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ABSTRACT

A non-linear vibration isolation system which is composed of a non-linear spring and a linear damper was
proposed in past research. When the support of the isolation system is excited harmonically, the response
component of the isolation system mass at the excitation frequency has been calculated approximately using the
harmonic balance method. The response was approximated by a single mode, and the result was compared with
a numerical result which is assumed as an accurate one. Next, the response was approximated by two modes,

and the result was compared with the former one.

Key Words : Non-linear Vibration Isolation System(H|A& ZTI=S&Eo1 A|AH!)), Harmonic Excitation(Z2F7HE),

Approximate Solution(ZAFH), Harmonic Balance Method(3t=.Y W7 <)

1. Introduction

The vibration isolation system is used to minimize
the motions transmitted to the upper part of a

system when the base or support of the system

(1]

moves . The suspension system of car seats is an

example of a vibration isolation systemm].

The author’s previous study proposed a vibration
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nonlinear

characteristics'™”.  The

isolation  system  with springs  and

investigated  its proposed
nonlinear springs are composed of two symmetrical
linear  springs. These nonlinear springs are
characterized by a much simpler structure compared
with other nonlinear springs with different structures,
such as disc springs’™, and by the easy adjustability
of the spring’s load capacity. The vibration isolation
system was constructed using these nonlinear springs
and a linear damper. Fig. 1 shows this vibration

isolation system. If the nonlinear relationship
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between the spring force and displacement can be
expressed as a polynomial, the response of this
nonlinear  vibration isolation system can be
approximated. The approximation methods for the
solutions of the nonlinear equation of motion
include the Harmonic Balance Method®” and
methods using a higher-order frequency response

function™”!

. In this study, the response component
of the system mass at the excitation frequency was
measured while the base of the vibration isolation
system was moving harmonically and compared with

the numerical analysis result.
2. Target System

2.1 Target System

The nonlinear vibration isolation system in Fig. 1
consists of a mass, two linear springs, and a linear
damper. This system has a mass of m =100 kg, a
k=10,000 N/m, a
damping coefficient of ¢=1,000 Ns/m, an original

linear spring constant of

spring length of [;=0.7 m, and an initial spring
angle with the horizontal line 6=0.7752 rad
(44.427).

The equation of motion of the mass when the
base of the vibration isolation system receives

excitation is as follows:

my=——c(y—z)— fly—x) o)

where f is a function of the spring force, which
can be found in the reference™. The base
displacement is given by x(t)=Xsinwt, and the
displacement, y(t), of the mass is measured from
the equilibrium state. 2 =y—x, Eq. (1) becomes

the following:
mz+ c,'z+f(z) =mw’ Xsinwt 2)

The response of the mass can be determined by

numerically solving this equation for 2 and adding
x to it. The built-in function ‘ode45’ of MATLAB
was used to solve the equation. The response
component in multiple frequencies can be found by
taking the fft of y(¢). The response component at
the excitation frequency of w = 10 rad/s, and the
X=0.05 m
are shown in Fig. 2. This figure shows that the

amplitude of the base displacement,

component at 10 rad/s, which is the excitation
frequency of the system, and the component at 20
rad/s, which is its harmonic term, are dominant. The
component amplitude at the excitation frequency is
0.049328 m.

3. Application of the Analysis Method

The Harmonic Balance Method is widely used to
approximate the stable or unstable periodic responses
of a nonlinear vibration system. In this method, the
steady state response of the nonlinear system that
receives a harmonic input is represented by the sum
of harmonic terms. In a simple case, the response is

expressed as follows:
y(t) = Acoswt 3)

The amplitude of the harmonic term can be
determined by substituting the above equation in
the nonlinear equation and equating coefficients of
the harmonic terms on both sides.

Fig. 1 Proposed vibration isolation system
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Fig. 2 Frequency components of the response
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Fig. 3 Comparison of the original spring force and
the regression analysis result
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Fig. 4 Comparison of the original spring force
(solid line) and the regression analysis
result (dash-dot line)

3.1 Using One Mode

In Eq. 2), f (2) represents the nonlinear spring
force. After placing the origin of the coordinate axis
at a position of static equilibrium, the spring force
around this position can be approximated by the
third-order polynomial, f(z) = k2 +ky2” + ky2®.
The values of the coefficients can be determined in
the range of —0.13 <2z <0.109 using regression
analysis as follows:
k; =5031.6 N/m,
ky =—13715 N/m®.
Fig. 3 shows both the original spring force and the

k, =—21126 N/m?

regression analysis result; these two curves are
almost identical and cannot be distinguished. Using
this result, Eq. (2) can be written as follows:

mzt k2 + k2t 4 ky2? “
=mw*Xsin (wt+¢)

In the above equation, an unknown phase angle, ¢
was used in the excitation force so that one may
obtain a fundamental harmonic response containing a
single trigonometric term. Assuming z(t) = Zsinwt,
the above equation can be expressed as follows:

—mw*Zsinwt +cwZcoswt + k, Zsinwt %)
+k,Z%sin’wt + ky Z3sin®wt
=mw’Xsin (wt+¢)

If the trigonometric function relation is used, the

above equation becomes

—mw? Zsinwt +cwZcoswt + k, Zsinwt (6)

+ k2Z2(%* %costh) + ksZs(%sinwt

1 . . .
- Zsm?)wt) = F'sinwt cos¢ + Fcoswt sing

To simplify the above equation, mw’X is

represented by F. If the coefficients of the sinwt
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and coswt terms on both sides are equated, we
obtain the following equation:

(k1 —mo?) Z+ %ksZ3 = mw2Xcos¢ 7

cwZ=mw’Xsin¢ (®)

