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ENUMERATION OF GRAPHS WITH GIVEN WEIGHTED
NUMBER OF CONNECTED COMPONENTS

JOUNGMIN SONG

ABSTRACT. We give a generating function for the number of graphs with
given numerical properties and prescribed weighted number of connected
components. As an application, we give a generating function for the
number of g-partite graphs of given order, size and number of connected
components.

1. Introduction

In this paper, we consider the generating function for the number of graphs
with prescribed numerical properties and the weighted number of connected
components: Given a weight vector w = (wy,ws,...) € Q, the w-weighted
number of connected components of a graph G with connected components
G1,...,G, is defined to be

he(GQ) == ZwiCard{j |i=|Gjl}.
i=1

Here, |G;| means the order of the component G; and Card{j|i = |G,|} is the
number of connected components of order 4, so h§(G) counts the number of
connected components weighted by w;. For instance, when w is the uniform
trivial weight (1,1,...,), h§(G) is just the number of connected components.
The notion of weighted number of components frequently arises in many ar-
eas of Mathematics, such as groups or bundle discounts. More complex and
sophisticated applications may be found in network analysis.

The goal of this paper is to give a generating function for the number of
graphs of given order, size, and hf. In fact, order, size can be replaced by any
homogeneous properties (Definition 2). Our method is a slight modification of
the exponential formula in [12, Section 5.1]. We first introduce an auxiliary
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multivariate exponential generating function (Section 3, Equation (1)) which
enumerates the number of graphs with prescribed number of connected compo-
nents of given order. Next, we use a ring homomorphism 7, to find the desired
generating function (Definition 3).

Let f; be additive functions on graphs (Definition 1) and P be a collection of
homogeneous properties. Our main theorem, which will be proved in Section 3,
can be stated as following:

Theorem. The number of graphs with properties P, given f; values and h§ is
generated by

S
1 n k;
Tw | €Xp gn,kl,...,ksﬁx Yi Zn s
n,k =1

where gn k... .k, 1S the number of connected graphs with properties P and given
numerical values of f;, i = 1,...,s, and T, is the ring homomorphism deter-
mined by mapping [z to 2 Wi

i,k,u (resp. C:g,k,v) of ¢-

colored (resp. g-partite) graphs of order n, size k with v connected component
(Proposition 1), and give a numerical table of bipartite graphs in the Appen-
dix A computed by using Mathematica. In this numerical table, we specifically
choose the uniform trivial weight w = (1,1,1,...) since it will be used in our
forthcoming paper [10]. We remark that, although enumeration of bipartite
graphs have been studied by many authors ([2-5,12,13]), our search did not
turn up a table of c'f)k,y.

As an application, we shall enumerate the number ¢

Throughout this paper, graphs are assumed to be labeled.

2. The exponential formula

In this section, we quickly review the exponential formula for generating
functions [12, Section 5.1] and give a few variant forms of it that will be useful
for our purpose here and in [10].

Definition 1. We say that an integer valued function f on the set of graphs
is additive if f(G+G') = f(G) + f(G') for any two graphs G, G’ with disjoint

vertex sets.
For example, order, size and rank (of the incidence matrix) are all additive.

Definition 2. We say that a graph property P is homogeneous if G satisfies
P then all of its components satisfy P.

Let f1,...,fs be additive functions on graphs. Say one is interested in
enumerating graphs with given order and given values of f;, ¢ =1,...,s. Then
the exponential formula allows one to relate the total number of graphs with
the desired numerical properties and the number of connected graphs with the
same properties. Let [n] = {1,2,...,n}.
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Theorem 1 ([7, Theorem 1], [12, Section 5.1]). Let P be a homogeneous graph
property. Let gn gy ..k, (T€SD. Gn ky,....k,) be the number of graphs (resp. con-
nected graphs) G on [n] with property P and f;(G) = k;, for all i. Then the
generating function for g, k... k. 1S given by

s

_ 1
g(ﬂf’yl, ceey ys) = exp <Z Inky,.... ks Exnylfl ce y§b>

or equivalently, the generating function for gn k... k. 1S given by the formal

logarithm

s

_ 1
g(x7y17 e ays) = IOg <Z In.kq,....ks Exnyllﬂ e yfs> .

