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ON HARDY-BENNETT INEQUALITY

Ern Gun Kwon

Abstract. Hardy-Bennett inequality is an inequality of Hardy-type hav-
ing logarithmic weight. It appeared in 1973, and several generalizations

followed. We, in this note, present another generalization with a simple

proof.

1. Hardy-Bennett inequality

The classical Hardy’s inequality reads:∫ ∞
0

(
1

x

∫ x

0

f(y) dy

)p
dx <

(
p

p− 1

)p ∫ ∞
0

fp(x)dx, (1.1)

where f is a nonnegative function of Lp(0,∞) and p > 1. In 1928, Hardy [1]
proved a weighted modification of (1.1):∫ ∞

0

(
1

x

∫ x

0

f(y) dy

)p
xadx <

(
p

p− 1− a

)p ∫ ∞
0

fp(x)xa dx, (1.2)

where f is a nonnegative measurable function on (0,∞) and p > 1, a < p − 1.
The constant (

p

p− 1− a

)p
is the best possible.

Due to significance and usefulness of (1.1) and (1.2), there have been quite a
lot of researches on their variants, proofs, and extensions. For basic examples,
one may see [2].

In 1973, Bennett [3] proved the following:

Theorem A. Let α > 0, 1 ≤ p ≤ ∞, and f be a nonnegative and measurable
function on [0, 1]. Then
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{∫ 1

0

[log(e/x)]
αp−1

(∫ x

0

f(y) dy

)p
dx

x

}1/p

≤ α−1
(∫ 1

0

xp [log(e/x)]
(1+α)p−1

fp(x)
dx

x

)1/p
(1.3)

and {∫ 1

0

[log(e/x)]
−αp−1

(∫ 1

x

f(y) dy

)p
dx

x

}1/p

≤ α−1
(∫ 1

0

xp [log(e/x)]
(1−α)p−1

fp(x)
dx

x

)1/p
(1.4)

with the usual modification if p =∞.

In 2014, the inequality (1.3) was extended in [4] as

αp−1
(∫ 1

0

f(x) dx

)p
+ αp

∫ 1

0

[log(e/x)]
αp−1

(∫ x

0

f(y) dy

)p
dx

x

≤
∫ 1

0

xp [log(e/x)]
(1+α)p−1

fp(x)
dx

x
,

(1.5)

where f is a nonnegative measurable function on [0, 1] and p > 1, α > 0.
We, in this paper, generalize the inequalities (1.5) and (1.4) to a Hardy-type

inequality with general weight by a simple elementary method different from that
in [4].

2. A generalization and simple proof

Theorem 2.1. Let 1 ≤ p < ∞ and a < b < ∞. Let H be a monotone function
having continuous derivative on [a, b]. Then the following inequalities remain
valid for all nonnegative measurable functions f on [a, b]:

pe−H(b)

(∫ b

a

f(t)dt

)p
+

∫ b

a

(∫ x

a

f(t)dt

)p ∣∣∣∣(e−H(x)
)′∣∣∣∣ dx

≤ pp
∫ b

a

fp(x)

∣∣∣∣(e−H(x)
)′∣∣∣∣ |H ′(x)|−p dx

(2.1)

if H is increasing;

pe−H(a)

(∫ b

a

f(t)dt

)p
+

∫ b

a

(∫ b

x

f(t)dt

)p ∣∣∣∣(e−H(x)
)′∣∣∣∣ dx

≤ pp
∫ b

a

fp(x)

∣∣∣∣(e−H(x)
)′∣∣∣∣ |H ′(x)|−p dx

(2.2)

if H is decreasing.
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Proof. By the density argument, it is sufficient to prove the inequalities for f
continuous on [a, b]. Fix such a nonnegative function f . Let ν = exp(−H).

For (2.1), we find ν decreasing and let F (x) =
∫ x
a
f(t) dt. Noting that F ′(x) =

f(x) and that F (a) = 0, integration by parts gives

−
∫ b

a

ν′(x)F p(x) dx = −ν(b)F p(b) + p

∫ b

a

ν(x)F p−1(x)f(x) dx. (2.3)

Applying Hölder inequality and the arithmetic-geometric mean inequality, we
obtain

p

∫ b

a

ν(x)F p−1(x)f(x)dx

≤p

(
−
∫ b

a

ν′(x)F p(x)dx

)(p−1)/p(∫ b

a

[ν(x)]p[−ν′(x)]−p+1fp(x)dx

)1/p

≤p− 1

p

(
−
∫ b

a

ν′(x)F p(x)dx

)
+
pp

p

(∫ b

a

[ν(x)]p[−ν′(x)]−p+1fp(x)dx

)
.

(2.4)

Now, a simple arrangement and calculation after substituting (2.4) into (2.3)
makes

pν(b)F p(b)−
∫ b

a

F p(x)ν′(x)dx ≤ −pp
∫ b

a

fp(x)ν′(x)

[(
log

1

ν(x)

)′]−p
dx. (2.5)

Substituting H = − log ν in (2.5) yields (2.1).

For (2.2), we see that ν is increasing and let G(x) =
∫ b
x
f(t) dt. Noting that

G′(x) = −f(x) for x ∈ (a, b) and that G(b) = 0, integration by parts gives∫ b

a

ν′(x)Gp(x) dx = −ν(a)Gp(a) + p

∫ b

a

ν(x)Gp−1(x)f(x) dx. (2.6)

It follows as before that

p

∫ b

a

ν(x)Gp−1(x)f(x) dx

≤ p

(∫ b

a

ν′(x)Gp(x) dx

)(p−1)/p(∫ b

a

[ν(x)]p[ν′(x)]−p+1fp(x) dx

)1/p

≤ p− 1

p

(∫ b

a

ν′(x)Gp(x) dx

)
+
pp

p

(∫ b

a

[ν(x)]p[ν′(x)]−p+1fp(x) dx

) (2.7)

by Hölder inequality and the arithmetic-geometric mean inequality. Now, a sim-
ple arrangement and calculation after substituting (2.7) into (2.6) makes

pν(a)Gp(a) +

∫ b

a

Gp(x)ν′(x)dx ≤ pp
∫ b

a

fp(x)ν′(x)

[(
log

1

ν(x)

)′]−p
dx, (2.8)
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whence substituting H = − log ν in (2.8) gives (2.2). �

Remark 2.2. (1) By taking α > 0, p > 1, a = 0, b = 1 and e−H(x) = v(x) =
1
αp

(
log e

x+ε

)αp
in (2.1) and letting ε→ 0, it reduces to (1.5).

Also, by taking α > 0, p > 1, a = 0, b = 1 and e−H(x) = v(x) = 1
αp

(
log e

x+ε

)−αp
in (2.2) and letting ε→ 0, it reduces to (1.4).

(2) Concerning a further extension, the inequality (1.4) was extended in [4] as

αp−1
(∫ 1

0

f(x) dx

)p
+ αp

∫ 1

0

[log(e/x)]
αp−1

(∫ 1

x

f(y) dy

)p
dx

x

≤
∫ 1

0

xp [log(e/x)]
(1−α)p−1

fp(x)
dx

x
,

(2.9)

where f is a nonnegative measurable function on [0, 1] and p > 1, α > 0.
We can check by taking simply f = 1 and α = 1 that the right hand side is

less than 1 while the left hand side is bigger than 1, whence (2.9) is a mistake.
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