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ABSTRACT. A characterization of int-soft ideal is considered, and an int-soft ideal gen-
erated by a soft set is discussed. A new int-soft ideal from old one is constructed.

1. Introduction

The pseudo M V-algebra, which is a non-commutative generalization of MV -
algebra, has been introduced by Georgescu et al. [3] and Rachunek [9], respectively.
Walendziak [10] has studied (implicative) ideals in pseudo MV-algebras. A soft set
theory has been introduced by Molodtsov [8], and Cagman et al. [1] have provided
new definitions and various results on soft set theory. Jun et al. [4] have discussed
soft set theory in residuated lattices. Jun et al. [6, 7] have introduced the notion of
intersectional soft sets, and have considered its applications to BCK/BCI-algebras.
Jun et al. [5] have studied (implicative) int-soft ideals in pseudo MV -algebras.

In this paper, we discuss a characterization of int-soft ideal of a pseudo MV-
algerba. We construct a new int-soft ideal from old one. We also consider an int-soft
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ideal generated by a soft set.

2. Preliminaries

Let M := (M,®,”,~,0,1) be an algebra of type (2,1,1,0,0). We set a new
binary operation ® on M viaz ©@y = (y~ @ x)~ for all z,y € M. We will write
@y O z instead of x ® (y ® 2), that is, the operation “©” is prior to the operation
“@77.

A pseudo MV -algebra is an algebra M := (M, @, ,~,0,1) of type (2,1,1,0,0)
such that

(2.1) 1B (Ydz)= (DY) D 2,

(2.2) rd0=0dz ==z,

(2.3) r@l=1®z =z,

(2.4) 1V =0, 1" =0,

(2.5) (= @y) = (@ B y)

(2.6) TP QYy=ydy  Qr=z0y dy=yozr P,
(2.7) zO (@ dy) =(xay™) oy,

(2.8) (")~ =z

for all z,y,z € M. If we define
(2.9) Vz,yeM)(z<y & 2~ dy=1),

then < is a partial order such that M is a bounded distributive lattice with the join
x V y and the meet x A y given by

(2.10) rVy=z@z2" Qy=20y Dy,
(2.11) zAy=2z0(x @y =(xdy~) Oy,
respectively.

For any pseudo MV-algebra M, the following properties are valid (see [3]).

(2.12) roOzr =0=z" 0,
(2.13) (zdy) " =y 0z, (zdy)~ =y~ 0z".

A subset I of a pseudo MV-algebra M is called an ideal of M (see [10]) if it
satisfies:

(2.14) 0el,
(2.15) Ve,ye M) (z,yel = zdyecl),
(2.16) Ve,ye M)(zel, y<z = yel).
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A nonempty subset I of a pseudo MV-algebra M is an ideal of M if and only if
it satisfies (2.15) and

(2.17) Ve,yeM)(zel = zhyel).

A soft set theory is introduced by Molodtsov [8], and Cagman et al. [1] provided
new definitions and various results on soft set theory.

Let P(U) denote the power set of an initial universe set U and A, B,C,--- C E
where E is a set of parameters.

A soft set (f, A) over U in E (see [1, 8]) is defined to be the set of ordered pairs

(f,A) = {(m,f(x)) x€E, f(x) e ‘P(U)},
where f : E — P(U) such that f(z) =0 if z ¢ A.

The function f is called the approximate function of the soft set ( 1, A).
For a soft set (f, A) over U in E, the set

(fA), = {z e Ay € )}

is called the y-inclusive set of (f, A).

Assume that E has a binary operation <. For any non-empty subset A of F,
a soft set (f, A) over U in E is said to be intersectional over U (see [6, 7]) if its
approximate function f satisfies:

(2.18) (vo,ye A) (s yed = f@)nfly) € fz ).
3. Int-soft Ideals on Pseudo MV-algebras

In what follows, we take a pseudo M V-algebra M as a set of parameters.

Definition 3.1.([5]) A soft set (f, M) over U in a pseudo MV-algebra M is called
an int-soft ideal of M if the following conditions hold.

(3.1) (va,y € M) (fz @) 2 f@) N )
(3:2) (rye M) (y<z = f5) 2 f@).

It is easily seen that (3.2) implies
(33) (Ve € M) (F(0) 2 f(a)) -

Theorem 3.2. Let (f, M) be a soft set over U in a pseudo MV -algebra M. Then
(f, M) is an int-soft ideal of M if and only if the y-inclusive set (f, M), of (f, M)
is an ideal of M for all v € P(U) with (];,M)AY £ 0.

