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SPECIAL ORTHONORMAL BASIS FOR L2 FUNCTIONS ON

THE UNIT CIRCLE

Young-Bok Chung

Abstract. We compute explicitly the matrices represented by Toeplitz

operators on the Hardy space over the unit circle with respect to a special
orthonormal basis constructed by author in terms of their symbols. And

we also find a necessary condition for the matrix generated by the product
of two Toeplitz operators with respect to the basis to be a Toeplitz matrix

by a direct calculation and we finally solve commuting problems of two

Toeplitz operators in terms of symbols. This is a generalization of the
classical results obtained regarding to the orthonormal basis consisting of

the monomials.

1. Introduction

It is well known that Toeplitz operators on the Hardy space over the unit
disc U are completely classified in terms of Toeplitz matrices when the family
L0 = { 1√

2π
zp | p = 0,±1,±2, . . .} of the monomials is used as the orthonormal

basis for L2(bU) under the Lebesgue measure. Furthermore the matrix repre-
sentation with respect to the basis L0 can be recaptured from the symbols of
the Toeplitz operators. In fact, if ϕ ∈ L∞(bU) is the symbol of the Toeplitz
operator T , then the i-th and j-th entry of the matrix of T with respect to L0

is equal to the (i − j)-th Fourier coefficient 〈ϕ, 1√
2π
zi−j〉 of the ϕ (see [3] for

details).
What are then the counterparts of the constant 1√

2π
and the monomial

functions zp for the case of general bounded domains? The author recently
in [4] constructed a corresponding orthonormal basis L for L2(bΩ) consisting
of the Szegő kernel, the Garabedian kernel, and the Ahlfors map over general
C∞ smooth bounded domain Ω and classified Toeplitz operators in terms of
Toeplitz matrices with respect to a subset of L. In particular he computed
the matrix of T completely in terms of the Fourier coefficients of the symbol
and found a necessary condition for the product of two Toeplitz operators to
become a Toeplitz operator (see [5] for the reference). On the other hand, when
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the base domain is the unit disc U , the functions used in the construction of
the orthonormal basis L are easily computable and so we can expect to have
more compact result.

In this paper, we work on only the unit disc and prove all the results without
using notations for kernel functions. So we would like to write this article as
elementarily as possible. In the end computation of the matrices of the Toeplitz
operators with respect to L will be done in terms of the associated symbols in
a concrete form without having series expansion. We also obtain a necessary
condition for the matrix representation of the product of two Toeplitz operators
with resect to L to be a Toeplitz matrix which is written in terms of symbols in
explicit forms. We finally solve commuting problems of two Teoplitz operators
about symbols. All the results obtained in the paper are generalizations for
the properties held regarding to the classical orthonormal basis L0.

2. Main results

Let U be the unit disc in the complex plane and let L2(bU) be the space of
square integrable functions on bU with the inner product defined by

〈u, v〉 =

∫
bΩ

u v ds,

where ds is the differential element of arc length on the boundary bU . Let
H2(bU) denote the classical Hardy space of holomorphic functions on U with
L2-boundary values in bU . Let P be the Szegő projection that is the orthogonal
projection of L2(bU) onto H2(bU) defined by

(Pu)(a) =
1

2π

∫
bU

zu(z)

z − a
ds for u ∈ L2(bU), a ∈ U.(2.1)

It is well known (see [1], [2]) that the space L2(bU) has an orthogonal de-
composition as a direct sum of the Hardy space H2(bU) and its orthogonal
complement H2(bU)⊥ via the identity

(2.2) u(z) = Pu(z) +
1

z
P
(
u(ζ)/ζ

)
(z) for u ∈ L2(bU)

which plays a key role in this paper.
Let L∞(bU) be the space of essentially bounded measurable functions on

the unit circle bU and let ϕ be in L∞(bU). The operator Tϕ defined on H2(bU)
by

Tϕ(h) = P (ϕh), h ∈ H2(bU).

is called the Toeplitz operator with symbol ϕ and so the operator T is the
compression of a multiplication operator on the circle to the Hardy space
H2(bU). Note that the Toeplitz operators are linear in the symbol, that is,
Tαϕ+βψ = αTϕ + βTψ for α, β ∈ C and for ϕ,ψ ∈ L∞(bU) and they also
have many algebraic properties as multiplication operators do (see [3] for more
details).
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The following theorem proved by the author [4] is a reformulated result in
the case of the unit disc which will be often referred in the remaining part of
the paper.

