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CLOSURE PROPERTY AND TAIL PROBABILITY
ASYMPTOTICS FOR RANDOMLY WEIGHTED SUMS OF
DEPENDENT RANDOM VARIABLES WITH HEAVY TAILS

LINA DINDIENE, REMIGLIUS LEIPUS, AND JONAS SIAULYS

ABSTRACT. In this paper we study the closure property and probability
tail asymptotics for randomly weighted sums ST(? =01 X1+ -+6, X, for
long-tailed random variables X1, ..., X, and positive bounded random
weights ©1,...,0, under similar dependence structure as in [26]. In
particular, we study the case where the distribution of random vector
(X1,...,Xn) is generated by an absolutely continuous copula.

1. Introduction

Let X4,...,X, be real-valued random variables (r.v.s) with corresponding
distributions Fi,..., F, and let ©1,...,0,, be arbitrarily dependent positive
bounded r.v.s, independent of X7, ..., X,,. Denote the randomly weighted sum
by

(1.1) SO = X +---+60,X,.

The primary interest of this paper is to focus on the following two questions.
First is the closure property of the sum S9, where the primary (heavy-tailed)
r.v.s Xi,...,X, possess some general dependence structure. More precisely,
the question is the following: given that distributions Fi, ..., F, are from the
long-tailed distribution class (denoted by %, see Section 2), whether the dis-
tribution function (d.f.) of sum S belongs to the same class .#? Second
question we address here, is the asymptotic equivalence of the tail probabilities
P(S9 > x) and P(S&* > ), where SOF := ©, X" +--- + 0, X}, ie., for a

n

given dependence structure among the heavy-tailed r.v.s Xi,..., X,, whether
it holds that
(1.2) P(S9 > 2) ~ P(S9T > 2)
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for x — oco? Relation (1.2) is not only of theoretical interest but also has
practical implications as it allows, for large x, to replace the sum of real-valued
r.v.s by much easier to handle sum of r.v.s concentrated on [0, 00).

The first problem in the case ©; = --- = ©,, = 1 reduces to the question of
convolution closure for the class .Z, which was studied by Embrechts and Goldie
([5], Theorem 3(b)) when n = 2 (in fact, they proved the closure property for
more general class .Z,) and by Ng et al. [17]. The closure property for some
other heavy-tailed classes was considered in [2,6,8,12,18,23,24]. The closure
property for randomly weighted sums S was studied in [3,26]. The probability
tail asymptotics for sums S of independent heavy tailed r.v.s X1, ..., X,, with
O1,...,0, being nonnegative bounded r.v.s were investigated in [3,18-20,25],
among others; some dependence among Xj, ..., X, was allowed in [4,7,11,13,
21], etc. We note that both mentioned questions are closely related: the proof
of asymptotic equivalence (1.2) is based on the uniform closure property (see
Lemma 3.1 and Remark 5.1 below).

Recently, Yang et al. [26] considered the randomly weighted sum S under
the following dependence structure between real-valued r.v.s X; and Xs:

(13) P(Xy > 2|X1 =y) ~ hi(y)Fa(z),
' P(X; > z|Xy =y) ~ hao(y)Fi(z), = — oo,

uniformly in y € R, where hg : R — (0,00), k = 1,2, are measurable functions.

Such a dependence structure, proposed in [1], can be easily checked for some

well-known bivariate copulas, allowing both positive and negative dependence,

see, e.g., [1], [14], [26]. The main result of [26] is the following theorem.

Theorem 1.1 ([26]). Assume that X1, X2 are real-valued r.v.s with distribu-
tions Fy, € £, k = 1,2, satisfying relation (1.3); ©1,04 are arbitrarily depen-
dent, but independent of X1, Xs, and such that P(a < O, <b) =1, k=1,2,
with some constants 0 < a < b < 0o. Then the distribution of 52@ is in &L and
relation (1.2) holds.

The goal of the present paper is to extend the result on the closure property
and tail asymptotics of randomly weighted sums S© under similar dependence
structure to (1.3) for any n > 2. Also, we study the case where the distribution
of random vector (X7, ..., X,,) is generated by an absolutely continuous copula.
In particular, we show that, if the distribution of (X7, ..., X,,) is generated by
the FGM copula, Fy, € £ N Z (see Section 2), k =1,...,n, and P(0 < © <
b) =1, k = 1,...,n, then the probabilities P(S© > z) and P(S9+ > x) are
asymptotically equivalent to Y ;_, P(0, X} > z).

The rest of the paper is organized as follows. Section 2 presents the main
results of the paper. Their proofs are given in Section 3. Section 4 focuses to
the dependence generated by a copula, and, particularly, by the FGM copula.
Auxiliary results are given in Section 5.
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2. Main results

Throughout this paper, all limit relationships hold for x tending to co unless
stated otherwise. For two positive functions u(z) and v(x), we write u(z) ~
v(z) if limu(z)/v(z) = 1; write u(z) < v(z) if limsupu(z)/v(z) < 1. For a
real number z, write 7 = max{z, 0}. The indicator function of an event A is
denoted by I4. For any distribution F, define its tail distribution by F = 1—F.

A distribution F is called long-tailed, denoted by F € %, if F(x+y) ~ F(z)
holds for every fixed y; is called dominatedly varying-tailed, denoted by F' € 2,
if limsup,_, ., F(zy)/F(z) < oo for any y € (0,1); is said to have a consis-
tently varying tail, denoted by F € ¢, if lim, » limsup,_, . F(zy)/F(z) = 1.
A d.f. F supported on [0,00) belongs to the class . (is subexponential) if

F%Z()w ) — 2, where F*Fy denotes the convolution of F; with F5. In the

case where d.f. F is concentrated on R, we write F' € .7 if F¥(z) = F(x)1{;>0}
belongs to ..

Let n > 2 be an integer. Consider the real-valued r.v.s Xi,..., X, with
corresponding distributions Fy,..., Fy, such that Fy(x) > 0 for k = 1,...,n,
and assume the following dependence structures.

limg 00

Assumption A. For each k = 2,...,n relation

(2.1) P(Xk > $|X1 =Y, .., Xpe1 = yk—l) ~ gk(yla S ayk—l)Fk($)
holds uniformly for (y1,...,yr_1) € RF71 ie.,

. P(Xg > 2| Xy =y1,- -, X1 = Y1) B
lim sup — -1 =0,
T700 (yy ey y—1 ) EREL gk(yla"'vyk—l)Fk(x)
where gi: RF"1 1 Ry := (0,00), k = 2,...,n, are measurable functions.
Assumption B. For each k£ = 2,...,n relation
k—1 k-1
(2.2) P(szXz > J,‘|Xk = y) ~ h;(JU)(y)P<Zw1Xz > .’13)
i=1 i=1
holds uniformly for y € R and wy_; := (w1, ..., wr_1) € [a,b]*!, with some
positive constants 0 < a < b < o0, i.e.,
PSRl wi X > 2| Xy =
lim sup su ((MX):FI - szl Xk =) - 1‘ =0,
IO yeR Wy _ 1 €lab]F 1 | Py, (y)P(Zi:1 w; X; > x)
where h,(cw) = hg(wy, ..., wg—1,): R—= Ry, k=1,...,n, are measurable func-

tions.

