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EVALUATION OF A NEW CLASS OF
DOUBLE DEFINITE INTEGRALS

SEBASTIEN GABOURY AND ARJUN KUMAR RATHIE

ABSTRACT. Inspired by the results obtained by Brychkov ([2]), the au-
thors evaluate a large number of new and interesting double definite in-
tegrals. The results are obtained with the use of classical hypergeomet-
ric summation theorems and a well-known double finite integral due to
Edwards ([3]). The results are given in terms of Psi and Hurwitz zeta
functions suitable for numerical computations.

1. Introduction

The generalized hypergeometric function ,F, with p numerator parameters
ai, ..., ap such that a; € C (j = 1,...,p) and ¢ denominator parameters
bi,...,bgsuchthat b; € C\Z; (j =1,...,q; Zy :=ZU{0} ={0,-1,-2,...})
is defined by (see, for example [5, Chapter 4]; see also [7, pp. 71-72])

A1,y Qs
qu{ 51’ 75:; z} = pFilon,...,ap;B1,..., Bq; 7]
(1.1) _ i (@1)n - (ap)n 2°
2 B By 1l
(p<gand|z|]<oo; p=g+1land|z| <1; p=g+1, |z =1and R(w) > 0)

where

P
w = Z bl — Z a;
Jj=1 Jj=1
and (o), denotes the Pochhammer symbol defined, in terms of the Gamma
function, by

() _TD(a+n) fala+1)-(a+n-1) (neNjaeC)
T T Tt (n=0;aeC\ {0}
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It is well-known that, whenever a generalized hypergeometric function re-
duces to Gamma function, the results are very important from the application
point of view. Therefore, the classical summation theorems such as those of
Watson, Dixon and Whipple for the series 3F5 play an important role. These
are given respectively by [1,5,6]:

3F2{§(a+:,+1l)) 22 1]
T YT Gos 3+ DT e ta- o+ })
F(zat3)T(b+3)T(e-za+35)T(e—5b+5)
provided that R(2¢ —a —b) > —1,

a, b c
3F2{1+a—b , l4+a—cg 1]
Fl+ia)’l+a-b)T(1+a—c)(1+2ia—b—c)
Fl+a)T(1+3a—b)T(1+3a—c)T(1+a—-b—c)

provided that R(a — 2b — 2¢) > —2, and finally

(1.2)

(13) =

e , 1+2c—e¢
B 2172¢ r T(e)['(1 + 2¢ — e)
B P TR o P T Ry PR PR

provided that R(c) > 0 and R(e) > 0.

In the theory of generalized hypergeometric functions, there exist a large
number of hypergeometric identities or summation formulas that can be ex-
pressed in terms of Gamma functions for generalized hypergeometric functions
»Fy with specified values of the arguments, usually taken to be 1, —1 and %

Also, it is evident that, for every such hypergeometric identity, we can easily
evaluate a number of finite integrals involving hypergeometric functions and
the logarithmic functions. Since the Gauss’s hypergeometric function 5 F; and
the confluent hypergeometric function ; F} are the core of the special functions
and almost all the commonly elementary functions can be obtained either as a
special case or a limiting case, thus the integrals involving these functions play
an important role.

In a very interesting and useful paper, Brychkov [2] evaluated some integrals
of this type by employing some of the above mentioned classical summation
theorems and discussed several interesting special cases.

Inspired by this work, the authors, in this paper, aim at evaluating a large
number of double finite integrals involving hypergeometric functions and loga-
rithmic functions. Several interesting special cases are also given. The results
are obtained in terms of the Psi function and the Hurwitz zeta function which
are more suitable for numerical computations.

(1.4) BFZ{Q, l1—a , c; ]
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The following definitions of the Psi function and the Hurwitz zeta function
are also given in this section so that the paper may be self contained.

The Psi function ¥(z) which consists in the logarithmic derivative of the
Gamma function is given by [4,7]

I"(2)
1. WU(z):=
(15) @)=
and the celebrated Hurwitz zeta function ((s,a) is defined as [4, 7]
= 1
1.6 = — 0,-1,-2,...; R 1.
(16)  ((s,a) ;J(Ha)s, a#0,~1,-2,...; R(s) >

Also, we record here the following well-known result:

ok m )Y (e + 2) k=1,
(1.7) 9k In j];[lr(aj + Z) - {(_Jl)i(k _Jl)! Z;":l ((k,aj + Z) k> 2.

Finally, we recall an important result for the sequel due to Edwards [3]:
1,1
_ _ . L()I'(8)
YM—2) T —y)f 1 —ay) P drdy = ——2
| [ ra-arta-pta-ay V= T
provided that () > 0 and R(3) > 0

It is worthy to note that making the change of variable x +— y(%}l) in

equation (1.8), we obtain its simpler form as

2 F(Q)F(ﬁ)
(19) / / A7 dedy = 10 g)

provided that R(«) > 0 and R(B) > 1

2. Main results

In this section, we present eight definite integrals formulas involving the
Gauss’s hypergeometric function and the logarithmic function. The derivation
of these results will be treated in Sections 3 and 4.