Theorem 2.1. Let a be in the unit disc U . Define for k ∈ Z the complex
rational function Ek by

Ek =

√
1− |a|2

2π

(z − a)k

(1− az)k+1
.

Then

(1) L = {Ek | k ∈ Z} is an orthonormal basis for L2(bU),
(2) L+ = {Ek | k ∈ Z, k ≥ 0} is an orthonormal basis for H2(bU), and
(3) L− = {Ek | k ∈ Z, k ≤ −1} is an orthonormal basis for H2(bU)⊥.

Observe that given a ∈ U , the function Ek in L+ is a meromorphic rational
function with a single pole at 1/a on the whole plane and hence it is a holomor-
phic function in a neighborhood of the closed unit disc. Notice also that when
a = 0, the family L in the above theorem is just the classical orthonormal basis
of the monomials

√
1/2π zk.

In order to compute the matrix represented by the Toeplitz operator Tϕ with
respect to L+, we need several lemmas about the inner products 〈EpEl, Em〉 for
integers p, l,m. The first lemma says that the inner products have an additive
property for those subscript integers.

Lemma 2.2. For p, l,m ∈ Z,

〈EpEl, Em〉 = 〈Ep+l−mE0, E0〉.

Proof. The proof is easily done by using the fact that(
z − a
1− az

)
=

1− az
z − a

for z ∈ bU.

In fact,

〈EpEl, Em〉

=

√
1− |a|2

2π

3 ∫
bU

(z − a)p

(1− az)p+1

(z − a)l

(1− az)l+1

(1− az)m

(z − a)m

(
1

1− az

)
ds

=

√
1− |a|2

2π

3 ∫
bU

(z − a)p+l−m

(1− az)p+l−m+1

1

(1− az)

(
1

1− az

)
ds

= 〈Ep+l−mE0, E0〉. �

A one-way infinite matrix M = [mij ], i, j = 0, 1, 2, . . . is called a Toeplitz
matrix of order k ∈ N if

mi+k,j+k = mi,j , i, j = 0, 1, 2, . . .
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and so these matrices are k-tuple diagonal-constant matrices. It is easy to see
that the matrix [Tϕ] of the Toeplitz operator Tϕ with respect to the orthonormal
basis L+ is a Toeplitz matrix of order 1 (see [4] for general bounded domains).
In fact, it follows from Lemma 2.2 that 〈EpEl+1, Em+1〉 = 〈Ep+(l+1)−(m+1)E0,
E0〉 = 〈Ep+l−mE0, E0〉. Hence we have proved the following corollary.

Corollary 2.3. Let a be fixed in the unit disc U . For ϕ ∈ L∞(bU), the matrix
[Tϕ] of the Toeplitz operator Tϕ on the Hardy space H2(bU) with respect to the
orthonormal basis L+ is a Toeplitz matrix of order 1.

In the next two lemmas we compute the inner products 〈EpEl, Em〉 which
do not vanish.

Lemma 2.4.

〈E0E0, E0〉 =
1√

2π(1− |a|2)
.

Proof. It follows from the identities 1− az = z−1(z − a) and dz = izds on bU
that

〈E0E0, E0〉 =

√
1− |a|2

2π

3 ∫
bU

z2

(z − a)2

1

1− az
ds

=

√
1− |a|2

2π

3 ∫
bU

z2

(z − a)2

1

1− az
ds

=

√
1− |a|2

2π

3
1

i

∫
bU

1

(z − a)2

z

1− az
dz.

Thus by the Residue theorem, the last identity is equal to√
1− |a|2

2π

3

2π Res

(
1

(z − a)2

z

1− az
; a

)
=

√
1− |a|2

2π

3
2π

(1− |a|2)2

which proves the lemma. �

Lemma 2.5.

〈E−1E0, E0〉 =
a√

2π(1− |a|2)
.

Proof. Similarly as in the proof of Lemma 2.4, the identity above can be verified
as follows.