If, for some i € {1,...,k — 1}, y; = yf in (2.1) is not possible value of
X, ie., P(X; € A) = 0 for some open interval containing v, then the condi-
tional probability in Assumption A is understood as unconditional and there-

fore gr(y1,..-,9F, ... yx—1) = 1 for such y;. The same agreement holds for
(2.2).
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Clearly, the uniformity in (2.1) and (2.2) implies that Egy(X1,..., Xk_1) =
Eh;cw)(Xk) =1fork=2,...,n.

Our first main result is the following theorem.

Theorem 2.1. Let X1,...,X, be real-valued r.v.s satisfying Assumptions A,
B, and let ©4, . ..,0, be random weights, independent of X1, ..., X,, such that
Pa<Op,<b=1k=1,....,n. If F, € L forallk =1,...,n, then d.f.
P(S© < z) belongs to .

In order to obtain our second main result we have to strengthen the assump-
tion of dependence from Assumptions A, B to the following:

Assumption C. For arbitrary nonempty sets of indices I = {kiy,...,kn} C
{1,2,...,n} and J = {ry,...,rp} C {1,2,...,n}\I, relation

P(Zkak > (L")(T1 = yr17~-~,er = yr,,>
kel

~ h%”}(yﬁ’...,yrp)P(Zkak > x)

kel

holds uniformly for (y,,,...,%,,) € RP and (wg,,...,wg,) € [a,b]™, 0 <
a < b < oo, with some measurable function hng) RP +— R4, such that

h&w} (Yry»- -+ Yr,) is bounded uniformly in wy, € [a,b],k € I and (yr,,...,yr,) €
RP.
Clearly, Assumption C implies both Assumptions A and B with g (y1,. ..,

Yr-1) = h?}ii,{lwk,l}(yl,..~,yk71) and h?ﬁ”)(y) = hf{llu,)m,kq}’{k}(y), k =

2 n.

geeey

Theorem 2.2. Let Xq,...,X, be real-valued r.v.s satisfying Assumption C
and let ©1,...,0, be random weights, independent of X1,...,X,, such that
Pla<Or<b)=1,k=1,....,n. If Fr € L forallk=1,...,n, then

(2.3) P(S® > 2) ~P(S9T > 1) ~ P(M® > x),
where MO := max{SP,...,S9}.

Remark 2.1. In the case n = 2, conjunction of Assumptions A and B coincides
with Assumption C, which is the same as condition (1.3). Thus, Theorems
2.1-2.2 generalize the result in Theorem 1.1.

Remark 2.2. If conditions of Theorem 2.2 are satisfied and Xi,...,X, are
independent, then relations (2.3) were proved by Wang ([21], Lemma 4) and
Chen et al. ([3], Theorem 2.1); moreover, the interval [a,b] can be extended to
(0, ] if, additionally, ©’s are positively associated (see Theorem 2.2 in [3]).
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Remark 2.3. Note that, in general, equivalence relations in (2.3) can not be
extended to

P(SY > x) ~ Y P(6,X; > ).
i=1

Let n = 2, ©; = O3 = 1 and let X, X5 be independent r.v.s. According
to [12], F1 € & and Fy € . does not imply that convolution of F; and
Fy is in .7, unless F; = F5. Hence, both convolution closure and property
Fy x Fy(x) ~ Fi(x) + Fa(x) do not hold in .%. Therefore, equivalence relation
P(X; + X2 > 2) ~P(X; > 2) + P(X3 > 2) is not valid in £ since . C .&Z,
see also discussion in [2].

3. Proofs of main results
3.1. Proof of Theorem 2.1

The proof of Theorem 2.1 is essentially based on the uniform closure property
of the sum SY := w1 X1 + -+ + w,X,: if Assumptions A and B are satisfied
and each Fj, € .Z, then the distribution of sum S}y is uniformly in £ too, in
the sense of the following lemma.

Lemma 3.1. Let X1,..., X, (with n > 2) be the real-valued r.v.s with corre-
sponding distributions Fi, ..., F, and let Assumptions A, B hold. If F, € £,
k=1,...,n, then for any K > 0 the relation

(3.1) P(SY >z —K)~P(5Y > z)
holds uniformly for w, = (wq,...,wy,) € [a,b]™.
Proof. Tt is sufficient to prove that
. P(SY >z - K

@2 imswp e, i

By Remark 2.1, relation (3.1) holds for n = 2 (see Lemma 3.1 in [26]).
Suppose that relation (3.2) holds for some n = N > 2, i.e.,
(3.3) P(Sy >z — K) ~P(Sy > 1)
with above uniformity. We will prove that (3.2) holds for n = N + 1. This will

prove the statement of the lemma.
Let € € (0,1) be an arbitrary constant. Since Fny1 € £, we have that

P(Xy41 > 2 — K)
P(XN_H > 1‘)
if 2 > x1 > 0. Also, condition (2.1) implies that

(3.4)

<l+4e

(1= &) Fnp1(2)gns1(yn,- - yn) SP(Xngp1 > Xy =y1,..., Xn = yn)

(3.5) <A+ e)Fns(x)gns1(ya,--- yn)
forally; e R,i=1,...,N and x > x5 > x7.
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If x > max{bzq, x5}, then
(3.6)
P(Sy 1> 27— K)
P(Sk,, > )
_ Up, +fD2)P(wN+1XN+1>93—K—ZfV:1 wiyi| X1=y1,...XNn=y~n)dFx, ..., x5 (Y1,--,YN)
B (fp3 +ID4)P(wN+1XN+1>W_Z£V=1w'iyi|X1:y17---1XN:yN)dFX1 ,,,,, Xy (Y1,-,YN)
_. Tu(z) + Lo(x) < max{111($)7 112(1‘)}7
Io1 () + Iz2() Iy ()" Ipp(x)
where

N
D1 == {(y1,---,yn): szyz <z —bry — K},
1=1
N
Dyi={(y1,---,yn): Y wiyi >z —bry — K},
i=1
N
Dy :={(y1,---,Yn): szyz <z — b},

i=1

N
Dy:={(y1,.--,yn): Zwiyi > x — bxa}.
i=1

Since x > bxg, © > x9 > x1, relations (3.4), (3.5) imply that
(3.7)

