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VANISHING OF PROJECTIVE VECTOR FIELDS ON
COMPACT FINSLER MANIFOLDS

BIN SHEN

ABSTRACT. In this paper, we give characteristic differential equations
of a kind of projective vector fields on Finsler manifolds. Using these
equations, we prove the vanishing theorem of projective vector fields on
any compact Finsler manifold with the negative mean Ricci curvature,
which is defined in [10]. This result involves the vanishing theorem of
Killing vector fields in the Riemannian case and the work of [1,14].

1. Introduction

Projective vector fields are a class of important vector fields on differential
manifolds. They include some important concepts such as Killing vector fields,
affine vector fields, etc. All those fields describe some symmetries of the space.
On the other hand, a projective field is related to a projective transformation,
which preserves the geodesics in set-theoretic sense. It is also related to the
Hilbert’s forth problem [11].

In Riemann geometry, a projective flat manifold must be a space form with
constant curvature by the Beltrami’s theorem. This fact somehow restricts
applications of projective fields. However, conformal fields play much more
important roles in Riemann geometry [9]. Even the Killing fields are concerned
more than projective fields [8,15,16]. However, in general Finsler spaces, pro-
jective transformations perform much better than conformal transformations.
There are lots of work on projective flat metrics in Finsler geometry [4,13].
To look into the symmetries and the properties of connections, R. L. Lovas
considered the equivalent characterization equations of affine and projective
fields on Finsler manifolds using the Lie algebra [5]. H. J. Tian also discussed
a vanishing theorem of projective fields [14]. However, H. Akbar-Zadeh had
already studied this topic in [1], which included Tian’s work. We can access
their result in another approach. See Theorem 5.3 below.
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In this article, we consider the Finsler projective fields and give two equiva-
lent differential equations about the Chern connection of some projective vector
fields. From the convenience of analysis, we think the Chern connection is bet-
ter than the Yano’s derivative, which was used in [5].

Theorem 1.1. Let (M, F) be a Finsler manifold and let V be a vector field on
M. The following statements are equivalent:

i) There are a 0-homogeneous 1-form 1 and a (—1)-homogeneous 2-form

T such that
1) Vije = VPR 1y + VI Py = 18, + 5 + iy’
ii) there are a 0-homogeneous 1-form v and a (—1)-homogeneous 2-form
T such that

(2)  Vijjik + Vijire = 2¢x9i5 + Vigie + igik + Tinys + Tixyi

—2VPCiju R, — 20V (Cijrie — 207 Py, Cit),
where “|” denotes the horizontal covariant derivative with respect to the Chern
connection. Fither one of the above implies that

iii) V is a projective field on M.

We can prove vanishing theorems of projective fields by applying the Bochner
technique on Finsler manifolds to the equations in Theorem 1.1. The most
interesting result is the following.

Theorem 1.2. Let (M, F) be a compact Finsler manifold with non-positive

mean Ricci curvature Ricci < 0. Then every projective field V on M is almost
parallel, that is VV (y) = Mz, y)y for some scalar function A(z,y) on TM, and

Ricci(V,V) = 0. Furthermore, if the mean Ricci curvature is negative, then
there is mo any nontrivial projective field.

This conclusion improves the result in [1,14] and can be considered as the
extension of the similar theorem about Killing fields in [10].

2. Finsler manifolds and some concepts

In this section, we will shortly introduce the concepts we need on a general
Finsler manifold.

Let (M, F) be a Finsler manifold, with F = F(x,y) being the Finsler
metric. F is actually a non-negative function continuously defined on T'M
and smoothly defined on ToM := TM \ {0}. We call F' a Riemannian met-
ric if F' = \/gi;j(x)y’y’, where the fundamental tensor locally expressed by

Gij = %% is independent of the tangent coordinates y. The Cartan curva-

—_ .. i j k ; : . _19gij _ 1 __ 93F?
ture C' = Cyjrdx’ @ do’ @ dz” is locally given by Cij, = 3 6y’i = 10519,795%
which vanishes if and only if the metric is Riemannian. Moreover, the mean

Cartan curvature I = Idz" is locally defined by I, = ¢"C;;i, which also
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vanishes if and only if the metric is Riemannian. A Landsberg curvature
L= Lijkdxi ®dx? @ da* is locally related to the Cartan tensor by Lijk = Cijrio
with “|” denoting the horizontal covariant derivative with respect to the Chern
connection. It is obvious to see L;jry’ = Lijry? = Lijry* = 0.

