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SOLUTIONS OF HIGHER ORDER INHOMOGENEOUS
PERIODIC EVOLUTIONARY PROCESS

DonAN KiM, RINKO M1YAZAKI, TOSHIKI NAITO, AND JONG SON SHIN

ABSTRACT. Let {U(t,s)}:>s be a periodic evolutionary process with pe-
riod 7 > 0 on a Banach space X. Also, let L be the generator of the evo-
lution semigroup associated with {U(t,s)};>s on the phase space Pr(X)
of all T-periodic continuous X-valued functions. Some kind of variation-
of-constants formula for the solution w of the equation (ol — L)"u = f
will be given together with the conditions on f € Pr(X) for the existence
of coefficients in the formula involving the monodromy operator U (0, —7).
Also, examples of ODEs and PDEs are presented as its application.

1. Introduction

Let X be a Banach space and P, (X)) the phase space of all 7-periodic contin-
uous X-valued functions. Let {U(t,s)}:>s be a periodic evolutionary process
with period 7 > 0 on X. We denote by L the generator of the evolution
semigroup {T"},>¢ (see Section 2, and [3], [6], [10], etc.) on the phase space
P, (X) associated with {U(t, s)}+>s on X. The representation of the solution
u € Pr(X) to the homogeneous linear equation (a — L)"u = 0 is exactly given
in [9].

The purpose of this paper is to solve the inhomogeneous linear equation for
u € P;(X) of the form

(1.1) (al — L)"u=f,

where f € P.(X). In other words, we obtain the range (ol — L)"(P,(X)). Set-
ting Uy (t,s) = e~ *=9)U(t,s) and V,(0) = Ua(r,0), we show that a solution
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u € D(L™) C P;(X) of the equation (1.1) is represented as

n—1 j ¢ _ s n—1
(1.2)  u(t) = Ua(t,0) Z %w]« +/O (t(n_)l)!Ua(t,s)f(s)ds, t>0

with a solution [wg,w, ..., w,—1] of the equations
k=1
7J T(r— )kt
(1.3) (I = Va(0)wn—r=Va(0) JZ:; ﬁwn—k-i-j_"/o WU(X(T? s)f(s)ds

(k=1,2,...,n)

(see Theorem 2.6) in Section 2. This result is proved by transforming the
equation (1.1) to the equivalent system of the first order equations. The repre-
sentation (1.2) is regarded as the variation-of-constants formula to the equation
(1.1). The equation (1.3) is called the coefficient equation for the solution w(t).
In Section 3 we show that wq, ..., w,_1 in the solution (1.2) are determined by
a solution wy satisfying the equation

(I = Va(0))"wo = z_:(—l)%'!(l — V,(0))n 170
=0
n—1 j+1 (—T)j T (7__ S)n—jf1
PR S

where {{} stands for the Stirling number of the second kind (see Theorem
3.4). In this manner we obtain a representation of solutions to the equation
(1.1) by substituting these values wy, ..., w,—1 in (1.2) (see Theorem 3.5). A
necessary and sufficient condition (see Corollary 3.6) for f to be in the range
of (al — L)™ will be derived from the procedure of solving the equation (1.1).
However, its condition is obtained by using a linear operator of a complicated
form. So, we discuss sufficient conditions (see Corollaries 3.7 and 3.8) on f,
which is simpler than the original condition. In addition, we shall illustrate
the above-mentioned results by the simple examples for ODEs and PDEs in
Section 4.

This paper is a sequel to the previous work [9] in which only the solutions
of the homogeneous equation (al — L)"u = 0 are obtained. In the case f =0,
the formulae (1.2) and (1.3) are reduced to the corresponding formulae in that
previous results. The original motivation to solve the homogeneous equation
(ol — L)"u = 0 is to show that, if 1 is a normal eigenvalue of V(0), then 0 is
also a normal eigenvalue of L. This result leads to the existence of the right
inverse of —L which is employed to discuss the perturbation of the degenerate
periodic solution of the nonlinear oscillation problem dx/dt = A(t)x+ef(t,x,€)
(see [8] for the detail).
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2. Coefficient equation for the solution u(t)

In this section we give conditions on the existence of solutions and a rep-
resentation of solutions of the equation (ol — L)"u = f € P.(X). A family
of bounded linear operators {U(t, ) }¢>s, (t, s € R) from a Banach space X to
itself is called T-periodic (strongly continuous) evolutionary process ([3], [6],
etc.) if the following conditions are satisfied

) U(t,t) =1 for all t € R, I the identity operator.

