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ON AP-HENSTOCK-STIELTJES INTEGRAL FOR
FUZZY-NUMBER-VALUED FUNCTIONS

Ju HAN YooN*

ABSTRACT. In this paper we introduce the AP-Henstock-Stieltjes
integral for fuzzy-number-valued functions which is an extension of
the Henstock-Stieltjes integral and investigate some properties.

1. Introduction and Preliminaries

It is well-known that the Henstock integral for real valued function
was first defined by Henstock [3, 4] in 1963. The Henstock integral is
more powerful and simpler than the Lebesgue, Feynman integrals.

In 2012, Z. Gong and L. Wang introduced the concept of the Henstock-
Stieltjes integrals of fuzzy-number-valued functions and obtained some
properties [2].

In this paper we introduce the concept of the AP-Henstock-Stieltjes
integral of fuzzy-number-valued functions and investigate some proper-
ties.

A Henstock partition of [a, b] is a finite collection P = {([x;—1, z;],&) :
1 < i < n} such that {([x;—1,2],&) : 1 < i < n} is a non-overlapping
family of subintervals of [a, b] covering [a,b] and & € [x;_1,x;] for each
1 <4 <mn. A gauge on [a,b] is a function 0 : [a,b] — (0,00). A Henstock
partition P = {([z;—1,%;],&) : 1 <i < n} is said to be ¢ -fine on [a, b] if
[1‘1‘7@', Qj‘z] C ({z — 5(&),& + 5(&)) for each 1 < i < n.

Let a be an increasing function on [a,b]. A function f : [a,b] — R is
said to be Henstock-Stieltjes integrable to L € R with respect to a on
[a, b] if for every e > 0 there exists a positive function ¢ on [a,b] such
that | >0, f(&)(a(vi) — a(u;)) — L| < € whenever P = {([u;,vi],&) :
1 < i < n}is ad -fine Henstock partition of [a,b]. We denote this
fact as (HS) ff f(x)da = L and f € HS[a,b]. The function f is
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Henstock-Stieltjes integrable with respect to « on a set E C [a,b] if
fxp is Henstock-Stieltjes integrable with respect to « on [a, b], where xg
denotes the characteristic function of E.

Fuzzy set u : R — [0,1] is called a fuzzy number if u is a normal,
convex fuzzy set, upper semi-continuous and supp u = {x € R|u(z) > 0}
is compact. Here A denotes the closure of A. We use E' to denote the
fuzzy number space [4].

Let u,v € E',k € R, the addition and scalar multiplication are
defined by

[u+v]x = [ulx + [v]x, [Fulx = K[u]x,
where [u]\ = {z : u(z) > A\} = [uy, u{] for any X € [0,1].
We use the Hausdorff distance between fuzzy numbers given by D :
El x E' — [0, 00) as follows

D(u,v) = sup d(fuly, [v]x) = sup max{lu; — vy, [uf —v}]},
A€[0,1] A€[0,1]

where d is the Hausdorff metric. D(u,v) is called the distance between
u and v.

LEMMA 1.1. [2] If u € E', then
(1) [u]x is non-empty bounded closed interval for all A € [0, 1].
(2) [u])q ) [u])\z for any 0< A <A< L
(3) for any {\,} converging increasingly to A € (0, 1],

n=1
Conversely, if for all A € [0,1], there exists Ay C R satisfying (1) ~
(3), then there exists a unique u € E* such that [u]y = Ay, A € (0,1],
and [u]o = Uxe(0,1] [u])\ C Ap.

DEFINITION 1.2. [2] Let v be an increasing function on [a, b]. A fuzzy
number-valued function F' is Henstock-Stieltjes integrable with respect
to a on [a, b] if there exists a fuzzy number K € E! such that for every
€ > 0 there exists a positive function §(z) such that

D <Z F(&) (afz) — a(zi_y)), K) <e
=1

whenever P = {([x;—1,%],&) : 1 <i < n}isad -fine Henstock partition
of [a,b]. We denote this fact as (FHS) ffF(:r)da = K and (F,«a) €
FHS[a,b].
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The fuzzy number-valued function F' is Henstock-Stieltjes integrable
with respect to a on a set E C [a,b] if F,, is Henstock-Stieltjes inte-
grable with respect to a on [a,b], where xg denotes the characteristic
function of E.