By using this theorem, one can sort out unwanted components when enumer-
ating graphs. Suppose that the generating function g(z,y1,...,ys) is known
and we want to enumerate the graphs with the same numerical features but
without certain components.

Corollary 1. Let T C Z*t'. The number of graphs of given order and given
values of f; without a connected component of order n* and f; value of k7,
Vi € Z, is generated by

_ 1 w R* E*
xp | 10g | 9@y Us) = D Fur kg g Y
(n*,k})eT '

Proof. By construction, the 2™ [ yfi—coefﬁcient comes from the partitions of n
and k; that do not involve n* and k. The assertion follows immediately. [

In particular, the number of graphs with desired numerical properties but
without an isolated vertex is generated by
) x)) .
z=0

0
exp <10g <9($7yla-~-7ys) - (ai

3. Graphs with a given number of weighted connected components

We shall use the multi-vector notation and simply write g(z,y) for g(x,y1,
3 Ys), y* for I, yfi and so on. Suppose we have the generating function

IR
g@.y) = Y gnpkea Lo
n>1,k; S

for the number of connected graphs with certain homogeneous properties P
and given numerical values of f;, i =1,...,s.
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To control the weighted number of connected components, we define an
auxiliary generating function

(1)

) 1 S k

exXp §(T,Y,2)=€eXP Y Gk, ..k, " [Tviizn € Qla,vn, . ye 21, 22,23,
n,k; =1

which involves infinitely many variables z;, ¢ € N. The upshot is that the

auxiliary z;’s allow one to keep track of the orders of connected components.

Definition 3. Let w = (w1, ws,ws,...) € Q> be a finite weight vector, i.e.,
w; = 0 except for finitely many . Let 7, : Q[z1, 22, 23, ...] = Q(2) be the ring
homomorphism determined by

2% = Hzfél by g — ZZwiai'

Since 2%2° = 221P it is easy to see that this is a well defined ring homo-
morphism.

Theorem 2. The number of graphs with properties P, given f; values and hf
is generated by 7,,(exp §) where exp §(x,y, z) is obtained from g(x,y) by using
Equation (1) above. That is, if

. 1 v
Tw(exp g) = ZTn,k,uﬁmRykz )

then T, 1., is precisely the number of graphs with properties P, f;-value k; and
w
0 = V.

Proof. We shall give a proof for the case s = 1 for the sake of simplicity. The
general case can be treated in a similar manner, but it is just more cumbersome
to write. Fix v and choose a set of partitions
(2)
n=Y (X mi)ni, k=Y, mijkij, such that v =Y, (w; ¥, mij),
ny<ng <---<mngand kj; < kip <---, Vi.

We first count the number of graphs with the properties P which has precisely
m;; connected components of order n; and numerical value k;;. We first choose
m; = > ;mij many sets Vi, of vertices of cardinality n; out of [n]. Note
that we have triply indexed the vertex sets since for each fixed ¢ and j, we

need to choose m;; many sets of vertices, i.e., Vi1, Vij2, ..., Vijm,;. There are
n . n _ n! :

(n17 M T ',W) ways to do this, where (kl,kz,...,km) = FTo s the

—_—— ———

mq m

multinomial coefficient defined by

(@14 tzn) =Y (/cl,kz,r.l..,km> Hlxk
Pal

kit dkm=n
Once we have chosen V., on each Vij,., there are g,, r,, many ways to draw
the graphs (connected components) on Vj;, with the desired properties. If the
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last index of Vjj1,..., Vijm,; mattered, then we would simply have g:?]k] many
graphs on V;,. It does not, so we divide out by m;;! to remove the repetition.
All in all, there are

n 1 o

3 =119,

(3) Z(nl,...,nl,...,ng,...,mg)Hijmij! ki
— — ’

mi me

many graphs with ¢ components, where the sum runs over all partitions of n
and k as in Equation (2) (note that ¢ is fixed here).

On the other hand, consider exp § = []exp (gnk%znykx”) We shall com-
pute its [](2)y"a"-coefficient. By writing each exponential factor in exp j
as a power series

]_ k/ ! ]_ ]_ k/ ’ 2 1 ]_ k/ ’ 3
H (1 + (gn’,k’my ")+ a(gn’,k'my ")+ g(gn’,k’my )
and expanding the product, we see that a term H(Z,T)ykx" appears when
some of the factors of the product contribute (z,,y*72m)™i such that n =
Zi,j nimi;, k = Z” k;jm;; and all other factors contribute 1.