) U(t,s)U(s,r) =Ul(t,r) forall t > s >r,

) The map (¢, s) — U(t, s)z is continuous for every fixed z € X,

Y U(t+71,s+7)=Ul(t,s) for all t > s,

5) |U(t,s)|| < Mye*t= 9 for some M,, > 1 and w € R which are inde-
pendent of t > s.

(1
(2
3
(4
(

The family of operators defined by
Vit)=U(t,t—71), teR,

is called monodromy operator, period map, or Poincaré map ([6]). Associated
with {U(t, s)}+>s, we can define a Cg-semigroup {T"},>0 on P, (X) by

(T"u)(t) = U(t,t — h)u(t —h) for ue P.(X), teR, h>0.

Let L be its generator. Then v € D(L) and —Lu = f if and only if u, f € Pr(X)
and

u(t) = U(t, s)u(s) +/ U(t,r)f(r)dr

for any t,s € R with t > s, that is, v is a mild solution.
For a € C, we define the bounded operators U, (t, s) by

(2.1) Un(t,s) = e 30U (t,5) (t > s),
and V,(t) by
Va(t) = Uy(t,t — 7).

Note that Uy(t,s) = U(t,s) and Vo(t) = V(t). Then it is easy to verify that
{Ua(t, 8) }+>5 is a T-periodic evolutionary process. Denote by L, the generator
of the evolution semigroup {7}, defined by

(Thu)(t) = Uy(t,t — h)u(t — h), u € Pr(X), t€R, h>0.

Then D(L,) = D(L) and L, = L — al, cf. [8, Lemma 3.9].
Now we introduce an integral operator M, defined by

t):/OtUa(tsfsds

The following result is found in several literatures, e.g., [4], [9, Lemma 2.1
and Corollary 2.3], etc.
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Lemma 2.1. Let f € P.(X). Then the solution uw € D(L) C Pr(X) of the
equation

(2.2) (al —Lyu=f

is given by

(2.3) u(t) = Un(t,0)0w + Mo f(t), t>0
with a solution w of the equation

(2.4) (I = Vo (0)w = My f(7).

If f € P(X) in the equation (2.2) is given by f(t) = Us(t,0)g(t), t > 0, by
a continuous function g : [0,00) — X, then the equation (2.3) is reduced to the
equation

w(t) = Un(t, 0 + Un(t,0) /tg(r)dr, >0,
0

and the equation (2.4) to the equation

(2.5) (I — Vo (0)w = V,(0) /OT g(r)dr.

The following lemma is almost trivial.

Lemma 2.2. Ifu is a solution of (1.1), then [ug, u1,...,up—1] defined as u; =
(ol — L)u,j=0,...,n— 1 is a solution of the system

(Ot] - L)UO = U1
(al — L)uy = ug
(2.6) e

and vice versa.

To solve the system, we prepare the following lemma. For simplicity, we use
the notation MP f(t) instead of (MY f)(t),k = 0,1,..., which is defined by

MEF(t) = Mo(ME£) (1) = / Ua(t, ) (M5 f)(s)ds, k> 1,

My f(t) = Mo f(t), and MQf(t) = f(t).

Lemma 2.3.

t — s k—1
(2.7) MFEf(t) = /0 %Ua(t,s)f(s)ds (k=1,2,...).