〈E−1E0, E0〉 =

√
1− |a|2

2π

3 ∫
bU

1

z − a
1

1− az
1

1− az
ds

=

√
1− |a|2

2π

3 ∫
bU

1

z − a
1

1− az
z

z − a
ds
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=

√
1− |a|2

2π

3
1

i

∫
bU

1

(z − a)2

1

1− az
dz

=

√
1− |a|2

2π

3

2π Res

(
1

(z − a)2

1

1− az
; a

)

=

√
1− |a|2

2π

3
2πa

(1− |a|2)2

which proves the lemma. �

Now in the next two lemmas we show that the inner product 〈EmE0, E0〉 = 0
for all m 6= 0,−1.

Lemma 2.6. For k ≥ 1,

〈EkE0, E0〉 = 0.

Proof.

〈EkE0, E0〉 =

√
1− |a|2

2π

3 ∫
bU

(z − a)k

(1− az)k+1

1

1− az
1

1− az
ds

=

√
1− |a|2

2π

3
1

i

∫
bU

(z − a)k

(1− az)k+2

1

z(z − a)

1

z
dz

=

√
1− |a|2

2π

3
1

i

∫
bU

(z − a)k−1

(1− az)k+2
dz.

Since the integrand (z−a)k−1

(1−az)k+2 in the integral is holomorphic in a neighborhood

of the closed unit disc, the last identity vanishes by the Cauchy theorem. �

Lemma 2.7. For k ≥ 2,

〈E−kE0, E0〉 = 0.

Proof.

〈E−kE0, E0〉 =

√
1− |a|2

2π

3 ∫
bU

(z − a)−k

(1− az)−k+1

1

1− az
1

1− az
ds

=

√
1− |a|2

2π

3
1

i

∫
bU

(1− az)k−1

(z − a)k
1

1− az
1

z(z − a)

1

z
dz

=

√
1− |a|2

2π

3
1

i

∫
bU

(1− az)k−2

(z − a)k+1
dz.

Here the residue of the integrand at z = a is equal to 1
k!

dk

dzk
(1− az)k−2|z=a

which must be zero because the analytic polynomial (1−az)k−2 has degree not
more than k − 2 and so the proof is done. �
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Now we are ready to prove the following theorem which represents the matrix
of the Toeplitz operator Tϕ completely in terms of the Fourier coefficients of
the symbol ϕ.

Theorem 2.8. Let a be fixed in the unit disc U . Let ϕ ∈ L∞(bU) have the
Fourier series representation ϕ =

∑∞
p=−∞ αpEp with respect to the orthonormal

basis L. Then for nonnegative integers m and l, the entry of m-th row and l-
th column of the matrix [Tϕ] of the Toeplitz operator Tϕ on the Hardy space
H2(bU) with respect to the orthonormal basis L+ is equal to

[Tϕ]ml =
1√

2π(1− |a|2)
αm−l +

a√
2π(1− |a|2)

αm−l−1.(2.3)

Proof. Since the matrix [Tϕ] is a Toeplitz matrix of order 1, for m ≥ l, it follows
that

[Tϕ]ml = [Tϕ]m−1,l−1 = [Tϕ]m−2,l−2 = · · · = [Tϕ]m−l,0.

Thus by Lemmas 2.2, 2.6, and 2.7, the last identity yields

[Tϕ]m−l,0 =

∞∑
p=−∞

αp〈EpE0, Em−l〉 =

∞∑
p=−∞

αp〈Ep−m+lE0, E0〉

= αm−l〈E0E0, E0〉+ αm−l−1〈E−1E0, E0〉

which is exactly equal to the formula of Theorem 2.8. For m < l, similarly as
in the case of m ≥ l, we obtain

[Tϕ]ml = [Tϕ]0,l−m =

∞∑
p=−∞

αp〈EpEl−m, E0〉

=

∞∑
p=−∞

αp〈Ep+l−mE0, E0〉

= αm−l〈E0E0, E0〉+ αm−l−1〈E−1E0, E0〉

which proves the identity (2.3) of the theorem. �

The matrix [Tϕ] can be written in the more compact form using a lower shift
matrix as follows.