Ill(l‘)
sup
EN+1€[a,b]N+1 IQl(QC)
1+e sup Jp, Plons1 Xy > — K — SN wiy)gN+1 (Y, YN )AFx X (UL - YN
T 1 — emvncltNt [ Plonii Xy > 2 — S wiy)gn 1 (s yn)dFx, X (01, UN)
1+e€ sup sup P(wN+1XN+1>a:7Kfz§V:1 wWiYi)
— _ P X >N iYi
L= € gy pr €lab] V1 (groyn)eDy DN FIXNGLZ T T, wiyi)
2
ol P(Xnpi>z-K) o (L+€)
STo AR TR S o

On the other hand, condition (2.2) implies that

(1= OhLy (yw+1)P(SK > @) < P(SK > @|Xnvsa = yn1)
(3.8) < (14 OhY), (yn+1)P(SK > )
for all yn11 € R, Wy € [a,b]Y and z > x3. Hence,
Ins(z) = P(S}(} > 2= bay, SEL, > a:)

> P(S}\”, >, S8, > x)
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=P(Sy >z, Xn41 > 0) +P(Sy +wnpi XNy > 2, Xnip1 <0)

= : P(Sy > z|XNy1 = yvi1)dFNy1(yns1)
0,00)

+/ P(SN > 2 —wyt1yn+1|Xn+1 = yn+1)dEN 11 (Yn+1)
(_OO)O)
> (1-¢) /[ PUSK > 2 (v AFx o)
0,00
+(1— 6)/ P(Sy >z — wN+1yN+1)hS\7}UJ)rl(yN+1)dFN+1(yN+1)
(70070)

= (1 - )P(S% > 2)ER] (Xn+1)I{xy.150)

(3.9) +(1- 6)/( P(SY > & — wns1yn+1) AN L (Un1)dF N1 (Y1)
—00,0)

for all Wy € [a,b]V*! and © > x3. Here, Ehg\t,ull(XNH)]I{XNHZO} > 0
because of heavy tailedness of Fiy41. Similarly, under (3.8),

(3.10)
Ilg(I)
=P(Sy;1 > 2 — K,Sy > —bry — K)
<SPSy >r—K,Sy>2—-K)+Px—bry— K <Sy <z—-K)
= P(S% >x — K,XN+1 > O) —I—P(SX; +wN+1XN+1 >x — K;XN—H < 0)
+ Pz —bxs — K <Sy <z-—K)
< (L4 OP(SK > 7 — K)ERY), (Xn41)I(xy,,20)
+(1+ e)/ P(SY > o — K — wyi1yn+1)hS ) (yn+1)dFn 1 (yn+1)
(70070)
+P(Sy >z —bry— K)—-P(Sy >z —K)

for x > 23 and all Wy € [a, )]V FL.
Relations (3.9), (3.10) imply that

i Ii2(2)
im sup sup
o200 WyiielapN+1 122(T)

limsup  sup (P(SN >z —bry— K)  P(Sy >x_K)>
1—€ 2500 Wy E[a,b]V P(SJw\f > 33) P(S}(’, > Z‘)
1 P(Sw K
+ + € max { limsup sup M7
e o myelany  P(SE > )

. PSSy >x—w - K
limsup sup sup (S - NA1YN+1 ) }
z—00 wy€Ela,b]N yn+1<0 P(‘SN >x— wN+1yN+1>

<
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From induction hypothesis (3.3) we obtain that
1 1
(3.11) lim sup sup 12(2) < + <
T—=00 Wy E[a,b]NtL IQQ(.’L‘) 1—¢
Hence, by (3.6), (3.7), (3.11), we get

P(Say >~ K) _ (146

lim sup sup < .
T—00 Wy41E€[a,b]VN L P(SJI\L;-i-l > l‘) 1—e
The arbitrariness of € > 0 implies inequality (3.2) for n = N + 1. d

It is easy to see that the result in Lemma 3.1 can be reformulated replacing
“for any constant K > 0”7 by “for some infinitely increasing positive function
K(z)” (see, e.g., the arguments in [27]). Thus we have:

Corollary 3.1. Assume the conditions in Lemma 8.1. Then, for some infin-
itely increasing positive function K(x), it holds that

(3.12) P(SY >z + K(x)) ~P(Sy > )
uniformly for w, € [a,b]".
Proof of Theorem 2.1. Using Lemma 3.1, we obtain that for any K > 0
P(S® > 2 - K) :/m/P(S;f >z — K)P(©, € dwy,...,0, € dw,)
[a,b]"
~/~--/P(S;” > z)P(0; € dwy,...,0, € dw,)
[a,b]"
=P(S9 > 2). O
3.2. Proof of Theorem 2.2

The proof of Theorem 2.2 is based on the following lemma. Set S/ :=
S weXp, ST =30 wp X, and MY := max{S¥,...,S¥}.

Lemma 3.2. Let X1,...,X, (n > 2) be real-valued r.v.s with corresponding
distributions Fy, ..., F,, such that each Fy, € £. Then, under Assumption C,
P(SY >z) ~P(S¥t > z) ~ P(MY > x)

uniformly for Wy, € [a,b]™.
Proof. Since S < M¥ < S¥* we only need to prove that
(3.13) P(S¥t > x) SP(SY > ).
Obviously, for positive z, it holds
P(SYT > 2) =P(SY > ) + P(S¥t > 2,8¥ < 1)

=P(Sy > a)+ > P(SPT >, 8% <, Ai(X))
I
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(3.14) = P(Sy >ux)+ E Pr,
I

where the sum ) is taken over all nonempty subsets I C {1,2,...,n} and
T

Ar(X) = { ;QI{X’“ > o}} N { kgc{xk < o}}.