Hence the [[(zn,y"¥ 2™ )™ii-coefficient of exp g is simply the sum of the
product of the coefficients of z,,,y"4 z™

(4)
1 1 i 1 1 mi;
211 mi;! ((m)‘g"kJ> > (nal)m - (ngl)me 1 gl L1 Inoh

where the sum runs over all partitions n = Z” nimsj, k = Z” mi;ki; as in
the first two equations of Equation (2).

Let 7, be as in Definition 3 but extended to the rings with Q replaced by
Q[z,y1,...,ys] in the obvious manner. We have

T (H(zm ykia znl)mu) — (Wi 225 may) H 2o ki 3o migni
= 2o (Wi 25 mis) gk gn
Hence the 2"y*zV-coefficient of 7,,(exp §) is
Z (TT(zn,y*3 2™)™is coefficient of exp g)

where the sum runs over all partitions as in Equation (2). Substituting Equa-
tion (4), we obtain

B n! 1 miz
Tokw = Z (711!)"“ .. (nel)mz H mij! Ini iy

which precisely equals Equation (3). O
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4. Applications: g-colored and g-partite graphs of given order, size
and rank

Our motivation for studying the enumerative combinatorics of bipartite
graphs comes from certain hyperplane arrangements [9,11], but they are cer-
tainly interesting on their own [2-5,8,13] due to the intricacy of the enumera-
tion and the beautiful theory of generating functions exploited to overcome the
difficulty. There are some interesting applications as well: bipartite blocks in
which the color classes are of equal size appear in the study of a modified pen-
etrable sphere model of liquid-vapor equilibrium [6]. It is then further related
to statistical mechanics as investigated in [1].

We shall give a generalization of some of these earlier works and enumerate
g-colored graphs (as well as g-partite graphs) of given order, size and rank. As
a special case, we shall obtain a method for enumerating bipartite graphs of
given order, size and rank.

Definition 4. (1) A graph is g-colored if each of its vertices is assigned
precisely one of the colors ci,...,cq so that no two adjacent vertices
have the same color.

(2) A graph is g-partite if it admits a g-coloring or equivalently, its vertices
can be partitioned into ¢ different independent sets.

Proposition 1. The number of connected q-colored graphs of given order and
size is generated by the formal logarithm

- " Dicii<inzg i\ 1 nok
Cy(z,y) = log <1+ Z ( Z (il,iz,...,i)( 1 "y
n>1,k>0 \i1+-+ig=n

where the second sum runs over all partitions i1 +io+---+143 = n. The number
of connected q-partite graphs of given order and size is generated by %Cq.

Proof. We shall first enumerate the number of g-colored graphs of order n and
size k. We start with the set V' of n labeled vertices. To construct a g-colored
graph on V of size k, we first decompose V into ¢ blocks and assign ¢ colors:
There are (il’i;”’iq) ways to decompose V' such that ¢y, ..., 7, are the numbers
of vertices which have colors ci,...,cq, respectively. Now we draw k edges.
By definition, there are no edges between two vertices of the same color. So
we need to consider the number of possible edges between blocks of different
colors, say c¢; and co: We can draw any many as ¢172 edges. In total, there are
Zl§s<t§q it possible edges, and we choose k edges among them. Hence the
total number of g-colored graphs of size k which has is vertices of color ¢, is

( n ) <Zl<s<t<q Zszt)
i, g, - g k

The first assertion of the proposition now follows from the exponential formula
(Theorem 1).
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Since a connected g-partite graph admits precisely ¢! many g-colorings, the
number of connected g-partite graphs of given order and size is exactly % of
the number of connected g-colorable graphs of the same order and size. (I

By applying Theorem 2 to Cy(z,y), we obtain:

Corollary 2. The number of q-colored graphs of given order, size and number
of connected components is given by

7 (exp G, y, 2))
with w = (1,1,...). That s, if

expC chku—x Yk,

then cn k. is precisely the number of q-colored graphs of order n, size k with v
connected components. Similarly, if

exp C’ chky—xyz
with w = (1,1,...), then cn ko U precisely the number of q-partite graphs of
order n, size k with v connected components.

This generalizes the main theorem in [8] which enumerates the g-colored
graphs on n nodes (with any number of edges and components).