Corollary 2.9. Let a be fixed in the unit disc U . Let ϕ ∈ L∞(bU) have the
Fourier series representation ϕ =

∑∞
p=−∞ αpEp with respect to the orthonormal

basis L. Then the matrix [Tϕ] of the Toeplitz operator Tϕ on the Hardy space
H2(bU) with respect to the orthonormal basis L+ is equal to

[Tϕ] =
1√

2π(1− |a|2)
A(I + aL),
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where A is the matrix composing of the Fourier coefficients of the symbol ϕ
given by

A =


α0 α−1 α−2 · · ·
α1 α0 α−1 · · ·
α2 α1 α0 · · ·
...

...
...

. . .

 ,
I is the identity matrix, and L is the one-way infinite lower shift matrix given
by

L =


0 0 0 0 · · ·
1 0 0 0 · · ·
0 1 0 0 · · ·
0 0 1 0 · · ·
...

...
...

...
. . .

 .
Proof. The proof is easily done by Theorem 2.8. In fact, it follows that

[Tϕ]

=


1√

2π(1−|a|2)
(α0 + aα−1) 1√

2π(1−|a|2)
(α−1 + aα−2) · · ·

1√
2π(1−|a|2)

(α1 + aα0) 1√
2π(1−|a|2)

(α0 + aα−1) · · ·
...

...
. . .



=
1√

2π(1− |a|2)


α0 α−1 α−2 · · ·
α1 α0 α−1 · · ·
α2 α1 α0 · · ·
...

...
...

. . .



+
a√

2π(1− |a|2)


α−1 α−2 α−3 · · ·
α0 α−1 α−2 · · ·
α1 α0 α−1 · · ·
...

...
...

. . .


=

1√
2π(1− |a|2)

A

+
a√

2π(1− |a|2)


α0 α−1 α−2 · · ·
α1 α0 α−1 · · ·
α2 α1 α0 · · ·
...

...
...

. . .

 ·


0 0 0 0 · · ·
1 0 0 0 · · ·
0 1 0 0 · · ·
0 0 1 0 · · ·
...

...
...

...
. . .

 .
�

The product of two Toeplitz operators is not a Toeplitz operator in general
and so we find a necessary condition for the product to be a Toeplitz operator
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in terms of Toeplitz matrices. Using the identity (2.3), we obtain

[TϕTψ]m+1,l+1 =

∞∑
p=0

[Tϕ]m+1,p[Tψ]p,l+1

=

∞∑
p=0

(
1√

2π(1− |a|2)
αm+1−p +

a√
2π(1− |a|2)

αm−p

)
·(

1√
2π(1− |a|2)

βp−l−1 +
a√

2π(1− |a|2)
βp−l−2

)

=

∞∑
p=0

(
1√

2π(1− |a|2)
αm−p +

a√
2π(1− |a|2)

αm−p−1

)
·(

1√
2π(1− |a|2)

βp−l +
a√

2π(1− |a|2)
βp−l−1

)

+

(
1√

2π(1− |a|2)
αm+1 +

a√
2π(1− |a|2)

αm

)
·(

1√
2π(1− |a|2)

β−l−l +
a√

2π(1− |a|2)
β−l−2

)

= [TϕTψ]m,l +
1

2π(1− |a|2)
(αm+1 + aαm)(β−l−1 + aβ−l−2).

Hence we have proved the following.

Corollary 2.10. Let a be fixed in the unit disc U . Let ϕ,ψ ∈ L∞(bU) have the
Fourier series representations ϕ =

∑∞
p=−∞ αpEp and ψ =

∑∞
q=−∞ βpEp with

respect to the orthonormal basis L. Let Tϕ and Tψ be the Toeplitz operators with
symbols ϕ and ψ on the Hardy space H2(bU). Then for nonnegative integers
m and l, the entries of the matrix of the product TϕTψ with respect to the
orthonormal basis L+ satisfy

[TϕTψ]m+1,l+1 = [TϕTψ]m,l

+
1

2π(1− |a|2)
(αm+1 + aαm)(β−l−1 + aβ−l−2).

