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FILTER SPACES ON ECL-PREMONOIDS

YouNG-HEE Kim?, TAEWON KANG? AND YONG CHAN KiMm & *

ABSTRACT. In this paper, we introduce the notion of the (L, *)-filter spaces on ecl-
premonoids. Moreover, we obtain various (L, x)-filters incuced by two (L, x)-filters
and give their examples.

1. INTRODUCTION

Filter spaces are very useful tools in several area of mathematical structures with
direct applications, both mathematical (e.g. topology, logic) and extramathemati-
cal (e.g. data mining, knowledge representation). In fuzzy set theory, Gaher [2,3]
introduced the notions of fuzzy filters in a frame L. Hohle and Sostak [4] introduced
the concept of L-filters for a complete quasimonoidal lattice L. Kim and Ko [8,9]
introduced the images and preimages of L-filter bases on stsc quantales and devel-
oped (L, *, ®)-quasiuniform convergence spaces on ecl-premonoid in Orpen’s sense
[10].

In this paper, we introduce the notion of the (L, *)-filter spaces on ecl-premonoids
in Orpen’s sense [10]. Moreover, we obtain various (L, x*)-filters incuced by two

(L, x)-filters and give their examples.

2. PRELIMINARIES

In this paper, we consider complete lattices (L, <, L, T) with bottom element L

and top element T.
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Definition 2.1 ([1, 4, 10]). A complete lattice (L, <, L, T) is called a GL-monoid
(L,<,*, 1, T) with a binary operation * : L x L — L satisfying the following condi-
tions:
(Gl)ax T =a, foralla € L,
G2) axb=bxa, for all a,b € L,
G3) ax(bxc)=(axb)*c, for all a,b e L,
G4) if a < b, there exists ¢ € L such that b * ¢ = a,
G5) a* ;e bi = Viep(a* b;).
We can define an implication operator:

a:>b:\/{c|a>kc§b}.

(
(
(
(

Remark 2.2 ([1, 4, 10]). (1) A continuous t-norm ([0, 1], <, %) is a GL-monoid.
(2) A frame (L, <,A) is a GL-monoid.

Definition 2.3 ([1, 4, 10]). A complete lattice (L, <, L, T) is called a cl-premonoid

(L, <,®) with a binary operation ® : L x L — L satisfying the following conditions:

(CLl)a<a®Tand a<T®a, foralla € L,

(CL2)ifa<band c<d,thena®c<bod,

(CL3) a® ViGF b; = \/ier(a ©O) bl) and \/jGF a; © b= \/jer(aj ® b)
We can define an implication operator:

a—)bz\/{c]a@cgb}.

Example 2.4. (1) Every GL-monoid (L, <, %) is a cl-premonoid.

(2) Defines maps ®; : [0,1] x [0,1] — [0, 1] as follows:

1 1
rOry =7 -yr(p>1),2 02y = (2" +y") A 1(p > 1).

Then (L, <,®;) is a cl-premonoid for i = 1, 2.
Definition 2.5 ([1, 4, 10]). A complete lattice (L, <, L, T) is called an ecl-premonoid
(L, <,®,*) with a GL-monoid (L, <, *) and a cl-premonoid (L, <,®) which satisfy
the following condition:

(D) (a®b)*(c®d) < (a*xc)® (bxd), for all a,b,c,d € L.

An ecl-premonoid (L, <, ®, ) is called an M-ecl-premonoid if it satisfies the fol-

lowing condition:
(M) a<a®afor all a € L.

Example 2.6. (1) Let (L, <,%) be a GL-monoid and (L, <,A) is a cl-premonoid.
Then (L, <, A, %) is an M-ecl-premonoid.
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(2) Let (L, <,%) be a GL-monoid. Then (L, <, %, %) is an ecl-premonoid. If « = -,
0.5£0.5-0.5=0.25. (L,<,-,-) is not an M-ecl-premonoid.

(3) Let (L,<,-) be a GL-monoid. Define a map ® : [0,1] x [0,1] — [0,1] as
r®y=(zx+y)ALl Then (L, <,®,) is not an M-cl-premonoid because

0.7=(0.3®0.4) (0.5 0.7) £ (0.3-0.5) ® (0.4-0.7) = 0.15+ 0.28 = 0.43

(4) Let (L,<,-) be a GL-monoid. Define a map ® : [0,1] x [0,1] — [0,1] as
TOY = 3 y% Then (L, <,®,-) is an M-cl-premonoid.