Taking ¢ = 2, we obtain the number of connected bi-colored graphs of given
order and size. It is generated by the formal logarithm

log | 1+ Z (Z (") (“”k‘ ”) ;,xy>

Let En,k denote the number of connected bipartite graphs of order n and size

k. We have
- 1
g bn kixnyk
El n'
n>0,k>0

_ %]og 1+ nz%;ZO (Z (7;) (z(nk_ i)) i!x"yk>

(3

and from Corollary 2, we know that if

Tw expB Z bn i, l,—:c”ykz”

then by, 1, ,, is precisely the number of bipartite graphs of order n, size k with v
connected components. The upshot is that the generating function 7, (exp B)
can be easily computed by computer algebra systems such as Mathematica. In
the subsequent section, we shall list the first 100 or so terms of the generating
function (order of the graph up to 10).
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Appendices
A. The generating function

The generating function for the number of bipartite graphs of given order,
size and number of connected components as computed by Mathematica.

T, (exp l';;)

1 22 23 4 5 3,2 2544 5
=1+ §2%yz + 32y + a? ( e =R (yj 4+ BLE L

i) et (i? PR (55 4 ) 2 T )
o (B D (5 2 7 (0 )+ 2
+452) +o (w S+ e S R 4 B

Jr(%Jrzmlz)y Jr( +124z>y Jr<4ls>2,382+611z)y Jr( +%> Y7
+ (%: + 11?23022) + PR+ R ) +a” (2880 +in F+ % + 22g17
+ BT o M L (G2 ) ) (g )
+1 (3411262 + 77792) gy L (12136z2 I 147632) y10 4+ 1 (30156z2 n %> YO

+(14023+4767022+177147z)y8 (1352°+469722)y” e Z4y5)

13440 1440 192 96

+at (17771;01/20 + 412498Z()y19 + 292172z0y18 + Tlo (1152 + 163;252) y'

o () (4 555) s ()
+ L (1097z 98255z) MEN i (521370238,z2 n 89665z> g2+ L ( n 36%,2
+§ (18 n 4961Z)Z+ 160702)y11 +T10< n 5783z n % (%4_%)2
Jr167092) y Jr (1;;3 i 574;3% T % (451)22 T 6112) s 15(552?0z

5 /.3 9 1 /.3 ovy o, (153302°426855927)y®  (152"439162°)y”
+5 (274502°) + 55 (2°+1102%) ) "+ 40320 + 5760

=

=

172445 2545
+ %% T3sw)t-

B. Number of bipartite graphs of given (order, size, number of com-
ponents)

A missing triple (n,k,v) (such as (3,1,1)) means there are no bipartite
graphs of order n, size k with v connected components.
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21,1 3.2.1 1,31 14,1 122 54,1 55,1
1 3 16 3 3 125 60
5,6,1 5,3,2 6,5,1 6,6,1 6,7.1 6,81 6,9,1
10 30 1296 1140 430 105 10
6,10,1 6,4,2 6,5,2 6,3,3 76,1 771 78,1
0 330 15 15 16,807 23,100 16,800
7.9.1 7,10,1 75,2 7,62 772 74,3 8,7.1
7,770 2,331 4,305 1,575 210 315 262,144
88,1 8,9,1 8,10,1 86,2 87,2 88,2 8,9,2
513,240 | 555,520 412,440 66,248 45,360 15,435 2,940
8,10,2 8,53 86,3 84,4 93,1 99,1 9,10,1
280 5,880 630 105 4,782,969 | 12,551,112 | 18,601,380
97,2 98,2 9,9,2 9,10,2 9,6,3 9,7.3 98,3
1,183,644 | 1,287,090 768,600 309,960 | 115,290 34,020 3,780
9,54 10,9,1 10,10,1 10,8,2 10,9,2 10,10,2 10,73
3,780 | 100,000,000 | 336,853,440 | 24,170,310 | 37,948,680 | 34,146,000 | 2,467,080
10,83 10,9.3 10,10,3 10,64 10,74 10,55
1,379,700 | 392,175 66,150 107,100 9,450 945

Acknowledgement. The author thanks the anonymous referee whose sugges-
tions greatly improved this article. Especially in Section 4, the referee pointed
out that the enumeration methods used for bipartite graphs should work more
generally for multipartite graphs.
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