Let I = {ki,...,kn} be a fixed subset of indices with nonempty I¢ =
{r1,...,"—m}. Set I :=n —m and write

= P(Zkak >2,Y w X+ Y w X, <2, Xy >0ke X, <0,re 10)
kel kel relec

IN

P(Z“”“X’“ > x,Zka;g + Z w X, <z, X, <0,7€ IC)
kel kel rele

P(Zkak >z, X, < 0,1 € IC) - P(Zkak + 3 w X, > 2, X, <0re IC)
kel kel rele

< / / P(Zkak > I|Xr =Yr, T E IC>dFX,.l ,,,,, Xy Wris -5 Ym)
(—%0,0) (=0,0)  RET

- / / P(Zkak>x_bzyr|Xr:ymr6IC>dFX,,.1,.4.1X,Z(yT1’"'7yrl)

(—50,0) (—00,0) kel rele

SC< // 7T,I(',L.717‘7T6IC)(iFXrl,N.,Xrl(yTl?"'7y7’l)

(=00,0) (—=00,0)

- / / ﬂ-/I/(xﬂJTar S IC)dFX7~1,4..,X7-, (y7’17'-'>y7‘1))
(=50,0) (—00,0)
=: Cp7,
where
P(Zkg we X > x‘XT =y, T E IC)
RS s )
P(Zke[ kak > T — bZTEI“ yT"XT =Yr,T S IC)
R Yoo Yt

and where we have used that, by Assumption C,

(@, yr,r € 1°) =

)

7@,y € %) =

)

sup sup h(ﬁ})c (Yrys---ryr,) < Const < oo.
wi €la,bl,keT (yrl s Yry )JER!

According to the Fatou lemma, Assumption C and Lemma 3.1,

/
limsup  sup P1
=00 wy€la,bl, kel P( Zkel wi Xy > x)
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W?(Iayrﬂ“ € IC)

< / lim sup sup X Urys o5 Ym)
=00 wy€[a,b],kEL P ke wi Xy > ) ! e "
(—00,0) (—00,0)

i (x, y.,r € I°)
- lim inf f L0 I dF e Y
/ min wke[hnb] kel P( ey wp Xy > ) X Wy )

(=00,0) (—00,0)
=0.
Since p;r < Constp/, for each subset I in (3.14) we obtain that
limsup sup P1 =0
=00 Wy, E[a,b]" P(Zkel wXp > x)
This, together with (3.14), implies
P(Sw
liminf inf (me
=00 Wy elab]” P(S, T > x)

pr
>1- limsup sup PSS 5
Z T—=00 Wy Ela,b]™ (SnJr > .’E)
b
=1- limsup sup =1
Z T—00 W, €Ela,b]™ (Zke] Wka > LU)
Thus, relation (3.13) holds and the lemma is proved. O

Proof of Theorem 2.2. Similarly, as in the case of Theorem 2.1, the proof fol-
lows immediately from Lemma 3.2. (]

4. The case of dependence described through copula

In this section we demonstrate how the functions gy, h](gw) and hg‘f]), appear-
ing in Assumptions A, B and C, can be found when the dependence structure
among X1, ..., X, is generated by an n-dimensional absolutely continuous cop-
ula C(v1,...,0n).

4.1. General copula dependence

Assume that the distribution of vector (X1,...,X,,) is given by

(4.1)
P(X1 < T1y..- ,Xn < In) e C(Fl(Il), .. .,Fn(l‘n))7 (1‘1,. .. ,In) S [—OO, OO}n,

where C(v1, ..., v,) is some absolutely continuous copula function with corre-
sponding positive copula density c(vy,...,v,). Assume that marginal distribu-
tions Fi, ..., F, are absolutely continuous with corresponding positive densities
fla ) fn

Consider first the case of Assumptions A and B.

Let Cg(vi,...,vx) = C(v1,...,v%,1,...,1), where k = 2,...,n, be k-
dimensional marginal copulas. Also write Ci(v1) = v;. Let the correspond-
ing copula densities be ¢ (v1,...,vk), Kk = 1,...,n. Denote ék(vl, Cey V) =
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Cr—1(v1,...,v5-1) — C(v1,...,v;) and let
Ok, )

4.2 (v, ..., ) =
( ) k( 1, ) k‘) 6’1}1 ...31);@,1
Further, we introduce the following assumption: for any & = 2,...,n, there
exists positive limit
_ . Ce(vi, . V-1, 1 —0)

4.3 ey Vg1, 1) =11
(4.3) Cr(viy ooy k-1, 1) UI{‘% v
uniformly for (vy,...,v5_1) € [0, 1]¥7L.

Denote X7, ..., X the corresponding independent copies of r.v.s Xj,..., X,

and set S = wi X7+ +wp X[, k=1,...,n.

Proposition 4.1. Assume that the distribution of random vector (X1, ..., X,)
is given by (4.1) with some absolutely continuous copula C(vy, ..., vy,) and abso-
lutely continuous marginal distributions Fy,. .., F, with corresponding positive
densities f1,..., fn. Then Assumption A is equivalent to (4.3) and in this case
functions g, k = 2,...,n are given by

ek(F1(y1)s -5 Fra(yp—1), 1-)
cr—1(Fi(y1), s Fr—1(yp-1))

Furthermore, Assumption B is equivalent to the existence of positive limits

Ecx (FL(XT), oo Froo 1 (X7 ), Fr(y) Ty gun sg
45)  A(y):= lim (F1 (X i (X 1)* W) Lgspe >0y
T—00 Eck_l(F1(X1)7~-~7Fk—1(Xk71))]I{S}CUf1>w}

(4.4) kY1, - Yp—1) =

uniformly for W_, € [a,b]* "', y€R and k=2,...,n.

Proof. Denote the k-dimensional density of vector (Xi,...,Xx) by fx, . x,-
Clearly,

(4.6) Ixvoxo Wi, yk) = c(Fi(yn)s - Fie(ye)) fi(yn) - fr(y)s

which is positive for all k£ by the positivity of copula density ¢ and marginal
densities f1,..., fn. Hence,

(4.7 P(Xg>x|X1=y1,..., X1 =Yr-1)

COFIP(Xy > 2, Xy <y, Xe1 < Y1) 1

- 0y ...0Yr—1 Ixuo X (W1, - Yk—1)

_a(Fi(y)s - Fre1(ye—1), Fi(x))

a1 (Fi(a)s - Fro1(yr-1))
which follows from (4.6) and equality

OFIP(Xy > 2, X1 < w1,y X1 < Ypo1)
oyy ...0Yk_1
= (F1(W1)s - Fe1(ye—1), Fi(2)) fr(yr) - - - frm1(yr—1).

The last equality holds by (4.2).
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By (4.7), Assumption A is equivalent to
im c(Fi(n), - Fee1(yr—1), Fi(x))
T— 00 E(x)
=gk, Y—1)ch—1(F1(y1), -, Fro1(Yr—1))

for some positive functions g, uniformly for (yi,...,yx_1) € RF"1 k =
2,...,n. But the last relation is equivalent to (4.3). Thus, (4.4) holds.