First integral formula

2)°2 2 a, b;
// — In" (ZZ)2F1|:%( b+ 1); z}dzdy

277F(a—|—1b—|— — (n—1 on—r-1
(2.1) = T(a+ T (20 Z( . )acr gD

r=0

272T() (c— 2a—3b+1)

2.2 A=
. F(ejat DT (- 10+ d)]
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d
(2.3) 5cA=A"B,

(2.4) B——21112+\I!(c)+\11<c—1a—1b+1>—\11<c—1a+1)

2473 "3 2473
11
W (e—Zpa =
<C 2+2)’

o n—1 n—1\ o an—r—l
(25) WA:§< ) g
and
an—r—l 1 1 1
- — (—1\" " o | _ _ g == _
acnfrle (1) (n—r 1)-{§(” r,c) 4+ ¢ (n r,C 2a 2b—l— 2)
1 1 1 1
(26) _C<n_7"70—2a+2>—C(H—T,C—2b+2>}

Second integral formula

/1/y b—l(l )%(a—b—l)—ll n z P a, ¢ dz d

z —Z n —_— z z

0 Jo Vi—z) P 2 y
Tr r

_ (3) L (e+3) -1\ or, ot
=0 _F(éa%)F(cla%)'Z( r )abrA'abnrlB’

2 r=0
where
T (Lfa—1p+ VT (e=1g—-1ps 1
(2.8) A L® (32 21+2)1 ( 12a1 2 +2)7
I(c—3b+3)T(50+3)
0
2 —A=AB
(2.9) % ,
1_/1 1 1 1 11, 1
1 /1, 1\ 1 11
(2.10) -5v <2b+ 2) + 5 (c b+ 2) :
on n—1 n—1\ o" 8n_1,_1
2.11 g A= 9 4.9 B
( ) obn = ( r )abr 31)”*7"71
and

8n77’71

g B = ()" - - 1)!{C(n —7r,b)

(71)77,77"71 1 1 1
_ 7 o Za— b4 =
gnr (P mge— bt g
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D (e o Lied)

2n=r 2 2 2
1 1 1
— 2n—7‘C <Tl -, §b+ 2)
(71)nf'r71 1 1
(2.12) + Sasr Cln—rc 2b + 5) (-

Third integral formula

1 ry
=171 _ Ne=27.1 (, _ .2 a, b .
/o/oz (1-2)"“In (z Z)ZFl{é(a—kb—i—l);l z}dzdy
2%F(%a+%b+%) .7’21<n_1)ar .8”_"'_1
I'(3a+3)T (304 3) Ocr " Qen—r—l

2 r=0

(2.13) =

B,

r

where the values of A, B and their derivatives are the same as given in (2.2)
to (2.6).

Fourth integral formula

Ly 1 1—=z :
5(1+a—b)—1 1— b—21 n F, a, C; 1— dz d
/0/0 z ( z) n ( 7 ) 21| . z| dz dy

LTI ey o
(2“>—r@a+pr@;a+p'gg<r )%H*amrlB’

where the values of A, B and their derivatives are the same as given in (2.2)
to (2.6).

Fifth integral formula

1 ry
b—1 a—2b—17. n 4 a, ¢
/O/Oz (1-2) In ((l—z)2> 2F1[1—|—a—c; z]dzdy

I'(l+a—-c) — (nl) or ol
2.15) = : A —— B,
G = r DTt tag 2\ » Jar? g
where
2727 (La—b+H)T (14 La—b—

(2.16) A= ()T (3 +i) _( + 30 C),

Fl4+a-b—c¢)

o
(2.17) pA=4-B,

(2.18) B = —21n2+\I/(b)—\I/(a—b+)—\I/<1+;a—b—c>
—V(l+a—b—c),
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or 871—7‘—1
(2.19) 8bnA Z( ., >8br T 1B
and
anfrfl 1 1
- — o | _1\n—r _ . L 1
8b”*rle (n—r 1)-{( D" ¢(n—r,b) +¢ <” e b+ 2)
(2.20) +C<n—r,1+;a—b—c)—C(n—r,1+a—b—c).

Sixth integral formula

/1/yz“2b(1 P2 "™ 1= ) { @ G z] dz dy
0 Jo l+a-c
r

l1+a—c — [n—1\ 0" ot
(221) = =7 (1 )1 ' ( ) T
I'(za+3) 0 (A+3a—¢) &\ r Jobr 0Ob

where the values of A, B and their derivatives are the same as given in (2.16)
0 (2.20).