Proof. We can prove this lemma by induction on k£ =1,2,.... O
We promise hereafter that

(2.8) > ar=0, ap€X.
k=i+1
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Proposition 2.4. The solution [ug,u1,...,u,—1] of the system (2.6) is given
by
k=1
i
(2.9) tn—k(t) = Ua(t,0) D> =wn kyy+ MEF(t) for t>0 (k=1,2,...,n)
7=0
with a solution [wg,wr, ..., wy_1] of
=1
I = Vo (0)wy_p = Vo (0 — Wy gty + MEF(T
(2.10) ( (0))wn—rk ( ); 7 Wn—hes f(7)
(k=1,2,...,n).

Proof. Consider the system

(O[I - L)un—k, - un—k‘,-‘rl

EL(k) : (al = L)tup—2 = Up—1
(a[ — L)Un,1 = f
and the system
1—1 Tj ]
EV(k) : (I =Va(0)wn_; =Va(0)> rneieg T MA(T) (1= 1,2, )
j=1 7"

for all k,1 < k < n. By induction we can prove that the following statement
ST(k) holds for all k,1 < k < n:
ST (k) : The solution [u,—g, Up—g+1, - - -, Un—1] of EL(k) is given by

i1
£ 4
(211)  up—i(t) = Ua(t,0)> Wn-ie MLf(t), t>0 (i=1,...,k)
i=0
with a solution [wy—g, Wp—k+1,--.,wn—1] of EV (k). Proposition 2.4 follows

from this result, and we omit the details since the argument is standard. [

Corollary 2.5. The system (2.6) has a solution [ug,...,un—1] if and only if
the system (2.10) has a solution [wo, ..., w,_1].

Combining Lemma 2.2 and Proposition 2.4, we obtain the following result.

Theorem 2.6. The solution u of the equation (1.1) is represented as

= Lt — )t
(2.12) u(t) = Uy(t,0) j;) ﬁwj +/0 (<n_)1>!U(,(t,T)f(r)dr, t>0

with a solution [wg, w1, ..., w,—1] of the equations (2.10).
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3. Representation of solutions to the equation (1.1)

From Theorem 2.6 we will solve the equation (2.10) to obtain the solution
(2.12) of the equation (1.1). As a result, any solution [wg, w1, ..., w,—1] of the
equation (2.10) will be represented by wy such that

(1= V(o))" w0 = S -1t = V(o) X {7 o),

i=0 j=i

To deal with the equation (2.10), we introduce the following notations:

0 1 0 - - 0
0 O 1 o --- 0
T=10 . 0 1 0}’
0 - 0 0 1
0 - 0 0 0
wo M2 f(T)
wy Myt f(T)
W = : and M, f(7) = :
Wn—2 MZf(7)
Wn—1 Mg f(7)
Then
r 7_2 7_7L73 n—2 7_'".71 7
T ar (=3l (n—2)l (1)
01 7 (;—_4)! (;—_321 (;—33)1
rJ 00 1 - (:1—5)! (;—4)1 (;—3)!
e =
PP 2
0 0 O 1 T Tr
0 0 O 0 1 T
|0 0 0 0 0 r
If H: X — X is a linear operator, we write
H’wo wo
le w1
(3.1) [HIW = : for W = ;
Hwnfl Wn—1

that is, [H]W = diagonal(H, H, ..., H)W by the standard notation.
By these notations, the system (2.10) is rewritten as

(3.2) [(1 = Va(O)IW = (77 = D[Va(0)]W + Maf(7).
This is equivalent to the system W = €77/ [V, (0)]W + M, f(7), that is,
Va(O)W = e ™ W — e ™ M, f(7).



INHOMOGENEOUS PERIODIC EVOLUTIONARY PROCESS 1859

Then (3.2) becomes

(3-3) [(1 = Va(O)IW = (I — e )W + e Maf(7),
in which
i s S e M o K G 0 N
2! (n—3)! (n—2)! (n—1)!
S o B s i Y s
(n—4)! (n—3)! (n—2)!
0 0 (=% (=)t _yn-s
7— 677—] _ (n—>5)! (n—4)! (n—3)!
00 0 0 T Caik
0 0 0 e 0 0 T
L 0 0 0 0 0 0 ]

To solve the system (2.10), we need the Stirling numbers. We introduce the
factorial function (z) of degree k defined by

