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SOME RESULTS OF f-BIHARMONIC MAPS INTO
A RIEMANNIAN MANIFOLD OF NON-POSITIVE
SECTIONAL CURVATURE

GUOQING HE, JING L1, AND PEIBIAO ZHAO

ABSTRACT. The authors investigate f-biharmonic maps u : (M,g) —
(N,h) from a Riemannian manifold into a Riemannian manifold with
non-positive sectional curvature, and derive that if [, f?|7(u)[Pdvy < oo,
S IT(@)2dvg < oo and [}, |du|?dvg < oo, then u is harmonic. When
w is an isometric immersion, the authors also get that if u satisfies some
integral conditions, then it is minimal. These results give an affirma-
tive partial answer to conjecture 4 (generalized Chen’s conjecture for f-
biharmonic submanifolds).

1. Introduction

In the past several decades harmonic maps have played a central role in
geometry and analysis. Let (M™,g) and (N", h) be Riemannian manifolds of
dimensions m,n and u : (M™,g) — (N", h) be a smooth map. The energy

of u is defined by E(u) = [, ‘dg‘zdvg, where dvg is the volume element on
(M™,g). Harmonic maps are the critical maps of E(-). The Euler-Lagrange
equation of harmonic maps is 7(u) = 0, where 7(u) is called the tension field of
u. p-harmonic maps [19], exponentially harmonic maps [16], F-harmonic maps
and f-harmonic maps are extensions to harmonic maps and many results have
been carried out (for instance, see [1-3,10,24, 33]).

In 1983, J. Eells and L. Lemaire [13] proposed the problem to consider bi-
harmonic maps which are critical points of the bi-energy functional Fo(u) =
f M %dvg. We see that biharmonic maps are a generalization of harmonic
maps. In 1986, G. Y. Jiang [21] studied the first and the second variational
formulas of the bi-energy. There have been many studies on biharmonic maps

(for instance, see [4-6,11,20, 25,26, 32]). To further generalize the notion of
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harmonic maps Y. B. Han and S. X. Feng [17] introduced the F-bienergy func-

tional Epa(u) = [,, F( I~ “)l )dv,. The critical points of F-bienergy Ep(u)
are called F- b1harm0nlc maps. If F(u) = (2u)%, we have p-bienergy func-
tional Ej o( f o T (u |pdvg. If F(u) = e*, we have exponential bienergy
functional Ee 2(u) = [, € Lo dvg.

A. L1chnerow1cz [23] (see also [12]) introduced and studied f-harmonic maps
between Riemannian manifolds. The study of f-harmonic maps comes from
a physical motivation, since in physics f-harmonic maps can be viewed as
stationary solutions to the inhomogeneous Heisenberg spin system (see [22]).
W. J. Lu [27] introduced the following functional:

_ |7 (u)[?
u) —/Mf 5 dvg,

where f : (M,g) — (0,+00) is a smooth function. A map w is called an
f-biharmonic map if it is a critical point of the f-bienergy functional.

Recently, N. Nakauchi et al. [31] showed that every biharmonic map of a
complete Riemannian manifold into a Riemannian manifold of non-positive
curvature whose energy and bi-energy are finite must be harmonic. S. Maeta
[29] obtained that biharmonic maps from a complete Riemannian manifold into
a non-positive curved manifold with finite (a+2)-bienergy [, |7(u)|*"?dv, < 0o
(a > 0) and energy are harmonic. Y. B. Han and W. Zhang [18] obtained that p-
biharmonic maps from a complete manifold into a non-positive curved manifold
with finite (a + p)-bienergy [, |7(u)|**?dvy < 0o and energy are harmonic. In
this paper, we first obtain the following results:

Theorem 1.1 (cf. Theorem 3.1). Let u:(M™, g)— (N",h) be an f-biharmonic
map from a compact Riemannian manifold (M™, g) without boundary into a
Riemannian manifold (N™, h) with non-positive sectional curvature, then u is
harmonic.

Theorem 1.2 (cf. Theorem 3.3). Let u:(M™,g)— (N",h) be an f-biharmonic
map from a complete Riemannian manifold (M™,g) into a Riemannian man-
ifold (N™, h) with non-positive sectional curvature and let p > 2 be a non-
negative real constant.