(2.4)

Definition. We say that for a C∞ smooth bounded domain Ω, a function ϕ
in L∞(bΩ) is analytic with respect to an orthonormal basis B = {um |m ∈ Z}
for L2(bΩ) if for all negative integers m, the Fourier coefficient 〈ϕ, um〉 = 0 and

that ϕ is co-analytic with respect to B if the function ϕ−
∑−1
p=−∞〈ϕ, up〉up is

a constant.

Observe that for the case of the unit disc Ω = U , the orthonormal basis
L = {Em |m ∈ Z} becomes the family L0 consisting of monomials 1√

2π
zk when

a = 0. Hence in this case, since zm = z−m and the orthogonal projection P⊥(ϕ)
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is equal to zP
(
ϕ(ζ)

/
ζ
)

(z) by (2.2), it is easy to see that co-analyticity of ϕ

with respect to L0 is equivalent to saying that the conjugate of ϕ is holomorphic
in H2(bU) and so the definition of analyticity(co-analyticity) with respect to
L0 is consistent with the classical one.

Theorem 2.11. Let a be fixed in the unit disc U . Let ϕ,ψ ∈ L∞(bU) have the
Fourier series representations ϕ =

∑∞
p=−∞ αpEp and ψ =

∑∞
q=−∞ βpEp with

respect to the orthonormal basis L. Let Tϕ and Tψ be the Toeplitz operators
with symbols ϕ and ψ on the Hardy space H2(bU). If the matrix [TϕTψ] of the
product of Tϕ and Tψ with respect to L+ is a Toeplitz matrix of order 1, then
either ϕ is co-analytic with respect to L or ψ is analytic with respect to L. In
fact, in the case, either

ϕ =
α0√

2π(1− |a|2)
+

−1∑
p=−∞

αpEp(2.5)

or

ψ =
a β−1√

2π(1− |a|2)
+
∞∑
q=0

βqEq.(2.6)

Proof. Suppose that the matrix [TϕTψ] of the product of Tϕ and Tψ with respect
to L+ is a Toeplitz matrix of order 1. Then it follows from the identity (2.4)
that for all m, l ≥ 0,

(αm+1 + aαm)(β−l−1 + aβ−l−2) = 0

which yields either for all m ≥ 0, αm+1 + aαm = 0 or for all l ≥ 0, β−l−1 +
aβ−l−2 = 0. On the other hand, the Fourier coefficients of ϕ and ψ can be
written as follows. For m ≥ 0,

αm = 〈Pϕ,Em〉 =

√
1− |a|2

2π

∫
bU

(Pϕ)
z − am

1− azm+1 ds

=

√
1− |a|2

2π

1

i

∫
bU

(Pϕ)
zm(1− az)m

zm+1(z − a)m+1

1

z
dz

=

√
1− |a|2

2π

1

i

∫
bU

1

(z − a)m+1
[(Pϕ)(1− az)m] dz

=

√
2π(1− |a|2)

m!
[(Pϕ)(1− az)m]

(m)
(a).

Here we used the identity z = 1/z for |z| = 1 and the Residue theorem. Thus

αm+1 =

√
2π(1− |a|2)

(m+ 1)!

[
(Pϕ)(1− az)m+1

](m+1)
(a)

=

√
2π(1− |a|2)

(m+ 1)!

[
(Pϕ)′(1− az)m+1 − (m+ 1)a(Pϕ)(1− az)m

](m)
(a)
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=

√
2π(1− |a|2)

(m+ 1)!

m∑
j=0

(Pϕ)(j+1)(a)[(1− az)m+1](m−j)(a)− aαm

which yields

αm+1 + aαm =

√
2π(1− |a|2)

(m+ 1)!

m∑
j=0

(Pϕ)(j+1)(a)[(1− az)m+1](m−j)(a).(2.7)

Now as the first case, suppose that αm+1 + aαm = 0 for m ≥ 0. If a = 0,

then αm = 0 for all m ≥ 1 and so ϕ−
∑−1
p=−∞ αpEp = α0E0 = α0/

√
2π which

is a constant and hence ϕ is co-analytic. For a 6= 0, it follows from the identity
(2.7) that

m∑
j=0

(Pϕ)(j+1)(a)[(1− az)m+1](m−j)(a)(2.8)