In this paper, we always assume that (L,<,®,*) is an ecl-premonoid unless

otherwise specified.

Lemma 2.7 ([1,4, 9, 10]). Let (L, <,®,*) be an ecl-premonoid. For eacha,b,c,d,a;, b; €
L and for t€ {—,=}, we have the following properties.
(1) Ifb<c,thena®b<a®candaxb<axc.
(2)a®b<ciffa<b—c. Moreover,axb<ciffa<b=c.
(3) Ifb<c,thenatb<atcandcta<bta.
4 a<biffa=b=T.
B)axb<a®ba—=b<a=bandax(b®c)<(axb)Oec.
(6) (aTd)©(cTd)<(a®c)t (bOd).
() (b1ec)<(a@b) T (a®c).
8) (btc)<(atb)t(atc)and(bta)<(atc)t(bTc)
(9) b—c)<(atb)—(atc)and (bTa)<(a—c)—(bTc)
(10) a; 70 < (Aier @i) T (Aier bi)-
(11) a; 7 b < (Vier ai) T (Vier bi)-
(12) (cta)* (b —d) < (a—b) = (cTd).
Definition 2.8 ([4, 10]). A mapping F : LX — L is called an (L, ¥)-filter on X if
it satisfies the following conditions:
(F1) F(Lx) =L and F(Tx) =T, where Lx(z) =1, Tx(x)=T for x € X.
(F2) F(f  g) = F(f) + Flg), for each f,g € L,
(F3) it £ < g, F(f) < Flg).
An (L, x)-filter is called stratified if
(S) Fla* f) > ax F(f) for each f € L* and a € L.
The pair (X, F) is called an (resp. a stratified)(L, *)-filter space. Let Fy(X) (resp.
F$(X)) is a family of (resp. stratified) (L, *)-filters on X.
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Example 2.9. (1) Define a map [z] : LY — L as [z](f) = f(z). Then [z] is a
stratified (L, x)-filter on X.

(2) Define a map inf : L — L as inf(f) = A,cx f(z). Then inf is a stratified
(L, x)-filter on X.

3. FILTER SPACES ON ECL-PREMONOIDS

Theorem 3.1. For F,G € F,(X) and for ¢ € {®,x*}, we define F oG, F o, G :
LX — L as follows:

(FoG)(h) =F(h)oG(h)

FouG(h) =\/{F(f)oG(g) | f+g < h}.

Then we have the following properties:

(1) FoG is an (L, x)-filter on X for o € {®,*}.

(2) If (L, <, ®, %) is an M-ecl-premonoid and F,G € FJ(X), then FOG € F7(X).

(3) If fxg = L implies F(f) ©G(g) = L, then F ©. G € F(X) is the filter finer
than F and G.

(4) If fxg = L implies F(f) *G(g) = L, then F %, G is an (L, *)-filter on X
which is the coarsest filter finer than F and G.

(5) If Fe F¥(X) or G € F{(X), then F o, G € F¥(X) for o € {®,x*}.

(6) If F € F2(X), then F *, (N\yexlz]) = F.

(7) Fxo F=F and (F %+ G) % H = F %, (G #. H).

(8) (F1 ® F2) ox (G1 © G2) < (F1 04 G1) © (F2 04 G2) for o € {®, *}.

Proof. (1) Since T =T ® T and L = L ® L from (CL3), (F®G)(T) = T and
(F®G)(L) = L. For each f,g € LX,

(FOO(f+g9)=F(f*xg) ©G(f*g) > (F(f)*F(9) ©(G(f)*G(9))
> (F(H)ogf) = (Flg) ©G(g) = (FOG(f) * (F2G)(9)-

Hence F ® @G is an (L, %)-filter. Similarly, F % G is an (L, x)-filter.

(2) For each f € LX and a € L,
(Fog)laxf)=Flaxf)oglaxf)=(axF(f)) O (axG(f))
> (@O a)x (F(f) ©4(f) =2 ax(FoG)(f)

Hence F ® @G is a stratified (L, x)-filter.
(3) (F1) Since f* g = L implies F(f) ©G(g9) = L, (Fo.G)(Llx) = L.
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(F2) is easy. (F3)

(F ©x G)(h1) * (F ©x G)(h2)

=\V{F(f1) ©G(g1) | fr*xg1 < hi}« V{F(f2) ©G(g2) | f2* 92 < ha}
= V{(F(f1) ©G(g1)) * (F(f2) ©G(g2)) | fr* g1 < h1, fa* g2 < ha}