(i) 1f
/ JP|7(u)|Pdvg < oo,/ |7(u)|?dvy < o0, and / |du|*dv, < oo,
M M M

then u is harmonic.
(ii) If Vol(M, g) = oo, and [,, f?|7(u)[Pdvy < oo, then u is harmonic.

Chen’s conjecture is the most interesting problem in the biharmonic theory.
In 1988, Chen [9] raised the following problem:

Conjecture 1. Any biharmonic submanifold in E™ is minimal.
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There are some affirmative partial answers to Conjecture 1.

Then Chen’s conjecture was generalized as follows ([8]): Any biharmonic
submanifolds in a Riemannian manifold with non-positive sectional curvature
is minimal. There are also some affirmative partial answers to this Conjecture
(for instance, see [7,17,30,31]).

Motivated by Chen’s conjecture, Y. B. Han [15] proposed the following con-
jecture:

Conjecture 2. Any p-biharmonic submanifold in a Riemannian manifold with
non-positive sectional curvature is minimal.

Some affirmative partial answers to Conjecture 2 were proved in [15,18,28].
Y. B. Han [16] also proposed the following conjecture:

Conjecture 3. Any exponentially biharmonic submanifold in a Riemannian
manifold with non-positive sectional curvature is minimal.

Some affirmative partial answers to Conjecture 3 were proved in [16].
For f-biharmonic submanifolds, it is natural to consider the following con-
jecture.

Conjecture 4. Any f-biharmonic submanifold in a Riemannian manifold with
non-positive sectional curvature is minimal.

For f-biharmonic submanifolds, we obtain some results:

Theorem 1.3 (cf. Theorem 4.1). Let u: (M, g) — (N, h) be an f-biharmonic
isometric immersion from a complete Riemannian manifold into a Riemannian
manifold (N, h) with non-positive sectional curvature and let p,q be two real
constants satisfying 2 <p < oo and 0 < ¢ <p < 0. If

fp|ﬁ|qdvg < 00,
M
then u is minimal.

Theorem 1.4 (cf. Theorem 4.2). Let u: (M,g) — (N, h) be an f-biharmonic
isometric immersion from a complete Riemannian manifold into a Riemannian
manifold (N, h) with non-positive sectional curvature. If

[ paysaery
By (z0)

for some positive integer s, Cy independent of v and p > 2, then u is minimal.

Theorem 1.5 (cf. Theorem 4.3). Let u: (M, g) — (N, h) be an f-biharmonic
isometric immersion from a complete Riemannian manifold into a Riemannian
manifold (N, h) whose sectional curvature is smaller than —e for some constant
e >0 and fB'r'(wO) |fH|Pdvg (p > 2) is of at most polynomial growth of r. Then
u 18 minimal.



2094 G. HE, J. LI, AND P. ZHAO

Theorem 1.6 (cf. Theorem 4.4). Let u : (M,g9) — (N,h) be a complete e-
supper f-biharmonic submanifold in (N,h) for e > 0. If

/ |fHPdv, < oo,
M
where p > 2, then u is minimal.

2. Preliminaries

In this section we give some necessary notations and terminologies about
harmonic maps, biharmonic maps, f-biharmonic maps and f-biharmonic sub-
manifolds.

Let w : (M™,g) — (N™,h) be a smooth map from an m-dimensional Rie-
mannian manifold (M™, g) to an n-dimensional Riemannian manifold (N™, h).
The energy of u is defined by

2
E(u):/ | du | dvg,
M2

where dv, is the volume element on (M™, g).

The Euler-Lagrange equation of harmonic maps is 7(u) = S_1"  {Ve, du(e;) —
du(Ve,e;)} = 0 where V is the Levi-Civita connection on (M™, g) and V is the
induced Levi-Civita connection of the pullback bundle u 1T N. {e;}1"; is an
orthonormal frame field on (M™, g). If 7(u) = 0, then w is called a harmonic
map.

In 1983, J. Eells and L. Lemaire [13] proposed the problem to consider the

bi-energy functional:
2
Eg(u):/ Mdvg.
M 2

Then, in 1986, G. Y. Jiang [21] obtained the first and the second variational
formulas of the bi-energy functional. The Euler-Lagrange equation of the bi-
energy functional is

7o(u) = —A(r(u) — ZRN(T(U)% du(e;))du(e;) =0,

where RV (X,Y) = [VVx,N Vy] —NV[X,Y] is the curvature operator on (N, h).
If 79(u) = 0, then wu is called a biharmonic map.