@)=z(x-1)---(x—k+1) for k>1,

and by (x)o = 1. Then (x)q, ()1, ..., (x), is a basis of the space of polynomials
of degree < n. The Stirling numbers are defined as coefficients in the transform
between this basis and the basis 1,z,...,2™ as follows. The Stirling numbers
of the first kind, denoted by [Z] for k=0,...,n, are defined as

(3.4) (2)n = i m zk,

k=0
and the Stirling numbers of the second kind, denoted by {Z} for k=0,...,n,

are defined as .
n
= E {k}(x)k

k=0
The following formulae are well known.

o B Sl

1=

(3.6) {n:@ 1} - {mn 1} +m{:l}’

(3.7) m = {Z} =0 (n>1).

The following lemma is found in [1, Sec. 2.1, Chap. 2].

Sl

n=~k

Lemma 3.1.

The following lemma is prepared in [9, Lemmas 4.1 and 4.3].
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Lemma 3.2.
(3.8) § [kl(kﬂ){ ¢ } = Ze: [ﬂ{“l} = (z) (0<m<Y).
= lm k+1 = lm k+1 m -~
Also, the formula (3.5) yields the inversion formula of (3.8).
Corollary 3.3.
¢
(3.9) {fﬁ}=§<i){?} (0<i<o).
Proof. By Lemma 3.2 we have

S {2l

m=t

The right hand side becomes

SIS LSS )
o

which proves the corollary. 0

I
|
=2
z
—N
ESEE
+ +
—_ =
R/_/

The following result is a key lemma in this paper. It gives a necessary and
sufficient condition in order that [wg, w1, ..., w,—1] is a solution of the equation
(2.10), or (3.3). To describe the lemma, we introduce a notation such that

k—1 . o n—1 i1 . j .
(310) HonlBf = S0 = Va0 T )

i=i

fork=1,...,n.

Theorem 3.4. [wp, w1, ..., w,—1] 18 a solution of the equation (2.10) if and
only if

(3.11) (I —=Vo(0)"wo = Han(n)f

and

(3.12)

Wm =

ml n—1 _1\k
(_T;m ) m ( ,:!) (I = Va(0)*wo — Ha(K)f] (m=1,...,n—1).
k=m

Proof. We will solve the equation (3.3). For the simplicity of notation we set
I-V,(0)=AT—e" =B and

eiTJMozf(T) = G(T) = t[90(7)7gl (7_)7 cee agn—l(T)]v
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that is,

S
|
—

(=t
(=0
Then, the equation (3.3) is rewritten as

[A]W = BW + G(7).

g9e(1) = M f(r) (0<l<n—1).

j=

~

Denote by b;; the (i,7) component of the n X n matrix B temporary. Then
for any V = t[vy,...,v,] € X™, the i-th component of [A]BV is equal to
AT bijuy = 370 bijAvg, that s, we can write [A](BV) = B[A]V. Thus
[AZ]W = [A][A]W = [A](BW + G(r)) = BIA]W + [A]G(7)
= B(BW + G(1)) + [A]G(7) = B*W + BG(7) + [A]G(7).
In the same manner, we have the following result by induction:

k—1
[AMW = B*W + (Z[Akli]H) G(r) (1<k<n).

=0

Since J¢ = 0 for £ > n, it follows from Lemma 3.1 that

§ N i-nil 01 ‘
Bi=(I—-e") =(-1) z!;{i}a(—u)‘ (1<i<n).

AN = (1R S {]‘;}Z(—TJ)EW

1=k
k—1 n—1
(DAY {f}él,(—ﬂ)“am (1<k<n).
i=0 =1 ’

We observe the first component of this vector equation. Since the first
component of the vector JW is wy, it follows that

n—1
Afwo = (=1)*K1Y {i} (_ET)ZW + ok,

l=k

where

k—1 n—1 _r ¢
(k) =) (—1)flAFTy {f}( ﬂ) ge(7).

=0 =i
From the definition of gy(7) we have

S} F o -E (T E o

=i =i j=¢
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SO

=gy

by Corollary 3.3. Hence v(k) = H, ,,(k)f which is defined by (3.10), so that

§u
,_.s

(3.13)  AFw = (—1)Fk! Z_: {i} (_g)gw + Hon(k)f (k=1,...,n).

l=k

We separate this relation into the two parts according to the value of k as
follows.