The spray G is a special vector field defined on the punched tangent bundle
ToM. Tt is locally described by

0

. o0
=26 (,y) 5

oy’

where the spray coefficients G satisfy G*(x, \y) = A\2G(z,y) for any A > 0.
If the spray is induced from a Finsler metric, then it is related to the Chern
connection as

(3) G=y

Gi:Fékyjyk, and (Gi)yjyk:F§k+L§-k.

The Chern connection is the unique affine connection on a Finsler manifold
which is torsion free and almost metric compatible. The Christoffel symbol of
Chern connection is locally defined by

rooo L9, 99 9gu,
g2 dxd Szt Sk

where 521‘ = a?ci — Ng% is called the horizontal derivative. We call NJ’f

the nonlinear connection coefficients, which can be obtained from the spray

coeflicients by

.G

[2] provides the definition of Chern-Riemannian curvature tensor locally by

3 61—‘31 (SF;IC i m i m
(5) Pk Sk T 5l Sl A R N

One can compute directly to get that
(6) Rijii + Rjit = —2Ci5m R™,,
and
(1) BRriij — Rjit = — CumR™j; + Cjim Ry — Crim R — Cijm R™;
- Cz’lmijk - Cjkamil'
The flag curvature is an analog of the sectional curvature in Riemann ge-
ometry, which is defined by
_Rijklyivjykvl
(gikgji — gugir)y'viyFol’

(8) K(ILy) :=

where R = R’,9s; and I, = span{y,v} is a section of dimension 2, with
y = y'0; and v = v°0;.
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If we define R, = y* R}, then (5) combining with the relation Nj = y*T,
shows that
ONj ON; ON; ON}
0 L/ L/ S L/ BV L S
J oxd  Oxk Oy 7 Oy
If we define

3

=Ry, Rk = gi; Ry = —Riuy'y,
the flag curvature can be concisely expressed by
(10) K(I,)(v) = F2Rviv",

So R or Rjy, is also called the flag curvature tensor. It is also denoted by R, for
short since the flag curvature is obtained by contracting the Chern-Riemannian
curvature tensor with y.
The Chern-non-Riemannian curvature tensor is locally defined by
, or
— Jk
(11) lek.l o Tyl.

The symmetry of jk in I‘;k implies that

(12) Pl =Py

AA complete lifting of vector field V = V?8; on a Finsler manifold is denoted
by V and locally defined by

. 9 OVE 0
13 V=V'—+y ——.
(13) 8:ci+y oxi Jy*

For any Finsler metric, the mean Ricci curvature Ricci is first introduced
in [10], which reduces to the Ricci curvature when the metric is Riemannian.
The related Riemannian metric can be found in [6], which is

0?F?
14 aii(x :/ i (x, ww:/ — Wy,
(14 () Sngj( v) s, v Oy 0y
where w, is a volume form on S; := {{ € R"|F(§) = 1}. There are some

different volume forms on a Finsler manifold. In this article, we adopt the
Holmes-Thompson volume form. That is,

(15) dVF = O’H(:C)dx,

1
16 ofg(x) = det(g;;)dv,
16 ou@) = [ \faenta)
(17) dv = Jdet(gi;) > (~1)I gyt A Adyi A Ay

[l

where means the term is suppressed and c¢,,_; denotes the volume of the
Euclidean sphere S™~! of dimension (n — 1). We know that dv is the volume
form on the tangent sphere S, M.
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At last, the following mean Ricci curvature can be used to solve a lot of
problems.

Definition 2.1 ([10]). The mean Ricci curvature Ricei is the integral of the
flag curvature tensor on the indicatrix S, M of each point, i.e.,

__ 1 /At g,
(18) Ricei(v) = K(IL,)(v) Y254
Cn—1 Js,Mm \/det Q5
1 .
= F2Ruvivk X —2
Cn—1 /SmM o v/det a;;

where a;; is the related Riemannian metric defined in (14) and dv is defined in
(17).