To generalize the notation of biharmonic maps, W. J. Lu [27] studied the
f-bienergy functional

T\U 2
Bast) = [ 5@,

where f: (M,g) — (0,+00) is a smooth function. The Euler-Lagrange equa-
tion of Fy ¢ is

7o, (u) = —A(f7(u)) - ZRN(fT(U)vdU(ei))dU(ei) =0.
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If 75 ¢(u) = 0, then w is called an f-biharmonic map.

Now we briefly recall the submanifold theory. Let u: (M™, g) — (N™*t h)
be an isometric immersion from an m-dimensional Riemannian manifold (M™,
g) into an (m + t)-dimensional Riemannian manifold (N™** h). The second
fundamental form B : TM @ TM — NM is defined by

B(X,Y)=NVxY -VxY, X,Y € T(TM).

The shape operator A¢ : TM — T'M for a unit normal vector field § on M is
defined by

NVUx€=—-AcX + V%€, X €D(TM), € € T(THM),
where V-1 denotes the normal connection on the normal bundle of M in N.
It’s well known that B and A¢ are related by
(B(X,Y),§) = (A X, Y).

For any x € M, the mean curvature vector field H of M at z is given by
- 1
H=— B iy €4 )
7 L Blese)

If an isometric immersion u : (M, g) — (N, h) is f-biharmonic, then M is
called an f-biharmonic submanifold in N. In this case, 7(u) = mH. We know
that M is an f-biharmonic submanifold in N if and only if

(1) —A(fH) - ZRN FH,e)e; = 0.

From (2), we obtain the sufficient and necessary condition for M to be an
f-biharmonic submanifold in N as follows:

(2) N (FH) - ZB ei, Ay pei) + [ZRN(er,ei)ei]l =0,

(3)  Tro(VoAs0) + TrolAg. ;a)()] ZRN fH,ee]" =o0.

We also need the following lemma.

Lemma 2.1 (Gaffney [14]). Let (M, g) be a complete Riemannian manifold.
If a C' 1-form « satisfies that [, |o|dvy < 0o and [, (da)dv, < oo, or equiv-
alently, a C vector X defined by oY) = (X,Y) satisfies that [, |X|dvy < oo
and [, div(X)dvg < oo, then [,,(6c)dvy = [,, div(X)dvg = 0.

3. f-biharmonic maps in a Riemannian manifold of non-positive
sectional curvature

In this section, we obtain some results as follows:

Theorem 3.1. Let u : (M™,g) — (N™,h) be an f-biharmonic map from a
compact Riemannian manifold (M™,g) without boundary into a Riemannian
manifold (N™, h) with non-positive sectional curvature, then u is harmonic.



2096 G. HE, J. LI, AND P. ZHAO

Proof. From (1), we have

SALFT]? = [9(Fr() P + Alfr(w)], fr(w)
= (VT — SR (Fr(u), du(en)du(es), Fr(u)

i

> [V(fr(u))]*.

From Green theorem and the compactness of (M, g), we have

(4) 0= [ GAlrPds, = [ 9GP,
Then, for every X € [(T'M), we have
Vxlfr(u)| =0,
Let Y = 3, h(du(e;), fr(u))e;, we have
div(Y Z 9(Ve Y, er)
(5) = Z (Veduler), f7(u)) — h(du(Ve,er), fr(u))]

(T(U), frw) = flr(uw).

0= /M div(Y)dv, = /Mf|7'(u)|2dvg.

Since f > 0 in M, so we have 7(u) = 0. O

From (6), we have

Corollary 3.2. Any f-biharmonic function in a compact manifold (M, g) with-
out boundary is constant.

Proof. From Theorem 3.1, u is an f-biharmonic function if and only if u is a
harmonic function. On the other hand, any harmonic function in a compact
manifold (M, g) is constant, so we have u = C. O

Theorem 3.3. Let u : (M™,g) — (N™,h) be an f-biharmonic map from a
complete Riemannian manifold (M™,g) into a Riemannian manifold (N™, h)
with non-positive sectional curvature and let p > 2 be a non-negative real con-
stant.