Let’s deal with Assumption B. Since F}, is absolutely continuous, we have
OP(SY >z, Xy <y) 1

(4.8) P(SiLy > a|Xy =y) = dy fily)

It is easy to see that
OP(SY | >, Xy <)
Ay

o) [ B ), Fl)

fl(ul) te fk—l(uk—l)dul cedug—q
= fu()Eck(F1(X7), .. Fem1(Xp_q), Fe(y) Lgses say-
Hence, by (4.8) and equality
P(S;Cufl > iL’) = ECkfl(Fl(Xf), ceey kal(lefl))][{S}c“fl>$}ﬂ

we obtain
P(S}é’fl > x| Xy = y)
_ Eck(Fl(Xf)w-~aFlc—l(Xl:—l)aFk(y>)]l{5)§’j1>z}
Eck—1(F1(X7), - Fiom1 (X351 ) Lisws sy

This implies the second statement of proposition. (I

P(S¢_, > ).

Next we formulate the similar result in the case of Assumption C. For any
(not necessarily nonempty) subsets I = {ki1,...,kn}, J = {r1,...,7p} C
{1,...,n}\I denote by cr j(vg, k € I,v,,7 € J) the copula density correspond-

ing to random vector (Xp,,..., Xy, , Xr,..., X)), ie,
kal7"'5ka,7X7'17"~;X7'p (ykl7 s Yk s Yy - - ’yrp>
= CLJ(Fk(yk)ak S IaFr(yr)ar € ‘]) H fk(yk) H fr(yr)a
kel reJ

and let ¢y :=cr.o, cy = cg,;.

Proposition 4.2. Assume that the distribution of random vector (X1, ..., X,)
is given by (4.1) with some absolutely continuous copula C(vy,...,v,) and ab-
solutely continuous marginal distributions Fy, ..., F,. Then Assumption C is
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equivalent to the existence of positive, uniformly bounded limits

h%UJ) (yrla s ayTp)
. 1 . ECI,J<FI~C(X]:);]€€IaFr(yr)arEJ>][{Z,celka;>x}
CJ(FT(yT),T € J) T—00 ECI(Fk-(X;), ke I)]I{Ekez w Xj>a}

which hold uniformly for wy € [a,b], k € I, y. € R, r € J and all nonempty
sets of indices I C{1,...,n} and J C {1,...,n}\I.

Proof. The proof is similar to that of Proposition 4.1. We have

P(Zkak > 1:|XT =Y, T E J)

kel
PP e wr X > 2, Xy < yp,m € J) 1
oYyr, -~-ayrp fXTN...,er (yna“-ayr,,)’
where
apP(ZkeI wr X > Z,Xr <Y, 7E J)
Yry ---Oyr,
= H fr(yr) / cr,j(Fp(ug),k € I, Fr(yr),r € J) H fr(ug)dug, - - - dug,,
redJ S wiug>x kel
kel
and fXTl,.A.,XTp (y7-1,---7y7-p) - C,](F,»(Z/,-),T‘ € ‘]) H fT(ZJ?) Now the proof
reJ

follows observing that

P(Zkak > x) = Ber(Fe(X{), k € DIgs,  woxise)-
kel O

4.2. The case of FGM copula

In this subsection, we consider the case where C(vy, ..., v,) is n-dimensional
Farley—Gumbel-Morgenstern (FGM) copula, given by

(4.9) C(vl,...,vn):Hvi(l—i— > 91m(1—vl)(1—vm)>,
i=1

1<l<m<n
where (v1,...,v,) € [0,1]" and real numbers 6, are chosen such that
C(v1,...,vy,) is a proper n-dimensional copula. For example, if n = 3, the con-

ditions can be summarized as follows: 615+ 013+ 023 > —1, 013+ 023 — 012 < 1,
912 + 023 — 913 S ]., 012 + 013 — 623 S 1. In this case,

k
Ck(vla"'vvk):HUi<1+ Z 91m(1—vl)(1—vm)>, k= g Tl
=1

1<l<m<k
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and the corresponding copula densities are given by
(410)  cx(vr,- ) =14+ D> (1 —20)(1 = 2v), k=2,...,n.
1<i<m<k

Everywhere below we assume the parameters 6;,, to be such that
en(viy. .. v,) > 0 for all (vq,...,v,) € [0,1]". Obviously, this implies that
cr(v1,...,vx) >0 for all (vy,...,vx) € [0,1]F and k =2,...,n.

Next, we make the following assumption:
Assumption D. For each k =1,...,n — 1 there exists limit

lim = Fk(x/lik) =: afcw) € (0,1]
oo Fy(x/wy) + -+ Fp_i(x/w,_1)

uniformly for w,,_; € [a,b]" L.

To illustrate Assumption D, suppose that Fy,..., F, are such that Fj(z) ~
¢;L(x)x™®, a > 0, with some positive constants ¢;, ¢ = 1,...,n, and slowly
varying function L(x). Then Assumption D is satisfied and

o) — Ck
k Cl(wl/wk)a +~~~+Cn_1(wn_1/wk)a
On the other hand, if a = b and F;(z) ~ ¢;G(z), i = 1,...,n, where G(z) > 0
for all z, then

(w) _ Ck
a,  =-——-:.
c1+ -+ cCna
Next we will derive the expressions for functions g, and h,(cw), omitting the

case of function hgva), for which the corresponding expression is complicated
and does not carry much interest.
For a distribution F, denote F := 1 — 2F = 2F — 1.

Proposition 4.3. Assume n > 2 and let X4,..., X, be real-valued r.v.8
whose distribution is generated by FGM copula in (4.9), marginal distributions
Fy, ..., F, are absolutely continuous and F; € NP, i=1,...,n. Then

Z1gzgk—1 Ok E1 (Y1)
ch—1(Fi(y1), - Fro1(yr—1))’
If n > 3 and Assumption D holds, then

h/(fw)(y) =1- ﬁk(y) Z olkal(,?—l’ k=3,...,n,
1<i<k—1

gy, yk—1) =1 — k=2,...,n.

where affy) i= af*) (a{" + - +af")).
Proof. We apply Proposition 4.1. Obviously,

Crlvi,- - ve) = (1=v) Cr1 (v, - -, vp—1)— 01+ v (1—0p) Z Ok (1—1),
1<I<k—1
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implying that é(vy,...,vx) in (4.2) is

Ek(’l)l,...,’l)k):(1—1}]@)0]6,1(’[)17.. , Vg — 1)— 'Uk 1—’1}]€ Z Hlk 1—21)1

1<I<k—1
Hence, condition (4.3) is satisfied (uniformly in (vy,...,vr_1) € [0,1]*7!) and
Ek(vl,...,vk_l,l—):gi\r&) (Ck_1(’01,.. , V— 1 1—1} Z le 1—2’0[ )
1<I<k—1
= cp—1(V1, .- Vk—1) Z O (1 — 2vy).