S

3. Projective vector fields on Riemannian manifolds

In this section, we recall some results about the Riemannian projective vector
fields. For the convenience of the reader, we deduce the relations between
different definitions. At last, we give the vanishing theorem of the projective
fields in the Riemannian version without proof.

Let (M,g) be a Riemannain manifold. Denote the Lie derivative by £ as
usual. It defines on Riemannian manifolds in [3] that

(19) LyV(Y,Z)=[V,VyZ] -V yy)Z - Vy[V,Z],

where V. = Vi9;, Y = Y7 0; and Z = Z%9,, are arbitrary vector fields. Cus-
tomarily, a vector field V' is called a projective field if there is a 1-form 3 such
that V satisfies

(20) LyV(Y,Z) = p(Y)Z + $(2)Y.
It is equivalent to the following equations
(21) Vijie + Vijie = 2¢x8ij + %igjk + ¥rgij-

From the point of view of the Spray geometry, (19) actually curves the
Lie derivative of Spray [12]. V is a projective vector field if and only if the 1-
parameter transformation generated by V' is a locally projective transformation,
which locally preserves the geodesics. So (19) is not simply considered as the
definition. Indeed, it is a formula of projective fields which can be acquired from
computation and the local definition of Lie derivative of Levi-Civita connection
that Ly V(Y,Z) = LyT7%,Y7Z*8;, which can be calculated by infinitesimal
analysis [14]. We prove the following property.

Proposition 3.1. On any Riemannian manifold, (19) holds for any vector
fields V)Y, Z. Furthermore, V is a projective field, (20) and (21) are equivalent
mutually.
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Proof. From the definition of the Lie derivative, we know that

92V oVl oV oV
— 4T re .
Oxi Oz * +

jl@ lk%
On the other hand,
(23)  [X,VyZ] =[X'0;, (Y0,2" + Y7 Z'T%)0,]
= (XUOY70; 2% + Y7 0,0;Z" + 0.Y) Z'Th + Y Z'0,T})
— (Y10, Z'0; X" + YT Z'T%,0,X")) O,

+ VvV oL

(24)
Vixy1Z = Vixioyi—yio,xio, (Z*0k)
= (X'0,Y70;2" + X'0.YI Z'Th, — Y0, X79; 2% — Y0, X7 Z'T%)) 0.,
and
(25)  Vy[X,Z] = Vyi,(X70; 2% — 279, X"%)0,,
= Yi(ainajZk + XjﬁiajZk — 8iZjank — Zjaiank
+ X790, Z'Th — 279; X'T%) 0.
So (19) follows from (22)-(25) directly.

Furthermore, suppose V is a projective field. From [11], we know it preserves
the geodesics and is equal to

(26) LyG' = Py,

where P is a y-homogeneous function of degree one. Taking the second deriv-
ative of y, noticing that V is a Riemannian projective field and Ly y* = 0, we
get

(27) Ly Ty, = P;oj, + Pyd;.
Hence (20) holds with ¢; = P;. Since the manifold is Riemannian, P; is only
depend on z, because P;; = 0 for any j, k. Therefore, 1) = Pidat is a 1-form.
Contracting (27) with y'y? yields (26).
It follows from (20) and (19) that
1 1
(28) SOV +0;VITG + 0:0;VF + VIOTy; — OVITy;) = S (407 + idy),

which implies that

(29) Vi = VPR b, = 030}, + i),
and
(30) Vijik — VP Rjikp = Vi gir + Vrgij-

Adding up (30) and the equation exchanged i, 7 in (30) yields (21).
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Conversely, suppose (21) holds. We can obtain from the Ricci identity and
the first Bianchi identity that
29k gij + Vigik + Vigjk
= Vijik + Viliik
= Vitjtk + Viikti + Vi B
= Vijie — Viijli + 29ig56 + ¥igik + Yrgij + ViR
= Viijik = Vijitj — Vi B ji + 2095k + 05 9ik + Ygiz + Vi Ry
= Viijie + Viklj — 2959ik — ¥igix — ¥igij
— Vi Ry™ i + 20igi + ¥59ik + Yrgij + Vi R
= Vi + Vigiie + Vi R — 20596 — Vigie — Vi
= Vin R™ i + 20ig51 + ¥59ik + Yrgij + Vi ™y
= 2Vijik + Vi (R — Ry i + R™yj) + Vigin — Vi 9ix
= 2Vijjik — 2V R, + Yigin — ¥igik
which implies (30). O
It follows from Proposition 3.1 and the definition of Ricci curvature that:

Theorem 3.2. Suppose (M, g) is a compact Riemannian manifold with non-
positive Ricci curvature Ric < 0. Then every projective field V' is parallel and
Ric(V,V)) = 0. Furthermore, if the Ricci curvature is negative Ric < 0, then
there is no nontrivial (nonzero) projective field.