(i) 1f
/ fPlr(w)Pdog < oo,/ |7(u)|*dv, < 00 and / |du|*dv, < oo,
M M M

then u is harmonic.
(i) If Vol(M, g) = oo and [y, fP|7(u)[Pdvg < co, then u is harmonic.
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Proof. Take a fixed point x9 € M and for every » > 0, let us consider the
following cut off function A(xz) on M:

0<A(z) <1, re M,
(6) AMz) =1, x € By (),
Az) =0, x € M — Ba(x0),
VAl < € r € M,

where B, (xo) = {x € M : d(z,z¢) < r}, C is a positive constant and d is the
distance of M. From (1), we have

/M<—A<f7<u>>7 N2 () P2 fr(u))do,

(7)
= /M NP7 (u)[P~2 Z RN (1(u), du(e;))du(e;), T(w))dv, <0,

where the inequality follows from the sectional curvature of (N,h) is non-
positive. From (8), we have

0> /M<*A(fT(U)),AQIfT(U)Ip’QfT(u»dvg
/ (7 (Fr (), T () P2 7))o
-/ Z o D22 () v,

m

/ Z ), 2Xe; (A)] f7(w)[P~2f7(u)
+ A7 eszT( P21 f7 () + N fr(w) P2V [fr(w)])dv,

© = [ eI Sl ),
+ /N 0= VAT T ) ) e
n / > U S ) Vg
/ Zm () P2 (T, [ ()], fr(u))dvg

[ Zﬁlff P AT 7], Vel 7)oy,
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where the inequality follows from
/ ZA% YA (T, [Fr(w)], fr(u))?dv, > 0.

From (9), we have

m

/ Z)\Q‘fr NP2V, [fr(w)], Ve, [f7(w)])dov,
9) )
< _/M;2)\€i()\)|f7'(u)|p (Ve,[fr()], fr(u))do,.

By using Young’s inequality, we have

- [ e Sl i)
(10) '
2| fr(u) P2 T 2dv 2P 7 (u)|Pdv,.
/Zw e )y +2 [ ARy

From (10) and (11), we have

/ > NP2 (Ve [fr(w)], Ve, [f(w)])dug
(11) Mi=1 ,

282 |7 (w) |Pdo —40 Plr(uw)|Pdv
<a [ [WARPIrPdn, < S [ prinds,

By assumption [,, f?|7(u)[Pdvg < 0o, letting r — oo in (12), we have

|3l Sl Ve, =0,
i=1
So we obtain that f|7(u)| is constant. If |7(u)| # 0, we get

| it = Pyl -
M

which yields a contradiction. So we have |7(u)| = 0, i.e., u is harmonic. We
derive that (ii) is tenable.
For (i), we assume that

/ fPlr(w)Pdvg < oo,/ |T(u)|2dvg < oo,/ \du\deg < o0.
M M M

We define a 1-form

(12) a(X) = [ fr(w)FHdu(X), fr(u)),
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where X € I'(T'M). We note that
(13)

/M la|dvg = / Z la(e;)| dvq
-/ {Z () 37 (duler), fr(w))]2} v,

< /M \fT(u)ﬁ\du\dvg < [/M fp|T(u)|pdvg]%[/M |du|2dvg]% < .

We compute

m m

—da = Z(veia)(ei) = Z[Veioz(ei) — a(Ve,ei)]

i=1 i=1

(fr()|E dues), f ZIfT ) du(Ve,er), fr(u)

w)|E (Ve du — du(Ve,e;), fr(w) = |f7(w)] 2|7 (u)),

MSE
=
,i

where the third equality follows from that | f7(u)| is constant and V x[f7(u)] =
0, for all X € I'(T'M). We have

| (saiv, = [ AprEietldn, <[ plr@pPaslif rwPds)?.

From [, f?|7(u)|Pdvy < oo and [, |7(u)[*dvg < oo, we know the function —da
is also integrable over M.
From this and (14), applying Lemma 2.1 for the 1-form «, we have

0— /M(—aa)dvg _ /M FE e ()| 5+ do,

So we have 7(u) = 0, i.e., u is harmonic. O

4. f-biharmonic submanifolds in a Riemannian manifold of
non-positive sectional curvature

Theorem 4.1. Let u: (M, g) — (N,h) be an f-biharmonic isometric immer-
sion from a complete Riemannian manifold into a Riemannian manifold (N, h)
with non-positive sectional curvature and let p, q be two real constants satisfying
2<p<ooand0<qg<p<oo. If

fp\H|qdvg < 00,
M

then u is minimal.
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Proof. From (3), we have
A|fH? = A(fH, fH) = 2(A(FH), fH) + 2|V (fH)|?
=2VE(TH)? +2Y (B(A,geie), fH) =2 (RN(fH, ei)es, fH)
=1 i=1