=

m∑
j=0

(Pϕ)(j+1)(a)(m+ 1)m(m− 1) · · · (j + 2)(1− |a|2)j+1(−a)m−j = 0,

from which it is easy to see by induction on m that for all k ≥ 1, (Pϕ)(k)(a) = 0.
Then the holomorphic function Pϕ must be the constant (Pϕ)(a) and so since
the function ϕ − (Pϕ)(a) belongs to the orthogonal complement H2(bU)⊥ of

the Hardy space, ϕ = (Pϕ)(a) +
∑−1
−∞ αpEp. Furthermore, from the identity

(2.1) the constant (Pϕ)(a) is equal to

〈ϕ, 1

2π(1− az)
〉 =

1√
2π(1− |a|2)

〈ϕ,E0〉 =
α0√

2π(1− |a|2)

which proves the statement of Theorem 2.11 with the former assumption.
Next suppose that the latter condition

β−l−1 + aβ−l−2 = 0 for l ≥ 0(2.9)

holds. If a = 0, then β−l−1 = 0 for all l ≥ 0. Then the function ψ =∑∞
q=0 βqEq is an analytic function with respect to L. Next suppose that a 6= 0.

The Fourier coefficients β−1 and β−2 can be computed as follows. Let Λ =

P
(
ψ(ζ)

/
ζ
)

denote the projection of the function ψ(ζ)
/
ζ appearing in the

orthogonal decomposition (2.2) of ψ for simplicity. It follows from (2.2) that

β−1 = 〈ψ,E−1〉 = 〈 Λ(z)

z
, E−1〉(2.10)

=

√
1− |a|2

2π

∫
bU

zΛ(z)

z − a
ds =

√
1− |a|2

2π

1

i

∫
bU

Λ(z)

z − a
dz

=
√

2π(1− |a|2) Λ(a)

and

β−2 = 〈ψ,E−2〉 = 〈 Λ(z)

z
, E−2〉
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=

√
1− |a|2

2π

∫
bU

zΛ(z)(1− az)
(z − a)2

ds

=

√
1− |a|2

2π

1

i

∫
bU

Λ(z)(1− az)
(z − a)2

dz

=
√

2π(1− |a|2) [(1− az)Λ(z)]
′
(a)

=
√

2π(1− |a|2)(1− |a|2)Λ′(a) +
√

2π(1− |a|2) (−a)Λ(a)

=
√

2π(1− |a|2)(1− |a|2)Λ′(a)− aβ−1.

So

0 = β−1 + aβ−2 =
√

2π(1− |a|2)(1− |a|2)Λ(a) + aΛ′(a),

which yields the identity

[zΛ(z)]
′
(a) = 0.

In order to show for all l ≥ 1,

[zΛ(z)]
(l)

(a) = aΛ(l)(a) + lΛ(l−1)(a) = 0(2.11)

by induction on l we let k ≥ 1 and we assume that the identity (2.11) has been
proved for l = 1, 2, . . . , k. Then it follows from the Residue theorem and the
general Leibniz rule that

β−k−1 = 〈ψ,E−k−1〉 = 〈 Λ(z)

z
, E−k−1〉

=

√
1− |a|2

2π

∫
bU

zΛ(z)(1− az)k
(z − a)k+1

ds

=

√
1− |a|2

2π

1

i

∫
bU

Λ(z)(1− az)k
(z − a)k+1

dz

=

√
2π(1− |a|2)

k!
[(1− az)kΛ(z)]

(k)
(a)

=

√
2π(1− |a|2)

k!

k∑
j=0

(
k

j

)
[(1− az)k](k−j)(a)Λ(j)(a)

=

√
2π(1− |a|2)

k!

k∑
j=0

(
k

j

)
k!

j!
(1− |a|2)j(−a)k−jΛ(j)(a)

=
√

2π(1− |a|2)

k∑
j=0

(
k

j

)
1

j!
(1− |a|2)j(−a)k−jΛ(j)(a).(2.12)

Notice also from the inductive hypothesis (2.11) that for 0 ≤ j ≤ k

Λ(j)(a) = (−1)k−j
j!

k!
ak−jΛ(k)(a).(2.13)
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Thus by using the identities (2.12) and (2.13) we obtain