< VHL(F(f1) * Flg2) © (G(g1) * G(g2)) | (f1%g1) * (f2*g2) < hy © ha}
SV{F(f1* f2) ©G(g1 % 92) | (f1* fa) * (g1 % g2) < h1 * ha}

(4) By a similar method, F *, G is an (L, %)-filter on X.
If F<H and G < H, then F %, G < H from
(F . G)(h) = V{F(f) % G(g) | [+ g < h}
S VAR «Hig) | frg <hy <V{H(f*g) | fxg <h} <H(h).
(5) Let F € F¥(X). Since (a® T)* (b®c) < (a*b)® (T xc), we have
ax (FOx G)(h) = ax\V{F(f)©G(g) | f+g<h}
S (a0 T)*V{F(f)©G(9) | f+g <h}
= V{(axF(f)) ©G(g) [ax f+g < axh}
<V{Flaxf)©G(g) [axfrg<axh} <(Fo.G)(axh).
Similarly, F %, G € F?(X).
(6) By (4), F *« (Agex[z]) > F. Moreover, we have
(F # (Apex [2D)(h) = VAF(f) * (Nsex[2D(9) | f+g < h}

= VAF() * Noex 9(x) | [+g < h}
SVEF( # Npex 9(@)) | f+g < h} < F(h).

(7) F %4 F is finer than F from (4). It follows from:

(Fxe F)(h) = \V{F(f)«F(g) | f+g <h}
SV{F( *9) [ frg<hy=F(h),

(Fx @) H)(1) = V{(F % G)(k) * H(h) | kxh <1}
=V{V(F(f) «G(9)) « H(h) [ f+g <k, kxh <1}
=V{(F(f) xG(g)) *H(Rh) | fxgxh <1}
= V{F(f) = (G(g) * H(h)) | f+xgxh <1}
= (F (G x H))(D).

(8) For o = %,
(F1© F2) 4 (G1 © G2))(h)

f
V{(FL O Fo)(f) * (G1 ©Ga)(g) | f+g < h}
VA{(FL(f) % G1(9)) © (Fa(f) * G2(9)) | fxg < h}
V{(FLr#: G1)(f % 9) © (Fa* G2)(fxg) | fxg < h}
(F1 % G1)(h) © (F2 *4 G2) (h).

ININIA
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Example 3.2. Let X = {z,y} be a set. Define a map ®,x : [0,1] x [0,1] — [0, 1]
as a ®b = a+‘;b 5 and a x b = ab. Then (L = [0,1],0) is a cl-premonoid and
(L =[0,1], %) is a GL-monoid. It satisfies

(D) (a®b)* (c®d) < (axc)® (bxd), for all a,b,c,d € L from

(a+b—ab)(c+d—cd) —ac — bd + abed

= be + ad — abc — abd — acd — bed + 2abed

=bc(l —a) + ad(l — b) — acd(1l — b) — bed(1 — a)

=bc(l —a)(1—d)+ad(l—0b)(1—c)>0.
Hence (L, <,®,*) is an ecl-premonoid. But it is not an M-ecl-premonoid because
a®a= 5% <afor0<a<1 Let[z] and [y] are stratified (L, x)-filters on X.
Then [z] ® [y] is an (L, x)-filter on X and not a stratified (L, *)-filter on X because

([z] © [y]) (0.7 % A) = 0.28 ® 0.35 ¥ 0.7  ([2] ® [y])(A) = 0.2

where A(z) = 0.4, A(y) = 0.5.
For A1+ Ay = 0x with Aj(x) =1, A1(y) = 0 and As(z) =0, A:1(y) =1, [z](41) ®
[y](A2) =1 # 0. Hence [z] Oy [y] is not an (L, x)-filter.

Let ¢ : X — Y be a function, F € LE®) L-filter on X and ge LEY) Lfilter on
Y. Two functions ¢~ (F) : LY — L and ¢=(G) : LX — L are defined by

¢;‘(f)( ) =F(¢ (9),
=\/{G(h) | 6 (h) < f}.
Definition 3.3. Let F € F,(X) and G € F.(Y). Then we define F ®¢ G : LXXY
L as follows:
F QoG =m1 (F)Oums (G)

where 71 (z,y) = z and ma(z,y) = y.