(14)  22)VH(fH)? +2) (B(A,geie), [H),
=1

where the inequality follows from the sectional curvature of IV is non-positive.
Now we proof the following inequality:

m

(15) > (B(A;gei,ei), fH) > mf?| H|*.

i=1

Let 2 € M, if H = 0, we are done. If ﬁ(x) # 0, we have at z,

m it
Z(B(Afﬁeiaei Zf2|H| @ )7T>
i=1 1=l |H |
2 o B 2 E 2 2| 734
—ZfIHI aei,Age ZfIHII (eirej), —=)° > mf|H|"
1H| \H| =1 |H|
From (15) and (16), we have
(16) AlfHP? > 2V (FH) +2mf? | HI,

Take a fixed point g € M and for every r > 0, let us consider the following
cut off function A\(x) on M:

) <1 reM
A( : ;
(17) (m) =1, x € By(xo),
Az) =0, x € M — Ba(x9),
VA < %, x € M,

where B, (x0) = {x € M : d(z,z¢) < r}, C is a positive constant and d is the
distance of M. From (17), we have

~ [ SO H | £ v, = [ g P,

(18) M M

> 2 [ N )Py +2m | P,
M M
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where a is a positive constant to be determined later. On the other hand, we
have

_ / VO |V fH Pdv,
M
_ —2(a—|—4)/ NSV P (Y (FH), fH)dv,
M
9 / N FE|e2 (v (P, £H ) dv,
M

< —2(a+4)/ NI FE (VL (FE), fH)dv,.
M
From (19) and (20), we have

2 / N AV (F ) Pdog + 2m / X4 £ £2|H Vo,
M M

IN

—2(a+4) /M NSO fH|Y(VE(fH), fH)dv,

(20)

IN

/ AF FH| |V (FH)|Pdug + (a+ 4)2/ A2 fH 2|V AP do,.
M M
So we have
| AR P, +2m [ X

M M

21) < (a—|—4)2/ A2 42| 10529 A2,
M

From Young’s inequality, we have

(a+4)2/ fa+2>\a+2|ﬁ—|a+2|v)\|2dvg
M
_ (a+4)2 /M fa+2>\s‘H|S)\a+2_s|H‘a+2_s|V)\|2dUg
< / )\a+4‘ﬁ|a+4fa+2dvg
M

a+4
VAPai=3 dvg,

(22) + C(CL, S) / fa+2)\(a+2—s)#+fs ‘ﬁ|(a+2_s)%
M

where s € (0,a+2) and C(a, s) is a constant depending on a, s. From (22) and
(23), we have

/ N FE ||V (FH) vy + (2m — 1) / RN o gy,
M M

= +4
H‘ (a+2—3s) ni4_s

< C(a, s) / Frrealet2=) ot VAP du,
M

C a a — a
(28) < Cla,s)()wF / JorAN T | H| 2w
M
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We know that when s varies from 0 to a + 2, then (a+2 —s) aiﬁfs varies from

a-+2 to 0. Letq:(a+2—s)aﬂés7thenq€ (0,a+2). Let p=a+ 2, from
foP|ﬁ\‘1dvg<oo,2§p<ooand0<q§p<oo,setr—>ooin(24),we

have

J SR ) Py + = 1) [ o, =0,
So we have H = 0. O

Theorem 4.2. Let u: (M,g) — (N, h) be an f-biharmonic isometric immer-
sion from a complete Riemannian manifold into a Riemannian manifold (N, h)
with non-positive sectional curvature. If

(24) / fPdvy < Co(1+7)°
BT(mO)

for some positive integer s, Cy independent of v and p > 2, then u is minimal.