We say that (f, M), is called an inclusive ideal of M based on (f, M).
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Proof. Suppose that (f, M) is an int-soft ideal of M. Let v € P(U) be such that
(f,M)~ # 0. Then there exists z € (f, M), and so f(z) 2 ~. It follows from (3.3)
that f(0) D f(z) D . Hence 0 € (f, M).,. Let x,y € (f, M), for x,y € M. Then
f(x) 2 v and f(y) 2 v, which imply from (3.1) that f(z @ y) 2 f(2)N f(y) 2 7.
Thus @y € (f,M),. Let ,y € M be such that € (f,M), and y < z. Then
f(y) D f(x) D v by (3.2), and so y € (f, M).,. Hence (f, M)., is an ideal of M.
Conversely, assume that the nonempty 7-inclusive set ( fM )~ is an ideal of M
for all v € P(U). For any z € M, let f(x) = . Then x € (f, M).,. Since (f, M),
is an ideal of M, we have 0 € (f, M), and so f(O) D= f(x) For any z,y € M,
let f(z)N f(y) =v. Then z,y € (f,M),, and so @y € (f’M)v by (2.15). Hence
f(xay) 27 = f(z)N f(y). Let 2,y € M be such that y < z and f(x) = . Then
z € (f,M),, and so y € (f, M), by (2.16). Thus f(y) 2 v = f(x). Hence (f, M)
is an int-soft ideal of M. O

Lemma 3.3.([5]) Let (f, M) be a soft set over U in a pseudo MV -algebra M. Then
(f, M) is an int-soft ideal of M if and only if it satisfies (3.1) and

(3.4) (va.y € M) (F@ny) 2 f@).

Theorem 3.4. Given a soft set (f,M) over U in a pseudo MV -algebra M, let
(f,M)* :=(f*, M) be a soft set over U in M which is given as follows:

otherwise

(3.5) M — PU), mH{ i;(ﬂ?) ifwe (f,M),,

where 7,6 € P(U) with § C f(@). If (f,M) is an int-soft ideal of M, then so is
(f, M)*.

Proof. If (f, M) is an int-soft ideal of M, then (f, M), is an ideal of M for all
v € P(U) with (f, M), #0. Let x,y € M. If 2,y € (f, M), then x ®y € (f, M),.
Thus

Frlaoy) =feoy) 2 f@)nfly) = @)nf ).
Itz ¢ (f,M), ory¢ (f,M),, then f*(z) =6 or f*(y) = . Hence
frlx@y) 28 =f*(@)nf .
For any x,y € M, if x € (f, M), then 2 Ay € (f, M),. Thus
frl@ny) = flxzny) 2 fla) = f (o).

If 2 ¢ (f, M), then f*(z) = C f*(x Ay). It follows from Lemma that (f, M)*
is an int-soft ideal of M. O
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Theorem 3.5. Every ideal of a pseudo MV -algebra M can be realized as an inclu-
sive ideal of M based on some int-soft ideal of M.

Proof. Let I be an ideal of M. For any v(# 0) € P(U), let (f7, M) be a soft set
over U in M defined by

: v ifzxel,
(3.6) fr:M = PQU), = H{ 0 otherwise

Let z,y e M. If x,y € I, then x ® y € I since [ is an ideal of M. Thus
filzey) == filz)N fi(y).
Ifz ¢ Toryd¢l, then fi(z) =0 or fr(y) = 0. Hence fr(z@y) 2 0 = fr(z)N fr(y).
For any z,y € M, if x € I, then x Ay € I. Thus
frleny) =~ = fi(x).
If # ¢ I, then fi(z) =0 C fr(z Ay). It follows from Lemma that (f7, M) is an

int-soft ideal of M. It is clear that (fr, M), = 1I. O

Lemma 3.6.([5]) Every int-soft ideal (f, M) of a pseudo MV -algebra M satisfies
the following inclusions:

(3.7) (vz,y € M) (f(y) 2 Fla) 0 fla~ @)

(3.8) (va,y e M) (Fw) 2 F@) N fyoa)).

Lemma 3.7.([5]) For a soft set (f, M) over U in a pseudo MV -algebra M, the
following are equivalent:

(1) (f, M) is an int-soft ideal of M.
(2) (f, M) satisfies the conditions (3.3) and (3.7).
(3) (f, M) satisfies the conditions (3.3) and (3.8).
Lemma 3.8.([3] ) In a pseudo MV -algebra M, the following are equivalent:
(1) (Vz,ye M)z~ dy=1).
(2) (Vz,ye M)(zoy =0).
(3) (Vz,y e M) (y~ 0z =0).
We provide a characterization of an int-soft ideal.

Theorem 3.9. For a soft set (f, M) over U in a pseudo MV -algebra M, the
following are equivalent:

(1) (f, M) is an int-soft ideal of M.
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(2) (g2 M) (200 0y =0 = f(2)2 f2)N i)
(3) (Vx,y,z € M) (m”@yN(Dz:O = f(z)Qf(x)ﬂf(y))

Proof. (1) = (2): Assume that (f, M) is an int-soft ideal of M. Let x,y,z € M be
such that z®@ 2z~ @y~ = 0. Putting y =z © 2~ and & = y in (3.8) induces

feeoa )2 fynflzoz” @y).

It follows from (3.8), (3.3) and hypothesis that

f)2f@)nfzoz)
D f)nfly)nflzoz oy)
= f(z) N f(y) N f(0)
= f(z)N f(y).