Theorem 3.4. Let F,H € F.(X) and G € F.(Y). Then we have the following
properties:
(1) For f®g(x,y) = f(x) * g(y) and u € LX*Y | we have

F@oGw) = \{F()oGg) | feg<u}
(2) (G®eF)~ 1:}‘®®g where (G @ F) ™M (u) = (G @ F)(u™") foru™(z,y) =
u(y, ).
(3) f®g=_L implies F(f) ©G(g9) = L iff FRx G € Fi(X xY).
(4) If F € F5(X) and G € FS(Y), then F @0 G € F5(X x Y).
(5) Forw € X, F,G € Fu(X), (F @5 [¢]) * (G 80 [a]) < (F+ ) 96 [1].
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(6) If (L, <,®,x*) is an M-ecl-premonoid and for x € X,F,G € F.(X), (F Qg
[z]) © (G @ [2]) 2 (F O G) @ [2].

(7) Forx € X, F,G € F.(X), we have (F Qg [x]) *« (G Q¢ [2]) < (F %+ G) Q¢ [].
In particular, (F @y [x]) %4 (G Qx [2]) = (F *4+ G) Q4 [z].

(8) Forz € X andy € Y, 75 (@ )]) = [2] and 75 ([(,9)]) = o).

(9) Forz € X,F,G € F3(X) and u € LX*X, (F @, [2])(u) = F(u(—,z)) and
(F @x [2]) * (G @« [2]) = (F % G) @ [2].

(10) For 2,y € X and u € LY, ([a] @, [y)(w) = [2](u(=9)) = u(z,y) =
[(z, y)](u).

(11) For 2,y € X and u € XX, ([a] 00 [y])(w) > ([2] @ [1]) () = [(2,5)](1)-

(12) Forz € X, F,G € F(X) andu € LX*X | we have (F®4[z])*«(GR4[z]) (u) =
(F *: G)(u(—, ) = (F *+ G) @4 [x])(10).

(13) Zp ® Iy > Ly for o € {*,0}, the equality holds, if axb # L for each
a# 1L and b+# L, where

T i f) £ L
Iy(f)‘{L, i 1) - L

(14) Let F,H € F(X). Then (F ®+Zy) * (H ®+Ly) = (F * H) @x L.

Proof. (1) From the definition of F ®¢ G, we only show that \/{n; (F)(u1) ®
75 (G)(u2) [ w1 xug < up = V{F(f) ©G(9) | f®g < u}. For each f ® g =7{ (f)
5 (9) < u, F())©G(g) < i (F) (1 (f) 75 (G) (75 (9))- Hence, V{n i (F)(u1)©
75 (G)(uz) | wr xug <up = V{F(f) ©G(g) | f@g < u}.

Suppose V{1~ (F)(u1) O35 (G)(u2) | urxuz < uj £ V{F(f)©G(9) | f®g <u}.
Then there exist w1, us € LX*Y with u; *us < u such that 7 (F)(u) Oms (G)(uz) £
V{F(f) ®G(g) | f ® g < u}. From the definitions of 77~ (F)(u1) and 75 (G)(u2),
there exist f € LX and g € LY with 7 (f) < uy and 75 (g) < wup such that

T (f)(z,y) * 75 (9) (%, y) = f(z) * g(y) < u(z,y) and
F(f)o6(g) 2 VIF(H)©6(9) | f@g<u}.

It is a contradiction. Thus /{77~ (F)(u1) © 75 (G)(u2) | u1 * ug < u} < V{F(f) ®

G(9) | fog<u}
(2) For f ® g(z,y) = f(x) * g(y) and u € LX*Y | we have

(G ®0 F)Hu) = (G &0 F)(u™) =V{G(g) ©F(f) |g® f <u™'}
=VH{F(f) o069 | fog<u} =F Q6 G(u).
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(3) (F2) For each f1 ® g1 < w and fo ® g2 < v, since (f1 * f2) ® (g1 * g2) =
(f1i®g1)* (f2® g2) < ux*v, we have:
(F @0 G)(u) * (F ®s G)(v)
=\V{F(f1))oG(q) | fi®wg <ulx \V{F(f2) ©G(g2) | f2® g2 < v}
SVF(f1) ©G(g1)) = (F(f2) ©G(g2) | (fi @g1) * (f2® g2) Su© v}
SVAUFf1) * F(f2)) ©(G(g1) *G(g2)) | (f1 * f2) @ (g1 % g2) SuG v}

SV{F(fr+ f2) ©G(g1 % g2) | (f1+ f2) @ (g1 % g2) Su® v}
< (F®p G)(u*wv).