The proof of the theorem can be reduced from the proof of the vanishing
theorem of the Finsler version, which will be presented in the next section. So
we omit it.

4. Projective vector fields on Finsler manifolds

As emphasised in Section 1, through this paper, we use the Chern connection.
We denote the horizontal covariant derivative about the Chern connection by
“” and the vertical covariant derivative about the Chern connection by “;”.
Noticing the infinitesimal coordinate transformation on 7'M

i

i i i i i OV

(31) T =o'+ V'dt, 7=y +y]8xﬂ'

and (11), the Lie derivative of Chern-Riemannian connection coefficients with
respect to the complete lifting Vof Vis

o0V . OV . oVt v’ or ovt .

= aroer T Ditggr i g ~ Ty +V' Gar Y g P

The reason why we use the Chern connection is based on the Bochner technique

in Finsler geometry [10]. Unfortunately, we don’t get a similar expression of

the Lie derivative of the Chern connection £,V as brief as (19). Although we

dt,

(32) LoTs by
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can get a formula by lifting Y, Z and V into the TTM (or HTM) and then
projecting back onto TM several times, which seems too artificial. We think
it is a nice work for anyone to find a natural and integral way to express the
Lie derivative of the Chern connection Ly, V.

If V is a projective field on a Finsler manifold (M, F'), then

0
.G = Pyt —
(33) LyG="Py'g,

where P = P(z,y) is a y-homogeneous function of degree one [5].

For applications, we focus on the following projective vector fields on Finlser
manifolds.

Definition 4.1. A vector field V' on a Finsler manifold (M, F) is called a
strongly projective vector field if the complete lifting of V' satisfies that

ie, LG =Py,

(34) 2£VF§-,€ = Pjéi + P]céj» + ijyi7
where P; = 2—5 and P;; = %.

Hence a strongly projective vector field satisfies that

(35) LoNVNY,Z) =YY )Z+Y(2)Y +7(Y,2)1,
where ¢ = ¢;dz’ is a 1-form with ¢; = P;, 7 = 7;d2" @ da? is a 2-form with
Tij = %Pw and [ = y/f 6?;L

Remark 4.2. Tt follows from Ly’ = 0 and G* = F;-kyjyk that (34) implies
(33). It means a strongly projective vector field must be a projective vector
field.

Now we give the following lemma.

Lemma 4.3. V is a strongly projective field on Finsler manifolds if and only
if there are a 0-homogeneous 1-form 1 and a (—1)-homogeneous 2-form T such

that
(36) ’T]lk) - VpRjikp + ySVTstikr - %5;@ + Q/Jk($; + Tjkyiv

where Rjikp and Pjikr are given in (5) and (11) respectively. Therefore,
(37) Viigik + Vijile = 2¥k8ij + Yigjk + ¥59ik + Tikyj + ik
—2VPCy5s R, — 20"V (Cijrik — 20P Py Ci),

where R% , are given in (9) and C;;, are components of the Cartan tensor.

Proof. Tt follows directly that V?j = g‘; + VT, and

i rv V! i l 3Ffj raFlij
(38) 91k = ri ok + dxk Y v (8xk ~ N oy" )
ov! oV

T}, +V'TLT;

l ryié !
lk — ozl ij' -V Tlek‘,?

+ oI
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which can deduce the following equation by comparing with (32),

ov!