If we solve the above equations simultaneously,
Z=0.04474 m and ¢=2.03356
2(t) =Zsinwt is the response to the excitation

rad. Because

force, mwQXsin(thr@, the response to the

excitation force, mw? X sinwt will be
2(t) = Zsin(wt— o). If
adding 2 (t) = Xsinwt to z(t), the amplitude of the
response component at the excitation frequency
becomes 0.050044 m, which has an error of 1.45%
when compared with the numerically calculated

value, 0.049328 m.

y(t) is determined by

1
In Eq. (6), the constant term, Ek2Z2 on the left

side and the equal sign are not valid. This constant
term was generated in the square term of z(t).
Therefore, to prevent the occurrence of the constant
term, the square term was removed from the
regression analysis of the spring force as follows:

f(2)=kyz+ Ky ©)

As a result, we obtained k, =3874.9 N/m,

ky = 187464 N/ m?>. The spring force represented

by this equation is compared with the original
spring force in Fig. 4. It can be seen that the
original spring force is not represented properly
when regression analysis was performed with the
square term removed. When Eq. (9) was used in
Eq. (2), which is the equation of motion, and the
Harmonic Balance Method was applied as above,
the response component amplitude at the excitation
frequency became 0.04485 m; thus, the error with

the numerically calculated value increased to 9.08%.
Therefore, it can be seen that not using the square
term in the regression analysis of the spring force
to remove the constant term is not a good method.

3.2 Using Two Modes

Two modes were used in the Harmonic Balance
Method to improve the accuracy of the solution. In
other words, as an approximate solution of Eq. (4),
the following equation was used:

2(t) = A;sinwt + A,sin2wt + Bycos2wt (10)

After substituting z(¢) in Eq. (4) and rearranging
the equation, if the coefficients of the sinwt,

coswt, sin2wt, and cos2wt terms on both

sides are equated, we obtain the following
equations:
—mw’A, + kA — kA B, +/€3(%A13 an
+ %AlA;‘F %AlB;) =mw’Xcos¢
cwA; + kA Ay =mw’ Xsing (12)
—4mw* Ay —2cwB, + kA, 13)
ks (%A;Jr %A12A2 + %AzB;) =0
—4mw? B, +2cwA, +k By — %/@AE (14)
+ ks(%B;Jr %A;Bz + %AEBz) =0

It is not easy to solve the above equations
through a nonlinear equation for the unknown

variables A, Ay, By, ¢. This equation was solved as
follows. If Egs. (11) and (12) are combined by A,
and both sides are squared, we obtain the following

two equations, where F' =muX.
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Ay —me? — By + %ks(AerB; (15)
+ %Af))2 = F’cos’¢
AXcw+k,A,)? = Fsin’¢p (16)

If the above two equations are added, the variable

¢ is removed and A can be expressed as follows:

a=-— (17)

VG
where

G=(k —mw2—k232+%k3(A§+B§ (13)

+%A12))2+(cw+k2A2)2

Eq. (13) can be combined by A, and expressed for

A, as follows:

2cwB,
A, = ) (19)
k, —4dmw’® + T (Aj+2A7+B;)

Similarly, Eq. (14) can be expressed for B, as

follows:

1
>k AZ—2cwA,
B = 3 (20)
k — Ame? + Zk'g (A22 + 2A12 + Bzz)

In this way, we obtained three equations, (17), (19),
and (20) for A, A,, B, respectively. To solve these
equations numerically and simultaneously, new
Ay, Ay, B, were obtained by substituting the initial
values of the unknown variables, A, A,, B,, in Egs.
(17), (19), and (20), respectively. Then, the unknown
values were determined by substituting these values
in the equations, and this process was repeated. For

the initial value of A;, 0.04474 was used, which is

0.0448

0.0446 [ 4

0.0448 [

0.0448 [

0.0447

A

0.0447

0.0447

0.0447 |-

0.0447
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Fig. 5 Variation of a calculated coefficient with
the number of iterations

the A, value when there is only one mode. The
initial values of A, and B,were set to zero. The

above calculation process was repeated 100 times.
After 10 iterations, the unknown values converged
with almost no change. The converged values were
A, =0.044739, A, =—0.260105, and B, =0.455308.
Fig. 5 shows the variation of the unknown value
A, during the repeated calculations, and the
unknown values changed very little after 10
iterations.

When the displacement of the mass y(t) was
determined by adding 2(t) = Xsinwt to z(t), the
response component amplitude at the excitation
frequency became 0.05008 m. When this was
compared with the numerically calculated value,
0.04933 m, the error became 1.52%, which had
increased compared with wusing one mode. This
appears to be because, as with the case of using
one mode in the approximate equation, the equals
sign in the equation of motion was not valid
because a constant term that could not be offset
appeared in the equation of motion due to the
square term used in the regression analysis of the
spring force.

4. Conclusion
This study approximately analyzed the response of

a nonlinear vibration isolation system composed of a
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nonlinear spring and a linear damper. The
displacement of a mass was approximated using the
Harmonic Balance Method, while the base of the
vibration isolation system moved harmonically. For
this purpose, the nonlinear spring force was
represented as a third-order polynomial using
regression analysis. The response component at the
excitation frequency when the response of mass was
represented in one mode was approximated and
compared with the numerical calculation result.
When the response was approximated using two
modes to improve the accuracy of analysis, the
accuracy did not increase, unlike the expectation.
This appears to be because the second-order term of
the spring force in the equation of motion became
a constant term, and because this constant term was
not offset, the equals sign of the equation of

motion became invalid.
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