1<i<k—1
Therefore, by (4.4),

Z1§lgk71 O1x(1 — 2Fi(y1))
ch1(Fr(y1),- s Freo1(yr-1))

Consider now function h,(cw) (y). For k =2,...,n we have
(w)
h) (y) = Tim L(wf Y,
T g (@)

gy Yk—1) =1 —

where, by (4.5) and (4.10),
oy (2,) = Beg(FL(XT), .., Fre1(X7_1), Fu(y) Ispe, >0}

=P(S >2)+ Y OmBEX)Fan (X)) Lispe 50
1<l<m<k—1

+ Fk Z leEFl(Xl )]I{Sw* Sa}s
1<I<k—1

o () = EBopo 1 (FL(XT), - Fimt (X7 1)) e 5y
=P(S% > )+ Z elmEE(Xl*)ﬁm(X:;L)]I{S}:jl>x}-

1<l<m<k—1
Rewrite now
(w)
) ~
Ph DY 1 By (@),
op1 ()
where
> OuEF(X))gp- say
b(w)(x) ._ 1<I<k-1
k = - P - )
PSPty >a)+ Y OmBR(X])Fo(X5) Tiges say
1<l<m<k—1

It remains to prove that, uniformly in wy_; € [a, b)*~*

(4.11) (@) =~ Y Gwaly, =0, k=3,...n.
1<I<k-1
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Rewrite
2 Y OuER(X[)Isps say —P(SP* > 1) X 91k
b(w) (3;‘) _ 1<i<k—1 1<i<k—
k 2 Y OmBY, Lisee 5oy + PSP > 2) + P(SEr, > ) O’
1<l<m<k-—1 1<l<m<k-—1

where Y}* 1= 2F|(X[)F,(X},) — Fi(X}) — Fin(X},). The desired convergence
(4.11) will follow if we show that

_ N 1
(412)  EF(X[)I(sp,ap ~ 5 (1- al“;; OP(SE* > ), 1=1,... k-1,
1

uniformly in wy_1 € [a,b]F !
To show (4.12), take Y; = X7, a;(z) = F;(z) in Corollary 5.1 below and note
that condition (5.16) is satisfied:

ER() o0 = B [ 20 an ) = oF5@), j 5

because, by Assumption D, F;(z) ~ ¢;; Fj(x) with some positive constant c;;.
Combining Corollary 5.1, Proposition 5.1(i) and using that EF(X;) = 1/2 for

all ] =1,...,n (since distribution F; has positive density), we get
E.Fl XA Swr oy L k— 1
. lw)*{ 20 gyt = @) — Fula/w)
z—00 P(Sk—l > m) T—=00 Zizl Fz(x/wl>
1 w
- 5(1_a§7,€11), I=1,... k-1,

uniformly in wx_; € [a,b]*~! (note that 0 < a%ll < 1 because Ez 1 al(l;;) 1=

1and a/¥) | >0, k > 3). Thus, we get (4.12).
The proof of relation (4.13) is similar. If k¥ > 3, then, by Corollary 5.1,

g o Lspe >ey
im —
a—oo P(57 > )
. BRR(X])Fn(X) = FUX]) = Fn (X)) Lispe >0y

T—00 (S;CU*I > Jj)

e v 1 Soiet Fi(@/wi) = Fi(a/wi) = Fo(@/wm)
=2EF(X])EF,(X,,) lim C =
{XEF, (X3,) lim ST
e S Fi(w/wi) — Fi(z/w)
— EF(X]) lim
i ( l)a:ﬁoo Zf 11 A /w;)
T vk ) 1s Zk 11 (x/u%) (x/wm) 1
— EF,(X,,) lim t - _Z
( )x%oo Zf’ 11 ((E/U)Z) 2
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uniformly in w;_; € [a,b]*"!. The case k = 3 in (4.13) easily follows from
arguments above and (5.17). The proof is complete. O

Consider now the tail asymptotics of the sum S,(? =601X;1+---+06,X,
in the case when the distribution of vector (Xi,...,X,) is generated by
the FGM copula in (4.9). The next proposition shows that in the case of
primary distributions from class .2 N 2, the probabilities P(S® > x) and
P(S9+ > z) asymptotically are the same and are both asymptotically equiva-
lent to P(©1X; > z)+---+P(0, X, > x) even in the case where the positive
weights O are not bounded from zero. This result follows from Theorem 1
in [21] proved in the case of the so-called pairwise strong quasi-asymptotically
independence (pSQAI) structure, introduced by Geluk and Tang [9]. Recall
that r.v.s Xq,..., X, are pSQALI if, for any i # j,

(4.14) lim P(‘X1| > a:i|Xj > 1‘]‘) = 0.

T NTj—00
It easy to see that the FGM distribution given by (4.9) satisfies (4.14) (see,
e.g., [9).

Proposition 4.4. Suppose thatn > 2 and Xy, ..., X, are real-valued r.v.s with
corresponding distributions Fy, ..., F,, such that Fy, € N9, k=1,...,n. Let
the distribution of vector (X1, ...,X,) is generated by the FGM copula (4.9).
IfP(0< O, <b)=1,k=1,...,n, for someb € (0,00), then

P(SO > 2) ~ P(S9F > 2) ~ P(M? > 1)
(4.15) "

(kzrl%%)in@k k> T) ;1 (O Xy > )

Remark 4.1. The proof of relations in (4.15) is based essentially on two facts:
first, the fact that the distribution of the product ©X, where © and X are
independent r.v.s with 0 < ©® < b a.s. and Fx € XN Y%, is again in LN 9P
(see Lemmas 3.9 and 3.10 in [18]); second, the result as in (4.15) but with
products O X}, replaced by the (dependent) r.v.s Yy, such that Fy, € £ N 2,
k = 1,...,n. Alternatively, the relation in (4.15) can be derived replacing
the O’s by wy’s and then proving the corresponding relations uniformly with

respect to W, = (wi,...,w,). For instance, using Proposition 5.1(ii) and
representation
PSY>2) =P8 >2)+ S O / AHi (1, ),
1<li<m<n

wiyr+ W Yn >

where S = wi X7 + - + w, X}, and Hym (Y1, yn) = Fi(y1) - Fr(yn)
Fi(y)) Fr(Ym ), or directly applying (5.1) below to the pSQAI r.v.s, we have
that for the FGM copula case it holds

P(SY > x) ~ P(SY* > z) ~ Y Fr(z/wy)
k=1
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uniformly for w,, € [a,b]™. Hence
P(SO > 2)

/ / (w1 X1 >z)+ -+ Plw, X, > x))P(@l € dwy,...,0, € dw,)
[(L b]n
= P(@le > Z‘) —+ -4 P(@an > l‘)
Obviously, the last approach leads to a weaker result as it requires the restric-

tion O € [a,b] C (0,b], k =1,...,n, unless the d.f.s Fy,..., F, are in the class
%, see Proposition 5.1(ii).