Other cases are easily proved.
(4) Let f®g = L. Then F(f) *G(g9) < G(F(f) xg). Since F(f) * g(y) <
F(f xg(y)) = F(L) = L, we have F(f) xG(g) < G(F(f) *g) = L.

ax* (F®eG)(u) =ax\{F(f)©G(g) | fog<u}
=V{ax(F(f)©d(9) | f®g < u}
<V{laoT)*(F(f)od(9) | f®g<u}
<V{(axF(f)©(T*G(g) | (a*f)@g<axu}
<V{Flaxf)©d(g) | (axf)®g<axu}
<(F®e G)(ax*xu).

(5) Suppose there exists u € LX*X such that
(F ®c [2]) * (G @ [2]))(u) £ (F % G) @a [2])(u).
There exist f; € LX,g; € LX with (f; ® ¢;) < u such that
(F(f1) © [21(91)) * (G(f2) © [2](g2)) £ ((F * G) ®¢ [z])(w).
Since (F(f1) © [2](g1)) * (G(f2) © [2](92)) < (F(f1) * G(f2)) © ([z](g1) * [z](g2)), we

have
(F(f1) xG(f2)) © [2](g1 % g2) £ (F * G) ® [2])(u).
On the other hand, since (f1V f2) ® (g1 xg92) < (f1®g1) V (fa ® g2) < u,

(F*G) ®@c [2])(u) > (F*G)(f1V f2) © [z](g1 * g2)
> F(f1) *G(f2) © [2](g1 * 92)-

It is a contradiction. Hence the result holds.
(6) Suppose there exist € X and u € LX*X such that

(F @0 [2]) © (G @0 [2])(u) 2 (F ©G) @6 [2])(w).
There exist f € LX, g € LX with f ® ¢ < u such that

(F @ [2]) © (G @0 [2])(u) 2 (F©G)(f) © [2](g).
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On the other hand, since (L, <, ®, x)
(F ®0 [2]) © (G 6[9?[ z]))(u) = (F @0 [2])(v) © (G @ [2])(u)
®©
f

is an M-ecl-premonoid,

> F(f)o6(f) o =l(9) ©[=l(g) = F(f) ©G(f) © [](9)-
It is a contradiction. Hence (F ®g [z]) © (G Q¢ [z]) > (F © G) ®¢ [z].
(7) Forz € X, F,G € F.(X),

(F @ [7]) *« (G ®p [7])
= V{(F ®g [z])(u1) * (G ®¢ [z
= V{(F(f1) ©[z](g1)) * (G(f2) © [z](g92)) | fi ® gi < wiyur xuz < u}
<V{(F(f1) *G(f2) © ([2](g1) * [x](92)) | fi ® gi < wiyur *uz < u}
<SV{(F . G)(f1 x91) © [2](91 % g2) | (f1* f2) ® (g1 % g2) < u}

< ((F % G) ®¢ [])(u).

Similarly, (F @« [7]) *« (G @« [2]) < (F *4 G) @« [2].
Suppose there exists u € LX*¥ such that
((F @ [2]) #4 (G @4 [2])) () Z ((F %4 G) O [2])(u).
There exist f,g € L* with f ® g < u such that
((F @x [2]) #4 (G @4 [2])) () 2 (F % G)(f) * [2](9)-
There exist fi, fo € LX with (f1 * f2) ® g < f ® g < u such that
((F @« [2]) %4 (G @4 [2]))(u) 2 (F(f1) % G(f2)) * [2](g)-

There exist g1, g2 € LX with g1 * go = ¢ such that

(fixfo)®g=(f1*f2)® (91 %g2)
=(1i®g)*(fo®g) < fog<u.

)(w)

o[ ])(1[02) | up *ug < u}

Thus, we have
((F @ [2]) #4 (G @4 [2]))(u)
> (F @« [2])(f/1 @ g1) * (G @ [2])(f2 ® g2)
= (F(f1) * [2](g1)) = (G(f2) * [2](g2)) =( (f1) * G(f2)) * [z](g)-
It is a contradiction. Hence (F ®x [2]) #x (G @4 [2]) = (F %4 G) @4 [z].
®) 71 ([, »)])(h) = [(2, 971 () = h(mi(z,y)) = h(z) = [z](R).
(9) For z € X and F € F?(X),