β−k−1 =
√

2π(1− |a|2)

 k∑
j=0

1

j!(k − j)!
(1− |a|2)j |a|2(k−j)

Λ(k)(a)(2.14)

and

β−k−2 =
√

2π(1− |a|2)

k+1∑
j=0

(
k + 1

j

)
1

j!
(1− |a|2)j(−a)k+1−jΛ(j)(a)

=
√

2π(1− |a|2)

k∑
j=0

(
k + 1

j

)
1

j!
(1− |a|2)j(−a)k+1−jΛ(j)(a)

+
√

2π(1− |a|2)
1

(k + 1)!
(1− |a|2)k+1Λ(k+1)(a)

=
√

2π(1− |a|2)(k + 1)(−a)

 k∑
j=0

1

j!(k + 1− j)!
(1− |a|2)j |a|2(k−j)

Λ(k)(a)(2.15)

+
√

2π(1− |a|2)
1

(k + 1)!
(1− |a|2)k+1Λ(k+1)(a).

Since by assumption (2.9), 1/
√

2π(1− |a|2)
[
β−k−1 + a β−k−2

]
= 0, it is

easy to see from (2.14) and (2.15) that

0 = Λ(k)(a)

[
k∑
j=0

1

j!(k − j)!
(1− |a|2)j |a|2(k−j)

− (k + 1)

k∑
j=0

1

j!(k + 1− j)!
(1− |a|2)j |a|2(k+1−j)

]
+

a

(k + 1)!
(1− |a|2)k+1Λ(k+1)(a)

= Λ(k)(a)

k∑
j=0

[(
1

j!(k − j)!
− k + 1

j!(k + 1− j)!
|a|2
)

(1− |a|2)j |a|2(k−j)
]

+
a

(k + 1)!
(1− |a|2)k+1Λ(k+1)(a)

= Λ(k)(a)

{
1

k!
(1− |a|2)|a|2k

+

k∑
j=1

[(
1

j!(k − j)!
− k + 1

j!(k + 1− j)!
|a|2
)

(1− |a|2)j |a|2(k−j)
]}

+
a

(k + 1)!
(1− |a|2)k+1Λ(k+1)(a)
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= Λ(k)(a)

{
1

1!(k − 1)!
(1− |a|2)2|a|2(k−1)

+

k∑
j=2

[(
1

j!(k − j)!
− k + 1

j!(k + 1− j)!
|a|2
)
·

(1− |a|2)j |a|2(k−j)
]}

+
a

(k + 1)!
(1− |a|2)k+1Λ(k+1)(a)

= · · ·

= Λ(k)(a)

{
1

r!(k − r)!
(1− |a|2)r+1|a|2(k−r)

+

k∑
j=r+1

[(
1

j!(k − j)!
− k + 1

j!(k + 1− j)!
|a|2
)

(1− |a|2)j |a|2(k−j)
]}

+
a

(k + 1)!
(1− |a|2)k+1Λ(k+1)(a)

= · · ·

= Λ(k)(a)

[
1

k!
(1− |a|2)k+1

]
+

a

(k + 1)!
(1− |a|2)k+1Λ(k+1)(a)

=
(1− |a|2)k+1

k!

[
a

k + 1
Λ(k+1)(a) + Λ(k)(a)

]
=

(1− |a|2)k+1

k!

1

k + 1

[
aΛ(k+1)(a) + (k + 1)Λ(k)(a)

]
=

(1− |a|2)k+1

k!

1

k + 1
[zΛ(z)](k+1)(a)

which implies that the equation (2.11) holds for l = k + 1 and hence we have
proved that for all l ≥ 1

[zΛ(z)](l)(a) = 0.

Now since then for all l ≥ 0

[zΛ(z)− aΛ(a)](l)(a) = 0,

the holomorphic function h(z) = zΛ(z) = zP
(
ψ(ζ)

/
ζ
)

(z) is identically equal

to the constant aP
(
ψ(ζ)

/
ζ
)

(a) which is, by (2.10)

aP
(
ψ(ζ)

/
ζ
)

(a) =
aβ−1√

2π(1− |a|2)
.