B,

Seventh integral formula

c—e—1 2 avl_a;
// l—z In" (z—z)gFl[ e z]dzdy

27T (e) — (nl) o onrl
2.22) = : 1.9 p
(2.22) I'(ia+3e)T(3e—2a+3) ; r )dc enr1
where
272T(e)T (1 —e+c)
(2.23) A= 1 1 ()1 1 1 ’
[(c—zet+za+3)T(c—ze—za+1)
(2.24) QA—A-B
. 86 - )
1 1 1
B:—21n2—|—\1'(c)+\11(1—e+c)—\1'(c—2e+2a—|—2>
1 1
2.2 - v ——e— = 1
(2.25) (c 5¢ 2a+ >,
o S n-1\o , ol
( 6) Och ;( r >acr Ocn—r—1
and
8n7r71
e = (== =+ 1 ek )
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1 1 1 1 1
2.2 - Crc— et zats)— —rc—-e—-a+1) !,
(2.27) C(n r,c 2e—|—2a+2) ((n e-ge 2a—|—>}
Eighth integral formula

_ 02 L2 a,l—a; _
// “(1-2) In" (z z)gFl[ e 1 z}dzdy

n—-1 _ T n—r—1
(228) = 27rF1(e) Z <n 1) (9714. 0 B,

I'(3a+3¢)T(5e—%a+3) <\ r )0 denmrt

where the values of A, B and their derivatives are the same as given in (2.23)
o0 (2.27).

3. Derivations of the results

In this section, in order to prove our new class of definite double integrals
given in Section 2, we shall establish, first, eight definite double integrals in-
volving hypergeometric functions. Next, we will use these formulas to prove
our main results.

These eight definite double integrals involving hypergeometric functions are:

Ly 1 2 a, b;
TH1 = 2)7F o F; T dzd

(3.1) 7272 T (0)T (3a +%b+%)F(C—fa—fb+ ) _ 1
I'(la+3)T(30+ %)P(c—%a%-f)F(c—fb—&- )
provided that R(c) > 1 and R(2¢ — a — b) >
// (ll b—1)— 121;v1|:a’2 :|dZdy
5y <2>r<b>r<c+ >r<%a DDl
' 1 1 _ 1 1y 1 2
[ (za+3)T(50+3)T(c—za+3)T(c—30+3)

1
2@
provided that $(b) > 0 and R(a —b—1) > 0,

_ c 2 a, b; . _

ey a.
(3.4) / / Zz(ta=b)=1( _ b=2 { 2’0'7 1-— z} dz dy = I

3

provided that R(b) > 1 and (1 4+ a — b) > 0,

- a2b—1 a, ¢
[ amornl 5, Ju

SN0 (1+a—c)F(§afb+a) (1+%“*b*0)—
(3.5) = IF'(fa+HT(1+2a—c)T(1+a-b—rc) o
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provided that %(b) > 0 and R(a — 2b) >

(3.6) // a=2b( zb%F[lfac_ 1—z}dzdy—13
provided that %(b) > 1 and R(a — 2b) > 0,

(3.7)
1 ry
// 2711 = ) R [a,l }dzdy
0Jo

B 72172 T ()T (e)T (1 —e+c)
S T(la+ie)T(le-lat+ )T (c—2e+ fa+ )T (c—ie—1La+1)
provided that £(c) > 0 and R(e) >

(3.8) // ¢(1 — 2)°2 Fl[ 1e._a;1—z]dzdyzl4

provided that R(c) > 1 and R(c —e+ 1) > 0.

Let us consider the first integral formula (3.1). Denoting the left-hand side of
(3.1) by I, expressing the hypergeometric function o F7 as a series, changing the
order of integration and summation (which is easily seen to be justified due to
the uniform convergence of the involved series), evaluating the double integral
with the help of (1.9) and after some elementary simplifications, summing up
the series, we get

_{F(C)}2 a, b c;
(3:9) I= I'(2c) sF2 fa+b+1) , 2¢ Ll

It is easily seen that the 3F5 can be evaluated with the help of the Watson’s
summation formula (1.2) and after some simplifications, we arrive at the right-
hand side of (3.1).

Proceeding exactly in the same manner, the remaining integrals (3.2) to
(3.8) can also be evaluated by using appropriate summation theorems (1.2) to
(1.4).

We can now proceed to the proofs of our main results presented in Section
2. Let us start with the integral formula (3.1). If we differentiate n-times both
sides of (3.1) with respect to ¢, we get

// 11— 2)° 2" (2 — 22) QFl{é(ai’bb;D; z]dzdy
27T (3a+3b+3) oO"

F(3a+3)T(gb+35) o

where A is the same as given in (2.2). We easily see that

0 P
11 Ia=4%ma=4a.8,
(3.11) e dc

:I4

(3.10) =
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where B is the same as given in (2.4). Now, from (3.11), we have

on 871—1 o an
1 — A=__!_
(3.12) BC"A Ocn—1 {8CA} den—1 {4-5}.
Using the well-known Leibniz theorem, this becomes
o S n-1\o ot
1 A= —A-—B
(8:13) dcn ;0 ( T ) dcr Jenr1

where %B is the same as given in (2.6).