(39) Vi =LoTh 5

Sp i l raréj rl I rye Tl
On the other hand
oTt. 6T ) )
pJ jk I 1 il
Sk P + 15T — T3 T5)

ory, 0T, U,

(40) VPR, = VP(

_ Vp N N’l“ ar;k Fl 7 F’L Fl
- ( ork Tk oy" 9P + Ny oy" Ltk —Lip jk)'
Therefore,
; ; ;o ovt T,
L ovr 3 r oS 7
=Lyl — (%yé + VP y®) Py

= Ly — 4 VI P,

|s
which implies (36) provided that V is a projective field.

Applying the analogous method in the Riemannian case, one can easily
obtain that

(42) Viiilk + Vil = 2965 + Vigix + Vi9ik + VP (Rjikp + Rijkp)
+ Y Vi (Pjikr + Pijir) + TikYs + Tiny;
= 2¢xgij + Vigjx + Vigi — 2VPCijs Ry,
= Y Vi (Pjikr + Pijer) + Tjkyi + Tiky;-
It follows from (11) that

S arjk a S S
Pjikr = 95 P} %, = Isi gy = Tyr(gsirjk) — 21"}, Csir,
and
Pijkr = 3y (955 T%%) — 215 Clsjr-
Then
R s o 0
(43) oy Ieilin + 9:005k) = 5 5 5 Gis
50 o . 0

= < \5.-09i5) — —Ni)=— ij

533]6(82/7«9]) (8yr k)aylgj
= QWC’MT — 21—‘%6’)”01.].[ — QyPPklprCZ'jl,
which yields

6 S S
(44) Pjikr + Pz‘jkr = Q(w@jr — FZT.OUI — ijCsir — FikC’sjr — yppklprcijl)

= Qcijr\k — 2prklprCijl-
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Hence (37) follows from (42) and (44). O

Before presenting the analogous characterizations of Finsler strongly projec-
tive vector fields as the ones in the Riemmannian geometry, we introduce the
following Ricci identity in Finsler geometry.

Lemma 4.4 (Ricci type formula [10]). For any vector field v = v'(z,y)d; on
a Finsler manifold, the exchange of horizontal covariant derivatives about the
Chern connection satisfies

J— m m
(45) Uikt — Vjlik = B jvm + R 0jm,

where R, is the Chern-Riemannian curvature tensor.

One can deduce from Lemma 4.4 that for any vector V = V(x)d;
(46) Viiitk = Vilgly = B Vin + 2R™ VoG-
Now we prove Theorem 1.1, which is equal to:

Theorem 4.5. Suppose V' is a strongly projective field on Finsler manifolds.
(36) and (37) are equivalent mutually.

Proof. We only need to prove that (37) implies (36) by Lemma 4.3. It follows
directly from (37) and Lemma 4.4 that
Viljie + Vililk
= Vijjik + Virpi + Vin R, + 2R", V,CF
= Viljtk + Vapjli + Vi R + 2R3 VO A+ 240951 + i gir + Yngi
+ 7ijy; + Tijyk — 2VP Crjs Ry — y°V i (Pjkir + Prjir)

= Vijik — Vil — Vmkaji — 2ijinCpmk + Vijmik + QR“";kVpCI;nj
+ 20595k + Vi Gik + VrGij + Tij¥; + TijYk
= 2VPCys R — y* VI (Pikir + Prjir)

|s

= Vijjik = Vil — Vmkaji - 2ijivpcpmk + Vijmik + 2Rm¢kVpCpmj
= 2¢59ik — Yigjk — Yrgij — Tiiyk — TikYi + 2VPCigs R,
=YV (Pirjr + Prijr) + 20igjk + ¥59ik + Yr9i5 + TijY; + Tijyn
— 2VPCr;js R, — Vi (Pjkir + Prjir)
Vijie + Vijsie + VmRimkj + 2RmijpC'pmi — Vmkaji — ZijinCpmk
+ ViR + 2Ry V. CF o — 259k — igin — Yrgij — Tjiyk — TikYi
+ 2VPCis Ry — Vi (Pikjr + Prijr) + 293Gk + ¥59ik + Vrgiz
+ 7ijy; + Tijyk — 2VPCrjs Ry — y°V i (Pjkir + Prjir)
= 2Vijjik — ¥i9ik + Vigjk + TikY; — TikYi

+ Vin(R; — R i + R™y) + 2V (Cimi R™j — Cloni ™3 + Cianj R™.)