Proof. From (21), we have
2 / N FR1 |V (F D) Pdu, + 2m / N £ | v,
M M

m2|ﬁ|2

5 VH)dv,.

(25 < —2a+q) [ NONFHTHGE)F
M
From Young’s inequality, we have

72(a+4)/ N3N FH|Y(VE(fH), fH)dv,
M
S/>\a+4|fﬁ—|a|vJ_(fﬁ)|2dvg+/ >\a+4fa+2|ﬁ|a+4dvg
M M
(26) + C(a) / FPVA o,
M

where C(a) is a constant depending on a. From (26) and (27), we have

[ A AP vy + [ (2m— Dx g
M M

a+4
< C(a)/ fa+2|v>\|a+4dvg < C(a) Ca+4 / fa+2dvg
M T BQT(Z())

“ (1+2r)®
(27) S C(Q)C +4O()w.
Let a be big enough and r — oo, then we finish the proof. O

Theorem 4.3. Let u : (M,g) — (N,h) be an f-biharmonic isometric im-
mersion from a complete Riemannian manifold into a Riemannian manifold
(N, h) whose sectional curvature is smaller than —e for some constant € > 0
and fBr(wo) |fH[Pdvg(p > 2) is of at most polynomial growth of r. Then u is
minimal.
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Proof. From the equation (3), we have
AIFHP = A(FH, fH) = 204 (FH), FH) + 2| V4[]

= 2|V (f |2+2Z Aggeie:), fH) —22 RN(fH,e;)e;, fH)

i=1

> 2|VEH(FH) + 2m|H\ 412 4 2me|fH?

> 2[VE(fH) [+ 2mel| FHP,
that is
(28) A|fH|? > 2|V (FH)? + 2mel| fH.
From (29), we have

- [ SWlACNI AR, = [ \EE Al AR,
M M

(20) > 2/M )\2|fﬁ\“|VL(fﬁ)|2dvg+2m5/M 2| FH | 2du,,

where A is given by (18) and « is a nonnegative constant. We also have

- [ SNSRIV P,
M

—4/ AV fH|*(VE(fH), fH)dv,
M

9 /M N|FAI Y (PR, fE)dv,

IN

—4/ AVA|fH|“(V(FH), fH)dv,
M

<2 [ NUHVE P, +2 [ |FEPARS,
M M
. . 2 .
2 [ NPAPIT ) vy + 25 (£,
M " JBay(w0)—Br(20)
2 r7la v L 7\ 12 02 7la+2
(30) <2 N[fH|*IVZ(fH)[ dvy+2— [fH|*dvg.
M r Ba(x0)
From (30) and (31), we have
. c? .
9me / P 2dv, < 25 | FH|"2du,.
B (10) r BQT(Z())
Letting g(r fB (z0) |fH\‘”r2dvg7 we have g(r) < $g(2r) where C; = %i

Then we know g(r) < -2%g(2"r), where Cs is a constant independent of r. From
the assumption, we know g(r) < Cy(14 2™5r%) for some integer s > 0. When r
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2 ns,_.s
is big enough, we have g(r) < % Set 2n > s, then lim, o, g(r) = 0,
so H=0. (]

Definition. Let M be a submanifold in N with the metric (-,-), then we call
M a e-super f-biharmonic submanifold, if

(31) (A(FH), FH) > (e = DIV (PP,
where € € [0,1] is a constant.

Theorem 4.4. Let u : (M,g) — (N, h) be a complete e-supper f-biharmonic
submanifold in (N, h) fore > 0. If

(32) / |fH[Pdv, < o,
M
then u is minimal, where p > 2.

Proof. From (32), we have
(= 1) [ NUACS D, < [ N\HSEH). S,
M M
= [ VPP, ~ [ VNS, S,
M M
—a [ NUHE (A, S,
M
< - [ NURCN G, - [ DNV, fH)du,
M M
where A is defined by (18), a > 0, we have

[ A, <~ [ 2N FA ). o,
M M
From Young’s inequality, we have

[ NIPAPS () P,
M

IA

_/Mzwwﬁl“(V(fﬁ),fﬁ)dvg

€ = . — 2 = .
<5 [ RPN, + 2 [ ARy,
M €Jm
SO
21 £ 170 7\ (2 4 C? r71a+2
(33) NIFHIYIV(fH)Pdvy < ——5 | |fH|*dv,.
M et M

Since [y, |fH|*t2dv, is finite, setting 7 — oo in (34), we have

(34) /N SV P, <0
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and then H = 0 or V(fH) = 0.

We will prove that V(fH) = 0 implies H = 0.

Set = € M such that V(fH) = 0. We take an orthonormal basis {e;}7, of
T, M, an orthonormal basis {v, }{,_; of (T,.M)L, then we have

(35) 0= (Ve,(fH), ) = —(fH, B(es, e;)-
From (36), we have
0=

so we obtain H = 0. O

<fﬁaB(ei7ei)> = m‘ﬁ|2fa
1

m
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