Finally, substituting the values of BBC,LA from (3.13) into (3.10), we obtain
the result asserted in (2.1).

In exactly the same way, the other seven results presented in Section 2 can
also be proved from the integrals (3.2) to (3.8) respectively.

4. Special cases

This section is devoted to present some interesting special cases of our eight
definite double integrals.

Setting a = b = 1 in (2.1) and appealing to the following well-known result
[4, p. 476, Equ. (147)]

(41) JF) [ 1, .1; 4 _ arcsin/z

% z(1—2)

)

we find the following result

/ / e=3 (1-2)" 3 n" (z — 22) arcsin (\/E) dz dy
s - n — 1 ar anfrfl
(4.2) ™ Z < T ) oc” WB

for R(c) > 2 and

22T (c—3)
(4.3) A= T T
0
(4.4) S A=4-B,
(4.5) B:—21n2—\I/(c)+\I/<c—;>,
R e AN L L
(46) aan:Z< , )acrA'acnt

r=0
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and
an—r—l " 1
47y L B=(-1)""(n—r—1) Cre—=)—C(n— .
(4.7 | ()" "(n—r-1) {C (n r,c 2) ¢(n—r, c)}
If we let b = —a in (2.1) and using the following result [4, p. 459, Equ. (105)]
(4.8) o Fy [ @ o x} = cos (2aarcsin/z) ,

we have

273 = /n-1\0o , o1
W9 = s nri- a)'z_:( . )acrA'acn—r—lB

for R(c) > 1 and

(4.10) A 272 T(c)l (c+ 3)
' Ple—gats)T(etgatsy)
0
(4.11) ScA=A"B,
(4.12)

1 1 1 1 1
B—21n2+\I/(c)+\Il<c+2> —\I/(c—2a+2> —\I/(c+2a+2>,

on n-1 n—1\ o anfrfl
(4.13) aan_§< . )acrA'acmlB
and
=y fcm—rg ¢ (noret )
Jen—r—1- n—r Nen—rc n-mctg
1 1 1 1
(4.14) —C(”—T7C—2a+2)—C(n—r,c+2a—|—2> }

Letting b = —2m — 1 in (2.1) and replace a by a + 2m + 1, where m is zero
or a positive integer, we get the following elegant result

(4.15)

_ 62 2 —2m—-1, a+2m+1; _
// 1 2) In" (z z)gFl[ %(a—}—l); z]dzdy—O

for R(c) >
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Let us see a last special case. Putting a = ¢ = % in (2.7) and making use of

the following result [4, p. 473, Equ. (75)]
1 1. 2
(4.16) o Fy [ 21;2 x] == K (V) ,
where K (z) holds for the complete elliptic integral of the first kind, we find
// 3(a—b—1)— 111'1"(\/12_72) K(\/E)dzdy
3 n—1
T2 n—1\ 9" ol
417) = ( >TA' 15
e Z oot o
where
J IO (=)
(4.18) = ( ) (l n l)
2 2

(4.19) 0 —A=A-B,

' b

1 1

(4.20) B=Y(b) -V (i b) — f\If ( ) (1 — 2b> ,
(421) P (L4

’ o o r Jobr obn—r—l
and
8n—r—1 (_1)n—r—1 3 1
Y B — (1) "(n— 1 —1) _ _= _e 2z
abn—r—lB (=) "(n—r 1){((71 7, b) n—r=1 ¢ (n " 2b>

1 1, 1 (=)t 1

4.22 - bt |+t (n—r,1—2b) L.
(4.22) 2n7T§ (n T, 2b—l— 2) + S ((n T, 2b> }

Remark 1. From integrals (2.13) and (2.14), we can obtain special cases similar
to the ones given above. So, we prefer to avoid the details.

Remark 2. Similarly by using the special cases of o F given above and also by
the following known results [4, p. 469, Equ. (17); p. 472, Equ. (65); p. 473,
Equ. (91); p. 473, Equ. (83)]

(4.23) JF [ —%17; 5 4 2 [K (vr) - K- E(\/E)} |
(4.24) o F) { zlug;i’ ] V2 [1+m]*%

(4.25) JF) [ 20 3 4 _4 <K(ﬁ>—E<ﬁ))
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and

1, i 1 1+
4.26 F 527 = 1
420 | Ny ] = rmm(i5E):
where E(x) denotes the complete elliptic integral of the second kind, various
other interesting special cases for the integrals (2.15), (2.21), (2.22) and (2.28)
can be obtained.
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