5. Auxiliary results

In this section we present some useful statements, which are used proving
the corresponding results in Section 4.2.

Proposition 5.1. Suppose that Yi,...,Y, are real-valued independent r.v.s
with corresponding distributions Fy,, ..., Fy, .
W) IfFy, e ZNZ,k=1,...,n, then

(5.1) PlunYi+ - +w,Y, >x) Z - (2 /wy,)
k=1

uniformly for W, € [a,b]™, where 0 < a < b < co.
(ii) If Fy,, € €, k =1,...,n, then relation (5.1) holds uniformly for w, €
(0,5, 0 < b < c.
Proof. (i) The proof of this fact follows from Theorem 2.1 in [13] (note that Li’s
result also holds for more general, pSQAI, dependence structure, see (4.14)).
(ii) Denote 5S¢, =w1Y1+ - +w,Y, and write for any 0 € (0,1)and z > 0
P(Sy,, >z) > ZP Sy, > w,wiYy, > x + )
k=1
Z P(w;Y; > x + 0z, w;Y; > x + 0x)
1<i<j<n
=: pY (z) — p5' ().

Obviously,

62 o< (X Palen) = of 3 Frile/w)
k=1

k=1

uniformly in @, € (0,b]". For p¥’(x) we have

> ZP(S;I/}’H —wiYy > =0z, wp Yy > x + (5.’[7)
k=
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n

= ZP(kak >x+ ) — ZP(S%‘/”H —wpYy, < —dx,w, Yy > x + 0x)

k=1 k=1
=:p11(z) — pis(z).

Here,

(5.3)

I Py, (146
liminf inf pir(2) > liminf inf Yﬂ( +0)z/w)
v=o0 wae(0b Yop_ ) Fy, (z/wy) — =00 wae(0pm 1sk<n  Fy, (z/wy)

where, for any k =1,...,n,
Fy, (1 +6)z/wy)

)

Fy, ((146)z)

liminf inf B > lim inf A
z=oo wie(0b]  Fy, (z/wy) e=ooz>a/b Fy, (2)
Fy. ((1
(5.4) Ciming 2D e 50

by the definition of class €. We get from (5.3)—(5.4) that

(5.5) lim liminf  inf P (7) > 1.
SN0 z—o0 7w, e(0,b]" Zk lek ({,C/U)k)

For the term pi%,(z) we get

Py(@) £ D OPISE, — wiYi < —62)P(unYi > 2)

k=1
(5.6) <POBY; +--- Z - (x/wy) Z - (x/wy)
uniformly in @, € (0,b]". (5.2), (5.5) a :i (5.6) imply )

S¥ > w
liminf inf P( Yin ) > liminf inf Pt ()
z=o0 w06 Yop ) Fy, (z/wg) — w00 wae(0bln o0 Fy, (x/wy,)

In order to show the upper asymptotic bound in (5.1), write

P8y, > 2) = P(S¥, > @, U {wi¥s > 2/(n - 1),u,Y; > 62/ (n— 1)})

i<j

+ P(syn > 2, N {{w:Ys < 62/(n—1)} U {w;Y; < 5x/(n—1)}})

< ZP(ini > ox/(n—1))P(w;Y; > dx/(n — 1))

1<j

P(kgl{kak > (1-6)})

< (ZTL:P(in; > ox/(n — 1)))2 + zn:P(kak > (1—-9)z)
i= k=1
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where we have used that for any sets Ay, ..., A, it holds (), ., ;<. {Ai UA;} C
Uiz1 N4, Tt is easy to see that 7’ (z) = o(1) Yop_; Fiy, (v/wy) and, by the
definition of class %,

o ry (z)
lim limsup sup — <1.
ONO  z—o00 UHE(U,b]" Zk:l FYk (x/wk)

This and (5.7) completes the proof of proposition. O

Remark 5.1. Uniform asymptotic relation (5.1) was investigated earlier in a
number of papers. Tang and Tsitsiashvili [19] obtained this relation for in-
dependent r.v.s with common subexponential d.f. and weights w, € [a,b]",
0 < a < b < oo. Subexponential r.v.s (independent or dependent) were also
investigated in [10,21,28]. Liu et al. [16] and Wang et al. [22] proved re-
lation (5.1) for identically distributed r.v.s from class .Z N 2 allowing some
dependence among primary variables with weights w,, € [a,b]™. Li [13] showed
that this uniform equivalence holds for nonidentically distributed (with some
dependence) r.v.s from the class € or £ N Z and w,, € [a, b]".

Proposition 5.2. Suppose that Y1,Ys,... are real-valued independent r.v.s
with corresponding distributions Fy,, Fy,,... and a;: (—00,00) — [0,00), i =
1,2, are measurable functions.

(i) If 0 < Ea1 (Y1) < o0, Fy, € NP, i = 2,...,k, where k > 2 is an
arbitrary integer, and

(5.8) Ba1(Y1) Iy, >0y = o(Fy, (2) + -+ + Fy, (),
then, uniformly for Wy, € [a,b]F, 0 < a < b < 0o, it holds

Ear(Y1)Lpw, vy 4 twpvi>zy ~ Bar(Y1)P(w2Ya + -+ + wi Yy > @)

(5.9) ~ Ea1 (V1) (Fy, (z/w2) + -+ + Fy, (z/wg));
(ii) If 0 < Ea;(Y;) < o0, Fy, € 2,1 =1,2, and

(5.10) Ea;(Y) Ly, >0y = o(Fy; (2)), 4,5 = 1,2, i # j,

then

(5.11) Ea1(Y1)a2(Y2) Tiw, vy twsyvasey = 0(Fy, (x/w1) + Fy, (z/ws))

uniformly for wo € (0, b]2.
(iii) If 0 < Ea;(Y;) < 00,1 =1,2, Fy, € N, i=3,...,k, where k > 3
is an arbitrary integer, and
(5.12) BV Iyse = oF(@) + -+ (@), i = 1,2,
then, uniformly for Wy, € [a,b]k, 0 < a < b < 0o, it holds
Ea1(Y1)a2 (Y2) Ljw, vy +-twp vie>a)

(5.13) ~ Eai(Y1)Eao(Y2)(Fy, (z/ws3) + - - - + Fy, (x/wy)).
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Proof. (i) By Corollary 3.1 we can choose some positive function K;(z),
Ki(x) < z such that K;(z) / oo and

