a3| from (2.32), we get

6las| < 11]¢}| cos® a + 15|c1| cos alas| + |ez — 13| cos

2(1—-p) [2(1-p)
OS ¢ COS &

2(1-p)

COS «x

< 4(1 = p)cosall +134/2(1 — p) cosa].

<11 cos® o

+ 15cos 2(1 —p)cosa+4(1 — p)cosa

Or equivalently,

layg] < W[l +134/2(1 — p) cos a.

We get the assertion (2.20). This completes the proof of the Theorem 2.3. |

Remark 2.4. Taking o = 0 in the above Theorem 2.3, we readily arrive at Mishra
and Soren [14] of Theorem 2.3.
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