2. The fuzzy number-valued AP-Henstock-Stieltjes Integral

In this section, we will define the fuzzy number-valued AP-Henstock-
Stieltjes integral, which is an extension of the fuzzy number-valued
Henstock-Stieltjes integral [4] and investigate some of their properties.

Let E be a mesurable set and let x be a real number. The density of
FE at x is defined by

4.E = lim wEN (x—h,x+ h))
h—0+ 2h

)

provided the limit exists. The point x is called a point of density of F if
d.E =1 . The E% represents the set of all € E such that z is a point
of density of E.

An approximate neighborhood(or ad-nbd) of = € [a, b] is a measurable
set S, C [a, b] containing x as a point of density. For every z € E C [a, b,
choose an ad-nbd S, C [a,b] of z. then we say that S = {S, : x € E} is
a choice on E. A tagged interval ([u,v],x) is said to fine to the choice
S ={S:} if u,v € S;. Let P = {([zi—1,x:],&) : 1 <i <n} be a finite
collection of non-overlapping tagged intervals. If P = {([x;—1,2;],&) :
1 <4 < n} is fine to a choice S for each i, then we say that P is S-fine.
Let E C [a,b]. If P is S-fine and each §; € E, then P is called S-fine on
E. If P is S-fine and [a,b] = U}, [u;,v;], then we say that P is S-fine
partition of [a,b] .

DEFINITION 2.1. [6] A function f : [a,b] — R is AP-Henstock inte-
grable if there exists a real number A € R such that for each ¢ > 0 there
is a choice S on [a, b] such that

D &) (i —ug) — Al <e
i=1

for each S-fine partition P = {([zi—1,i],&) : 1 < i < n} of [a,b]. In

this case, A is called AP-Henstock integral of f on [a,b], and we write
b

A= (AP [ 1
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DEFINITION 2.2. Let a be an increasing function on [a,b]. A fuzzy
number-valued function F is AP-Henstock-Stieltjes integrable with re-
spect to a on [a, b] if there exists a fuzzy number K € E' such that for
every € > 0 there exists a choice S on [a, b] such that

D (Z F(&) (a(zi) — o)), K) <e
=1

whenever P = {([z;—1,%i],&) : 1 <i <n} is a S-fine Henstock partition
of [a,b]. We write (APFHS) [? F(z)da = K and (F,a) € APFHS[a,b).

The fuzzy number-valued function F' is AP-Henstock-Stieltjes inte-
grable with respect to « on a set E C [a,b] if F,, is AP-Henstock-
Stieltjes integrable with respect to « on [a,b], where yg denotes the
characteristic function of E.

REMARK 2.3. If F € APFH SJa,b], then the integral value is unique.

From the definition of the fuzzy number-valued AP-Henstock-Stieltjes
integral and the fact that (E', D) is a complete metric space, we can
easily obtain the following theorem.

THEOREM 2.4. Let a be an increasing function on [a,b]. A fuzzy
number-valued function F' is AP-Henstock-Stieltjes integrable with re-
spect to « on [a,b] if and only if for every € > 0 there exists a choice
S on [a,b] such that for any S-fine partitions P = {([u,v],§)} and
P ={([u,v'],€)} , we have

D (Z F(&)(aW) - a(w), 3. F(E) (o) - a<u/>>) <e
P P’

THEOREM 2.5. Let @ be an increasing function on [a,b] and let F' be
a fuzzy number-valued function on [a,b]. Then the following statements
are equivalent:

(1) (F,a) € APFHS[a,b] and (APFHS) [’ F(z)da = K.
(2) for any A € [0,1], Fy and F," are AP-Henstock-Stieltjes integrable

functions with respect to « on [a,b] for and A € [0, 1] uniformly
(Choice S is independent of A € [0, 1]) and

[(APFHS) / b F(:z:)da} .