(5.14)  PwaYa+ -+ wipYp > o+ Ki(x)) ~P(wYa + - - + wi Yy > x)
uniformly for ws, ..., wy € [a,b]. Next, write
Ea1 (Y1) T, v, 4 fwy Vi >a}
= Ea1 (Y1) Tw, vy 4 twrvies o} Ly vi <51 ()3 + T vi > K3 (2)})
=:1i1(x) + i2(x).
By (5.14) we have

: i1(z)
lim su su
w—)oopﬁk_g[(sb]k Eay (Y1)P(w2Ys + - - + wi Y > )
P(weYy + - -- Y; - K
< limsup sup (waYs + TRtk > 1(2)

=1.
T—=00 Wy Ela,b]k P(U}Q)/Q 4+ -+ wep Yy > 1‘)

This, together with Proposition 5.1(i), yields
1) S Bar () (B, (0/w2) + -+ + T (w/wy)
uniformly in wy, € [a, b]*.
For the lower bound, due to (5.14) and Proposition 5.1(i), we can write
Zl(m) > Eay (Yl)]I{wQYQJr--'erkYk>w+K1(ZL’),w1|Y1\SKl(I)}
= Eal(Yl)]I{wl\Y1|§K1(z)}P(w2Y2 + - wpYe >+ Kl(l‘))
~ Ea; (Y1)P(waYa + -+ - + wi Yy > x)
~ Bay(Y1)(Fy, (x/w2) + -+ + Fy, (x/wy))
uniformly in wy, € [a, b]". L L
It remains to show that izx(x) = o(Fy,(x/wa) + - - - + Fy, (x/wy)). Write
ZQ(x) < Eal(yi)(]l{wly1>w/2} + ]I{w2Y2+"'+kak>:L’/2})]I{wl\Y1|>K1(w)}
< Ea1 (Y1) Ly, >2/(20)}
+ Eal(Yl)][{‘yl|>K1(z)/b}P(lU2Y2 + -t wip Y > 1’/2)

Hence, by assumption (5.8), Proposition 5.1(i) and the definition of class Z we
get

ia(2) S o(Fy(w/(20)) + -+ + Fy (1/(20))) + 0(1) (Fi (/ (2w2))
+oo + By, (2/ (2wy)))
= O(E(x/wg) + - +F7yk(£€/wk))

uniformly in @y, € [a, b]*.
(ii) We have by (5.10) and Fy, € 2, i = 1,2, that

Ea1(Y1)a2(Y2) Tiw, vy +ws Yo >a)
< Eag(Yg)Eal(Yl)][{y1>m/(2wl)} + Eal(YVI)EQZ(Y2)]I{Y2>I/(2UJ2)}
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= Eay(Y2)o(Fy, (z/(2w1))) + Eax (Y1)o(Fy; (x/(2w2)))
= o(Fy, (z/w1) + Fy,(/w2))

uniformly for w, € (0, b]2.
(iii) Choose K () > 0 such that Ks(z) < z, Ko(x) ' 0o and

(5.15)  PwsYs+ - +wipYy > o+ Ko(x)) ~ P(wsYs + -+ - +wi Yy > 1)
uniformly for ws, ..., wy € [a,b]. Now, split
Eay (Y1) a2 (Y2) Ljw, vy 44w, v >a}
= Ea1 (Y1) a2 (Y2) L, vy 4w Vi) (L s Vi +we Yo | <Ko ()}
+ Ly +waval> Ka@)})
=: k1(z) + ka(z).
Similarly to case (i), we can show that
k1(z) ~ Bai (Y1)Eaz(Y2) (Fy; (v/ws) + - -+ + Fy, (v/wy)),
ka(w) = o(Fy, (x/ws) + -+ + Fy, (x/wg))-
Indeed, by (5.15) and Proposition 5.1(i),
k1(z) < Eay(Y1)aa(Y2)P(wsYs + - - + wp Yy > @ — Ka(x))
~ Ea1(Y1)Eaa(Y2)P(wsYs + « - - + wip Y > )
~ Eay (Y1)Eay(Y2) (Fy, (z/ws) + -+ + Tn(x/wk))
ki(x) > Ea1(Yl)a2(Yg)]I{‘wlyﬁwzyz|<K2(x)}P(w3Y3 + -+ wpY > x4+ Ka(x))
~ Ea1(Y1)Eaz(Y2)P(wsYs + - - + wi Yy > )
~ Ea1 (Y1)Eas(Y2) (Fy, (z/ws) + - + Fy; (z/wg))
uniformly for Wy, € [a,b]*, where we have used that
Ea1(Y1)a2(Y2) L{jw, i twsVa|> Ka ()}
< Eai(Y)Tip)vy > 1o (2) /23 Eaz (Y2)
+ Eaa(Y2) Loy, > Ky () /2y Bar (Y1) — 0.
For ko(x) we have

k2(x) S Eal (Yl)a2(}/2)][{’(1)1}/1+’LU2Y2>I/2}
k

+ Ea1(Y1)a2(Yz)]l{\wlyl+w2y2|>1<2(w)}f’( > wiY; > iE/?)
1=3

=: kgl(l’) + kzg(m),
where, by assumption (5.12), Proposition 5.1(i) and the definition of class 2,
ka1(z) < Eaz(Y2)Ear (Y1) Tjw, v, >4y + Ear(Y1)Eaa (Y2) T, v >0/4)
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= Eay(Y3) (Z (x/(4wy) )) + Ea; (Y1) (ZFY (z/( 4w2)))

=3
and
k
koo () = o(1) Y Fy, (w/(2w;))
i=3
uniformly for Wy, € [a, b]¥. The proof is complete. O

Corollary 5.1. Assume that k > 2 and Y1, ..., Yy are real-valued independent
r.v.s, such that Fy, € NP, i =1,...,k. Let a;: (—o0,00) — [0,00), i =
1,...,k, be measurable functions such that 0 < Ea;(Y;) < oo for each i and let
(5.16) Bai(Y) v,y = oFy, (@), j = Lok i 7 J.
Then, uniformly for Wy € [a,b]*, for alll =1,...,k it holds
k PR—
Eay (YD) Lw,vi 4wy vise) ~ Ba(YD) Y Fy, (x/w;),

j=1
AL

and for all l,m, 1 <1l <m <k, it holds

Eal(}/l)am (Ym)]l{w1yl+"'+wkyk>w}

o(Fy; (x/wr) +F7Y2(5£/w2))» k=2,
(5.17) Ea(Y)Ean(Ym) Y Ty, (@/w;)(1+0(1), k>3
#ﬁiﬁm

Proof. Observe that (5.16) with ¢ = 1 implies all three conditions (5.8), (5.10),
(5.12) with ¢ = 1. Then the statement follows straightforwardly from Proposi-
tion 5.2. 0
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