(3.14) A"wg = Hon(n) f,

1\k n—1 _r ¢
(3.15) ( k1|) (A*wg — Hon(k)f) = {Ii}( ﬂ) w, (k=1,...,n—1).
! — !

Obviously, (3.14) is (3.11). From (3.15) and the first equation in (3.5), it follows
that

k=m k=m =k
n—1 £ k ¢ (—T)Z
B Z m {k} n
l=m k=m
= (7T?mwm (m=1,...,n—1)
that is,
(=" 5 [R] D!
(3.16) m!“’m:;[m] o (A*wg — Hy (k) f),

so that (3.12) holds.

Conversely, assume that wg satisfies (3.11) or (3.14) and that wi,ws, ...,
wp—1 are defined as in (3.12) by this wg. Multiply the both side of (3.16) by
{"}}, and take the sum for m from ¢ up to n. Then we obtain (3.15) by using
the second formula in (3.5). Thus wg, wy, wa,...,w,—_1 satisfy (3.13).

We will check that [wg,ws,...,w,_1] satisfies the equation (3.3). Since
{f} =1 for ¢ > 1, the equation (3.13) for k =1 or (3.11) becomes

AwO:—nz:l{f} Z{J“} o arp i)

(=1 =0
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n—1 —Te n—1 s
S SCUETES S

=1 J:

J

M f(r).

Thus the first components of the both sides in the equation (3.3) are the same.
We will check the components after the second in the equation (3.3). Let
1 <m <n— 1. Multiplying (3.12) or (3.16) by A, we have

_)m n—1 _1\k
( m? Awy, = Z [T]:l] %(A’Hrlwo - AHa,n(k)f)'
k=m

From (3.13) and (3.10) it follows that

S
ARy — AHg (k) f = (—1)’“+1(/f+1)’é_§k:+l{k+1} on

+Hon(k+1)f — AHyn(k)f,

and

Hmn(k' + 1)f - AHam(k)f

k n—1 . .
i c—1 J+1 (_7—)] n—j
Sy T M= )

1l
j=i -

0
k—1 . _ n—1 41 _r j .
— 3 (= 1)iiAk Z{ZH}( j!) M7 f(r)

i=0 j=i

= Y {2 i 1} S,

=k gt
Thus
()™, = [k (=D =/ (=)
m! Awmkzm{m} ! <(1)’“+1(k+1)!£;1{k+1} n
s E )

- (E Rl ) S
S T s

1
j=mk=m J:

so that, by Lemma 3.2,

o= 2 (8 el )

l=m+1 \k=
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n—1 j . _
R (41
+§:ZM{,€+1} g M
B n—1 ! (_T)e—mm! n—1 j (_T)j_mm!Mn—j
__72 m gt 2 i o f(7)

l=m+1 j=m
Thus we obtain that
n—1
Awg =— > T werZ M” () (m=1,...,n-1).
{=m+1 (
Thus the equation (3.3) holds: the proof is complete. O
Note that the equality
k TE .
(317) (0= L0 e ez

j=0
is derived from (3.4), where (t)y =t(t +1)(t+2)---(t+k—1), k> 1, (t)y=
1. Summing up Theorem 2.6, Theorem 3.4 and (3.17) and using the same
argument as in the proof of [9, Theorem 2], we arrive at the following result.

Theorem 3.5. Assume that a solution wq of the equation (3.11) exists. Then
the solution w of the equation (1.1) with w(0) = wyg is represented as

ult) = Ua(t,O)ni1 (t> =

k=0

_Z Yl — Va(0 ))’“—HZ_: {Zii}(_j)] M f(r)

j=i

(I = Va(0))* wo

(3.18) + MR, t>0.

Corollary 3.6. The equation (1.1) has a solution if and only if the equation
(3.11) has a solution, that is, Hy ,(n)f € R((I — Va(0))™).