- [(APHS) /a bF;(x)da, (APHS) /a bF;(a:)da].
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Proof. (1) implies (2) : Since (APFHS) ffF(m)doz = K, then for
any € > 0, there exists a choice S on [a,b] such that for any S-fine
partition P = {([z;—1, %], &) : 1 < i < n}, we have

D <Z F(&)(a(x;) — a(zi-1)), K) < e.
i=1

By definition of D, for any S-fine partition P = {([zj—1,x:],&) : 1 <i <
n} on [a,b]

sup max {) [Z?:lF(fl)(a(xl) —a(ri_1))]y — Ky

A€(0,1]

)

3" Fe)(ata) - aten)] | - K7} <e
=1 A

Hence, we have

‘i:F)T(gz)(OC(xz) —a(zi-1)) — K;‘ <e,
i=1

| B @) - alei) - K| <«
i=1

Therefore, F, (z) and F) (z) are AP-Henstock-Stieltjes with respect
to a on [a, b] for any A € [0, 1], and

b b
(APHS) / Fy(z)da =K, (APHS) / Fl(z)da = K.
(2) implies (1) : Since F) (z) and F,f (z) are AP-Henstock-Stieltjes
integrable functions with respect to « on [a,b] for any A € [0, 1], For

e > 0, there exists a choice S on [a, b] such that for any S-fine partition
P ={([xi—1,2],&) : 1 <i<n} on [a,b] and for any X € [0, 1], we have

‘zn:F,\(ﬁi)(a(fEi) —a(zi_1)) — K;‘ <e,
i=1

> FF @) - alwi) - Kf | <e
=1

Then we can prove that {[K,, K, ]: A € [0,1]} satisfies the conditions
of Lemma 1.1. By the Lemma 1.1, {{K,, K] : A € [0,1]} determines
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a fuzzy number K. By the definition of D, for any S-fine partition
P ={([zi-1,%i],&) : 1 <i < n} on [a,b], we obtain

D (Z F(&)(a(zi) — a(zi-1)), K) < 2
=1

Thus, (F,a) € APFHS[a,b] and (APFHS) [* F(z)da = K. 0

From theorem 2.5 and the properties of AP-Henstock-Stieltjes inte-
gral, the followings theorems are obvious.

THEOREM 2.6. Let F,G € APFHSJa,b| and 3,7 € R. Then
(1) BF +~G €€ APFHS|a,b] and

b
(APFHS) / (BF +~G)da

b b
— B(APFHS) / Fda +~(APFHS) / Gda.
(2) If F(x) < G(z) in [a,b] , then
b b
(APFHS) / Fda < (APFHS) / Gda.

THEOREM 2.7. Let F' € APFHSJa,c|] and F € APFHS]|c,b.
Then F € APFHS[a,b] and (APFHS) [° Fda = (APFHS) [ Fda +
(APFHS) [’ Fda.

THEOREM 2.8. Let F,G € APFHS|a,b] and D(F,QG) is Lebesgue-
Stieltjes integrable on [a,b]. Then

b b b
D <(APFHS)/ F da, (APFHS)/ G da> < (L)/ D(F, Q) do.
Proof. By definition of distance,

D((APFHS) / ' Fda (APFHS) / ’ Gda)

9

b b
= ,\il[t)l,)l] max( [((APHS)/a Fdo)ly — [((APHS)/Q Gda)ly

((apis) [ Fao)];  [((APHS) / Gaa)lf|)

= sup wa (((4PS) (5 - (65 o]



On AP-Henstock-Stieltjes integral for fuzzy-number-valued functions 157

apms) [ (511 - 61])da)

7 - s faa, @) [

< sup max ((L) /a ’ [FIT — [G];‘da)

A€0,1]
b
< (LS) / D(F, G)da.

This completes the proof. O

THEOREM 2.9. Let @ be an increasing function on [a,b] with o €
C'la,b] and let F be a bounded fuzzy number-valued on [a,b]. Then
F is AP-Henstock-Stieltjes integrable with respect to o on |a,b] if and
only if fo! is AP-Henstock integrable on [a,b]. In this case, we have

(APFHS) / " F@)do — (APFH) / Pyl (2)de,

where (APF H)integral denotes the fuzzy number-valued Henstock AP-
integral.