(F @y [2])(u) = V{F(f) = [2](9) | f® g < u}
=V{F () xg9(@) | fog<u} <V{F(g(@) = f) | f(-) ®g(@) <u(—, )}
(F @ [2])(u) = V{F(f) *[2](9) | f @ g < u}
2 A{F(u(—,2)) x1x(z) | u(—2) @ 1x < u(—,2)} = Flu(—, ).
((F @« [z]) % (G @« [2]))(u) = F(u(—,z)) * G(u(—, z))
= (F*G)(u(—,2)) = (F *G) @« [2])(u).
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(10) Since [z] € FZ(X), by (9), the results hold.
(11) It is easy from the definition of ®g¢.
(12) For x € X, F,G € F¥(X) and u € LX*X,

((F @« [z]) %4 (G @« [2]))(w)

= V{(F @ [z])(w1) x (G @ [2])(ug) | ur * ug < u}

- v{f(ul(_vx)) * g(UQ(_7x)) ’ ul(_7m) * Qm(—,.%) < u(_vm)}
= (F#: G)(u(—, 2)) = ((F #« G) @« [z]) (u).

(13) Let u(z,y) = f(x) x g(y) # L such that Zi, ,y(u) = T. Then f(z) # L and
g(y) # L. Hence (I, ®¢ Zy)(u) > T.(f) ©Z,(9) = T. So, I ®c L > L(z,). Let
(Zy ®o Zy)(w) # L. Then there exist f(x) # L and g(y) # L with f® g < w. Since
f(z) % g(y) # L for each f(z) # L and g(y) # L, L # f(z) * g(y) < w(z,y). Hence
I(;t,y) (w) =T. SO, T 290! Iy < I(;B,y)'

(14) Suppose there exist y € Y and Lyxy # u € LX*Y such that

(F @ Iy) * (H@:Ty))(u) £ (F * H) @ Ly) (u).

There exist f; € LX,g; € LY with (f; ® ¢;) < and g;(y) # L such that

(F(f1) * Zy(g1) * (H(f2) % Ty (g2)) £ (F * H) @ L) ().

Thus, F(f1) * H(f2) £ (F * H) @ L) (u).
On the other hand, since (f1 V f2) ® (1 A g2) < (i@ q1) V(fa®g2) <u,

(F*H) @ Zy)(u) = (F=H)(f[1V f2) *Ly(g1 A g2)
> F(f1) x H(f2)-

It is a contradiction. Hence (F ®4 Zy) * (H ®+ I) < (F * H) ®+ Ly.
Suppose there exist y € Y and Lxyy # u € LX*Y such that

(F®@:Zy) * (H®: 1)) (u) 2 ((F xH) @ L) (u).
There exist f € LX,g € LY with f ® g < and g(y) # L such that
(F @« Iy) x (H @+ L)) (u) 2 (FxH)(f) * Ly (9)-

On the other hand,

(F@uT) (Mo T)(w) > (Fo.T,) )« (Ko I,)(u)
> F(f) « H(J)-

It is a contradiction. Hence (F ®4 Zy) * (H ®« Zy) > (F * H) ®+ Ly. O
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Example 3.5. Let X = {z1,z2} and Y = {y1,y2} be sets, (L = [0,1],*) an GL-
monoid with a xb=a-b and f,g € [0,1]¥ as follows:

f(z1) =1, f(z2) = 0.6, g(z1) = 0.5,9(1’2) =L

Define ([0, 1], *)-filters as F : [0, 1]X — [0,1] and G : [0,1]¥ — [0, 1] as follows:

1, if h =1x,
F(h)y=< 04", iffr<h? f"tneN
0, otherwise,
1, if h=1x,
G(h)=1<¢ 03", ifg"<hP(g"lneN
0, otherwise,

where k" = k" ! « k and k° = 1.
(1) Let x 0y = s -y%. Since hxk = L xxy implies F(h) ©G(k) = L, we obtain
([0, 1], ¥)-filters as F ®@¢ G : [0,1]%X — [0, 1] as follows:
1, ifh =1y,
047 ©0.3™, if frxg™ <h# fr lxgm,
1

fregm < h 2 frxgh
0, otherwise,

F ®e G(h) =

where k[ = k=1 o k and kK = 1.
(2) For u € [0, 1]%*X with

u(z1, 1) = 0.3, u(xy, z2) = 1, u(z2, x1) = 0.8, u(z2, x2) = 0.7,

For 1x ® h < 0.9 % u with h(z1) = 0.27, h(z2) = 0.63, F ®+ G(0.9xu) = F(lx) *
[22](h) = 0.63 = 0.9 x (F ®x G)(u) # F(0.9 % u(—,z2)) = 0.
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