+ 2VP(Ciks R%j, — CjsRi,) + y° Vs (Pikjr + Prijr — Pikir — Prjir)-
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Plugging it back into (37) yields that
(47) 2(Yrgij + Vigir + TikYs)
= 2Vijjik + Vi (R — By i + R ik)
+ 2V (CimiR™j — Crmk R™; + Cimj R™.)
+ 2Vp(Ciksstp — ijSpr + Cistskp)
+y° Vs (Pikjr + Prijr — Pjkir — Prjir + Pjikr + Pijir)
= 2Vyjx + A+ B+C+D.
By (7), we can compute that
(48) A= Vi (R — R + Rj™p)
—2Vmkaji
= —QVijikm + QVm(Ckmssti — CjisRskm + C]“‘SRsmj + ijsRski
+ CimsRSjk + CjksRSz’m)'

From (12), it reduces that

(49) D = y* V', (Pikjr + Prijr — Pjkir — Prjir)
= ZySVTstikr-
Plugging (48) and (49) into (47) yields (36). O

5. Vanishing theorem of projective vector fields

In this section, we present the vanishing theorem of projective fields on
Finsler manifolds. Firstly, we need the definition of the degenerate elliptic
operator AP in Finsler geometry [10].

Definition 5.1 ([10]). A degenerate elliptic operator AP is defined as the sec-
ond order derivative about the Chern connection contracting with a symmetric

semi-positive definite matrix a¥ = y}%] , i.e.,
SD Yy
(50) A = T (V[;jk Vﬁ *Vvﬁ&%),

where V means the horizontal covariant derivative with respect to the Chern
connection.

The descriptions of strongly projective vector field are enough to prove van-
ishing theorems of projective vector field.

Lemma 5.2. A Finsler projective vector field V' satisfies that
(51) Vijojo + V™ Rign = 20(y)y;-
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Proof. Let V' be a projective vector field on (M, F). Then V satisfies that
(33) which is equal to y/y* L T%, = Py’. Since (G*)iyx =T 4+ yP P, and
Ly y? = 0, a projective vector field satisfies that

(52) yF Ly Th = y' + PoL,

where 9; = g—;. According to (41), (52) is equal to

(53) v (Vi — VP Rjikp + ¥°V  Piirr — ¥/ 0906 — rys) = 0,
or

(54) Y (Vijjik — VPRjikp + YV Piikr — Y9 — Yryi) = 0.

Interchanging 4, j in (54) and adding the two equations, one can obtain that
(55) Y Vi + Vi + 2VPCijs R + 20°V7 (Cijrpie — 207 Py, Cigt)
— 2¢gij — Vigik — ¥jgik] = 0.
Applying Lemma 4.4 to (56) yields that
(56) Y Vijik + Vi + B Vi + 2R, V,CP 4 2VPC R,
+ 20V (Cijrp — 20" P Cigt) — 200935 — Vigjn — Vi gik) = 0.
Contracting (56) with ¢/ yields
(57) Vijojo + Vojoji + V™ Rim = 3¢(y)y; + F24;.
On the other hand, contracting (53) with y¢, we find that
(58) Vool — ¥ ¥y, — i F? = 0.
Plugging (58) back into (57) yields (51). O
We now prove the following theorem by using the flag curvature, which can
be considered as the generalization of Tian’s result in [14]. This work has also

been contained in [1]. However, the method we utilized is different and more
general.

Theorem 5.3 ([14]). Let (M, F) be a compact Finsler manifold with non-
positive flag curvature. Suppose V' is a projective vector field on M. Then

where Xx,y) is a scalar function on TM. Moreover, there is no nontrivial
(nonzero) projective vector field on compact Finsler manifold M with negative
flag curvature.

Proof. Taking derivatives with respect to the Chern connection of |V'|? shows
Dy V[P =2V, VP, and  DyDg|V? = 2V Vi, + 2V V.