Proof. Since F'is bounded, sup,¢, 4 D(F' (), 0) exists. Also since o
is uniformly continuous on [a, b], for any € > 0 there exists n > 0 such

that
€

35uD,clo D(F(2),0)(b— )

for any x,y € [a, b] satisfying |x — y| < n. Define a choice S; = {S1} on
[a,b] with Lebesgue measure |Si| < n for all x € [a, b].

Let P = {([zi—1,2i],&) : 1 <i < n} be a Si-fine partition on [a, b],
then by Lagrange mean value theorem, there exists t; € (z;_1, ;) such
that a(z;) — a(zi—1) = /() (z; — 2-1) (1 <4 < n). Since |t; — ;| <
|Se,| < for 1 <i < n, we have

|0/ (z) — o (y)] <

€

3 SUPge[a,b] D(F(:C)v 0)(b - CL)

o (ti) — o ()] <

for 1 < i < n. Hence, we have

D<iF(£@)(Oé($z a(zi-1) ZF& &i)(; 'szl))
i=1
:D<iF<§z)O/( z i — Tio1) ZF 52 l xl—l))
i=1
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< Z D<F(§i)0/(ti)(l'i — 1), F(&)a' (&) (i — SUzel))

_Z sup max{\F (&) (o' (t:) — /(&) |,

i—1 2€[0,1]
| B ()@ (t) = o/ (6)) | plas — i)
<> ()~ (&) ] (@i - wi—l)ASel[lopl] max{| F5 (&) |,] f5 (&) [}

‘ sup D(F(x),0) <

<(b—a
> ( )3supx€[a,b] D(F(Z), 0)(b - CL) z€[a,b]

w\m

On the other hand, since F' is fuzzy number-valued Henstock-stieltjes
integrable with respect to o on [a, b], by Theorem 2.4 there is a choice
Sy on [a, b] such that for any So-fine partitions P = {[u,v],£} and P’ =
{[u,v],£'}, we have

D( X F(©)(aw) ~a(). 3 FE)al) ~ () < 5.
P P!

Define a choice S5 = {S1NS2:S! € 51,52 € Sa}. Let P = {[u,v],&}
and P’ = {[u/,v'], £’} be S3-fine partitions on [a, b]. we have

D(ZF(&)& (v—u) ZF v—u))
<D<ZF (v—u) ZF )))
—i—D(ZF (a(v) — afu ,ZF a(v) —ozu/)))
P P
+ D( Y F()alv) = a(), Y FE) () —u)) <«
P P

Hence, Fo' is AP-Henstock integrable on [a, b].

Conversely, if Fa/ is AP-Henstock integrable on [a, b], then for any
€ > 0, there is a choice S3 = {S2} on [a,b] such that for any S3-fine
partitions P = {[u,v],&} and P’ = {[u/,v],£’}, we have

D(ZF({)a (v—u) ZF v—u))<
P

wl
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For a choice Sy = {S:1 N S3: SL e 51,83 € S5}, let P = {[u,v], &}
and P’ = {[u/,v'],£'} be Ss-fine partitions on [a, b]. then we have

D(ZPJF@(a(v) - o). 3 F(E)(a() - a(u)))
< D(;F@)(a(v) ~ ). S FEa (€0 - w))
+ D(;F@a’(s)(v — ) 2Pl - o))
+ D(;F@')a’(éxv’ — ), Y FE) () - () <

Hence, F' is fuzzy number-valued Henstock-Stieltjes integrable with re-
spect to « on [a, b].
Next, we will show that

(APFHS) /b F(z)da = (APFH) /b F(z)d (z)dz.

For any S-fine partition P = {([zi—1,:],&) : 1 <i <n} on [a,b], by
the Lagrange mean value theorem there exists ¢; € (z; — x;—1) such that
a(z;) —a(zi—1) = o' () (v —2i-1)(1 < i < n).

Hence, we have
ZF(&)(@(%‘) —a(ri1)) = ZF(ﬁ)al(ti)(% — 1)
i=1 i=1

Since F' and Fo/ are bounded functions on [a, b], we have
b b
(APFHS) / F(z)da = (APFH) / F(z)d (z)dz.

This completes the proof. ]
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