(2) = (3): Let x,y,2 € M be such that 2™~ ©® y~ ® 2 = 0. Then
(3.9) (@)~ 0z=1"0y  ©z=0
by (2.13). It follows from (2.13), (3.9) and Lemma that
20z Oy =z0@Wydz)” =0

and so that f(z) D f(z) N f(y) by (2). )

~(3) = (1): Since 2~ © 2~ ® 0 =0 for all z € M, we have f(0) D f)n f(z) =
f(x) for all z € M. Note that (z~ @ y)~” @z~ ©y =0 for all z,y € M by (2.12).
(

Hence f(y) 2 f(z)N f(z™Oy) for all 2,y € M. It follows from Lemma that (f, M)
is an int-soft ideal of M. O

Corollary 3.10. A soft set (f~, M) over U in a pseudo MV -algebra M is an int-soft
ideal of M if and only if it satisfies the following condition:

(Va,yz € M) (2 <zdy = f(2) 2 fl@)n fw).

By the mathematical induction, we have the following result.

Corollary 3.11. A soft set (f, M) over U in a pseudo MV -algebra M is an int-soft
ideal of M if and only if it satisfies the following condition:

(Y2, y1, 92, yn € M) <x§y1€9yz€9 @y, = fl@)2 ()l )
i=1
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For two soft sets ( fiM ) and (g, M) over U in a pseudo M V-algebra M, we define

the meet (f, M) (g, M) of (f, M) and (§, M) by (f, M) (g, M) = (fﬁg,M),
where

fAg: M — PU), z— f(z)Ngla).
Theorem 3.12. IfN(f, M) and (g, M) are int-soft ideals of a pseudo MV -algebra
M, then the meet (f, M) M (g, M) of (f,M) and (g, M) is an int-soft ideal of M.

Proof. For any x,y,z € M with z© 2~ ©@y~ = 0, we have f(z) ) f(m) N f(y) and
g(z) 2 g(z) N g(y) by Theorem . Thus

(fRg)(z) = F(2) Na(z) 2 (f(@) 0 f(y) N (G(=) N G(y)
= (f(2) N () N (fly) N 3(y))
= (f1g)(x) N (FN9)(y).
It follows from Theorem that (f, M) (g, M) is an int-soft ideal of M. a

Given a soft set (f, M) over U in a pseudo MV-algebra M, an int-soft ideal
(g, M) of M is said to be generated by (f, M) if it is the smallest int-soft ideal of
M which contains (f, M), that is, it satisfies the following conditions:

(a) (f, M)C(g, M)
(b) If (h, M) is an int-soft ideal of M and (f, M)C(h, M), then (§, M) (h, M).

Given a soft set (f ,M) over U in a pseudo MV-algebra M, we define a soft set
(g, M) over U in M as follows:

(3.10) ﬂ@=U{ﬂﬂ%)

for all z € M. Tt is clear that g(0) D g(x) for all x € M. For any =,y € M, take
€1,Coy* ,Cp,dy,do, -+ ,dy, € M such that

r<arDaz D D an,
a17a27"'aan€M

<1 DDy,
2T OYy<Ldi@da® - Ddpy,
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Theny<zazVy=2x0x~0y<ci®ca® - P®c,Pd PdaoP--- P dp, and so

3(y) 2 fler) N flea) N0 flen) N F(di) N F(da) 00 fdim)

Therefore (g, M) is an int-soft ideal of M by Lemma . Since » < x @ x for all
r € M, we have g(x) 2 f(x) N f(x) = f(x) for all x € M by Corollary . Thus

(f, M)C (g, M). Now, let (h, M) be an int-soft idal of M such that (f, M)C(h, M).
Then

r<a Daxd---Dap,
ai,az,--- aanEM

r<ar@Gaxd- - Day,
ai,az,--- 7an€M

by Corollary . Hence (§, M)C(h, M).
We summarize this as follows:

Theorem 3.13. Given a soft set (ﬂ M) over U in a pseudo MV -algebra M, we
define a soft set (g, M) over U in M as follows:

n

ey { A Fa)

k=1

r<arDax D - D ay,
a1,a2, " ,0n € M
for allz € M. Then (§, M) is the int-soft ideal of M which is generated by (f, M).
The following example illustrate Theorem .

Example 3.14. Let M = {(1,y) € R? | y > 0} U {(2,y) € R? | y < 0}. For any
(a,b), (c,d) € M, we define operations @, ~ and ™~ as follows:

(L,b+d) ifa=c=1,
(a,0) ® (¢,d) =1 (2,ad+b) ifac=2and ad+b<0,
(2,0) otherwise,
(a,b)” = (2,-2) and (a,b)~ = (2,-2).

Then M := (M,®,”,~,0,1) is a pseudo MV-algebra where 0 = (1,0) and 1 =
(2,0) (see [2]). Let A= {(1,y) € R? |y >0} and B = {(2,y) € R? | y < 0}. Define
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a soft set (f,M) over U =R in M by

3 2R ifz=0,
f:M—=PU), c—< 42 ifzxec AUB,
4N  ifx =1.

Then the int-soft ideal (§, M) of M generated by (f, M) is described as follows:

2R ifz =0,

g:M%fP(U)’I'_){LLZ ifx € AUBU{1}.
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