One can obtain from Lemma 5.2 that

Y 2V
(59) ATV = 2/VV(Z) + Fz Vitoro
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2+

- 2|vv<%)|2 =z (V" Rim = 20(y)31)
= 2TV ()P +4p(%) 52 ~ 2R,(V, V)

On the other hand, taking derivatives with respect to the Chern connection
of Vi shows

DV = 2VoViwy', and  DiDy(Vg) = 2V Viey'y’ + 2Voy Vi
According to Lemma 5.2, it provides that

% Lyl W

oo Vovs _ oy ¥ W0 Vo
(60) 252 (My2 = oy, L2 4 4% L),
Combing (59) and (60), we get

(61) ASP <|V|2 - (‘;")2> =2 (|VV(;)|2 - (wﬁlgi)?) —2R,(V,V).

By the Cauchy-Schwartz inequality, one can find

@ WPz md wvEP- v, L2 >0

When the flag curvature R,, is negative, the right hand side of (61) is strictly
positive, unless the flag curvature R,, vanishes along V, that is R,(V,V) = 0.
Since the manifold is compact, at the maximum point of [V'|> — (¥2)2, the left
hand is non-positive, which implies R, (V,V) =0, i.e., V = 0 is a trivial vector
field.

When the flag curvature R, is non-positive, then AP (|[V|? — (%2)2) > 0.
By the strong maximum principle of the degenerate elliptic operator [7,10],
V|2 — (%2)? is a constant on the manifold. Plugging it back into (61) shows
that o

i g
V()P = (V5507 =0, and R, (V,V) =0.
The former equation holds if and only if the two vectors are linearly dependent,
that is VV (%) = A(z,y) % for some scaler A(z,y). Both VV(y) = A(x,y)y and
R,(V,V) = 0 are the conclusions of Theorem 1.1 in [14]. O

One of the conclusion in Theorem 5.3 is VV (y) = A(x,y)y for some scalar
function A(z,y) on TM. We recall that a vector on Riemannian manifold
(M,g,V) is said to be parallel if VV = 0 with respect to the Levi-Civita
connection. So we give the following definition.

Definition 5.4. A vector field V on a Finsler manifold (M, F') is called almost
parallel if VV (y) = A(x,y)y for some scalar function A\(x,y) on TM. In our
theorem, V denotes the Chern connection.

Using the terminology in Definition 2.1, we can further get Theorem 1.2
which reduces to Theorem 3.2 when the manifolds are Riemannian.
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Proof of Theorem 1.2. Taking integral of both sides in (61) on the sphere bun-
dle SM yields that

_ SD 2 Voy2) 4
0 o= [ s (- he)

_ Yy oy LY g
=2 [ (wvp- o) o2 [ rmv

where dw is the volume form on SM, which can induce the Holmes-Thompson
volume form on M. The left hand side of (63) is equal to zero by the self-adjoint
property of the A%P [10]. (63) is equal to

(64) 0= /SM ASD (|V|2 _ (?)?) o
2 [ (IR - L)

\/detg;;
— 2/ R, (V.V)Y—ZLdv| \/deta; dx
M |Js. M y( )\/detaij ‘| !

=29 — 2/ %z(V, V)y/deta;;dz,
M
where 9 = [g, (IVV(%)]> - (V;‘j%%)?)dw is non-negative.

If the mean Ricci curvature is negative, i.e., for any V # 0, R/Z\C_ZZ(‘/, V) <o,
then (64) becomes

0= [ &A% (|V|2 - (V°)2> duw
SM F

(65)
=29 — 2/ Ricci(V,V)y/deta;;dx > 0.
M
It implies
(66) / Ricci(V,V)\/detagde =0, ie., Ricci(V,V)=0,
M

hence V' = 0 is a trivial vector field. When the mean Ricci curvature is non-
positive, then (64) becomes

0= /SM ASD (|V|2 - (?)?) o

(67)
=20 — 2/ Ricci(V,V)+/deta;jdxz > 0.
M

It implies that
(68) Ricci(V,V) =0, and 9 =0,
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which means

v

FF’ -

By the equality condition of the Cauchy-Schwartz inequality, we obtain again
that

(69) V(I = (Vi

equivalently, it is
VV(y) = Az, )y,

where A(z,y) is a scalar function on TM. O

Remark 5.5. Theorem 1.2 implies Theorem 3.2, and Theorem 3.2 contains the

—

Killing vanishing result in [15]. Therefore, the mean Ricci curvature Ricci,
which reduces to the Ricci curvature in Riemann geometry, is a suitable con-
dition in the research of vanishing properties in Finsler geometry,
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