Observe that the orthogonal projection of ψ equals the constant

P⊥(ψ)(z) = zP
(
ψ(ζ)

/
ζ
)

(z) = aP
(
ψ(ζ)

/
ζ
)

(a).
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Therefore finally the symbol ψ is exactly equal to

ψ = P (ψ) + aP
(
ψ(ζ)

/
ζ
)

(a) =
aβ−1√

2π(1− |a|2)
+

∞∑
q=0

βqEq

which finishes the proof of Theorem 2.11. �

It was proved in [6] that the following commuting property of Toeplitz oper-
ators holds for arbitrary C∞ smooth bounded simply connected domains pro-
vided analyticity(co-analyticity) of symbols is given with respect to the basis
L0 by using the transformation rule of Toeplitz operators under biholomorphic
mappings. It is not that difficult to prove the same result for the case of the
unit disc with the generalized definition of analyticity(co-analyticity) of sym-
bols in terms of the orthonormal basis L corresponding to an arbitrary point
a ∈ U .

Theorem 2.12. Suppose that ϕ and ψ are symbols in L∞(bU). Then the
Toeplitz operators Tϕ and Tψ on the Hardy space H2(bU) commute if and only
if either both ϕ and ψ are analytic or both ϕ and ψ are co-analytic with respect
to L or αϕ+ βψ is constant for some constants α and β not both 0.

Proof. Two operators Tϕ and Tψ obviously commute if the sufficient condition
holds. Let ϕ =

∑∞
p=−∞ αpEp and ψ =

∑∞
q=−∞ βqEq be given. Suppose that

TϕTψ = TψTϕ. It then follows from the identity (2.4) that for all m ≥ 0 and
l ≥ 0

(αm+1 + aαm)(β−l−1 + aβ−l−2) = (βm+1 + aβm)(α−l−l + aα−l−2).(2.16)

If for all m ≥ 0, αm+1 +aαm = βm+1 +aβm = 0, by the proof of Theorem 2.11,
ϕ and ψ are both co-analytic with respect to L. Similarly if for all l ≥ 0,
α−l−l + aα−l−2 = β−l−1 + aβ−l−2 = 0, by the proof of Theorem 2.11, ϕ and ψ
are both analytic with respect to L.

If for all m ≥ 0 and l ≥ 0, αm+1 + aαm = α−l−l + aα−l−2 = 0, then for

some constant c,
∑−1
p=−∞ αpEp = c +

∑∞
p=0 αpEp which is in both H2(bU)

and H2(bU)⊥ and so
∑−1
p=−∞ αpEp = 0 and hence ϕ = −c = 1 · (−c) + 0 · ψ.

Similarly if for all m ≥ 0 and l ≥ 0, βm+1 + aβm = β−l−l + aβ−l−2 = 0, then
for some nonzero vector (α, β) in C2, αϕ+ βψ is a constant. As the remaining
case, suppose that there exist m0 ≥ 0 and l0 ≥ 0 such that αm0+1 + aαm0

6= 0
and α−l0−1 + aα−l0−2 6= 0. Since

βm0+1 + aβm0

αm0+1 + aαm0

=
β−l0−1 + aβ−l0−2

α−l0−l + aα−l0−2
,

it follows from (2.16) and (2.3) that for m, l ≥ 0 with m 6= l,

[Tψ]m,l =
1√

2π(1− |a|2)
(βm−l + aβm−l−1)

=
1√

2π(1− |a|2)

βm0+1 + aβm0

αm0+1 + aαm0

(αm−l + aαm−l−l)
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=
βm0+1 + aβm0

αm0+1 + aαm0

[Tϕ]m,l.

Thus for m, l ≥ 0[
Tψ −

1√
2π(1− |a|2)

(β0 + aβ−1)I

]
m,l

=
βm0+1 + aβm0

αm0+1 + aαm0

[
Tϕ −

1√
2π(1− |a|2)

(α0 + aα−1)I

]
m,l

which yields

ψ − βm0+1 + aβm0

αm0+1 + aαm0

ϕ

=
1√

2π(1− |a|2)

[
β0 + aβ−1 −

βm0+1 + aβm0

αm0+1 + aαm0

(α0 + aα−1)

]
.

Therefore the proof of the theorem is finished. �
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