Finally, we give sufficient conditions on the existence of the solution wy to
the equation (3.11). Note that for a bounded linear operator A : X — X, one
has R(A"1) Cc R(A™),n=0,1,....

Corollary 3.7. Suppose that
(3.19) M f(r) € R((I = Va(0))™), 5=0,1,...,n—1.
Then the equation (1.1) has a solution.

Proof. Suppose that (3.19) holds. Then for j = 0,1,...,n — 1 there exists
z; € X such that M"’Jf(r) = A7z, so we have

<§ N l)ii!Aji{], :f i}) AP—1=I ATy
. 1
=0
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= A”nz_:l (_;')] (zj:(—nii!AM{Zill}) ;.

j=0 i=0

Thus we have the corollary in the above from Corollary 3.6. O
Corollary 3.8. Suppose that

(3.20) MIIf(r) € R((I —Va(0)™), j=0,1,....,n—1.

Then the equation (1.1) has a solution.

4. Applications to differential equations

We shall illustrate the above-mentioned results by the simple examples for
ODEs and PDEs. For a closed linear operator B : D(B) C X — X we denote
by o(B),o,(B) and o0, (B) the spectrum of B, the point spectrum of B and
the set of all normal eigenvalues (see [2] for the definition) of B, respectively.

4.1. An example of ODE

Let us consider 3-dimensional 27-periodic linear systems

(a.1) (40 ) utt) = 100,
and
(1.2 (G- 40) (§ - 40) ut) = 100,
where
a 0 0 uy (1) fi(t)
A(t)=| 0 sint 1+4cost |, u(t)=| u2(t) |, f(t)=1| f2(t)
0 0 sint us(t) f3(t)

&

We assume that a € R,a # 0, so that e*™ # 1. Since A(t) and [, A(r)dr are
commutative, the solution operator U(t,s) of the equation u'(t) = A(t)u(t) is

given by

Ut 5) = exp ( / t A(r)dr)

ea(t—s) 0 0
(43) — 0 e~ cost+coss e~ cost+coss(t + mnt —5— sin 8)
O 0 e~ cost+cos s

{U(t,s)}+>s is a 2m-periodic evolutionary process on R?. Clearly,
et 0 0
Ut,0)= | 0 el7cost el=cost(s 4 gint)
0 0 el—cost
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and hence, the monodromy operator V(0) is given by

(4.4) VOo)y=| 0 1 27
0 0 1
Since €27 #£ 0, 0,(V(0)) = {€?™*, 1} and
(4.5)
1—¢e* 0 0 (1—e*42 0 0
I-V(0)= 0 0 —27 |, (I-V(0)*= 0 00
0 0 0 0 0 0

Thus the ascent and the descent of I — V(0) are 2.

Let L be the generator of the evolution semigroup {T"};>0 on Pa.(R?)
associated with this evolutionary process {U(t,s)}i>s. Then the condition
—Lu = f is equivalent that

u(t) = Ut syu(s) + / Ut r)f(r)dr

for any t,s with ¢ > s. In this case, this means that u € Pz(}r) (R3) and v/(t) =
A(t)u(t) + f(t), that is, v/ (t) — A(t)u(t) = f(t). Namely, the equation (4.1) is
equivalent to the equation —Lu = f; and the equation (4.2) is equivalent to
the equation L%u = f.

For w € R3, wj,j = 1,2,3, denotes the j-th component of w. For example,
[ME f(27)]; denotes the j-th component of ME f(27).

To state the propositions, we compute Myf(t), Mof(2w), MZf(t) and
M f(2m) in advance as follows:

fo alt=s fl
Myf(t) = fge*“’s”co“(fg( )+t+smt S*SinS)fg(S))dS )

fot e~ cos t+cos ng(s)ds

fot(t — 5)e®t=9) f1(s)ds
MZf(t) = fg(t — §)eT Costreoss(fo () (t+sint—s—sins)f3(s))ds| ,
fot(t _ 8)67 cos t+cos ng(S)dS

fo% e®(27=5) £, (s)ds
(4.6) Mof(2m) = | [J7 e 1405 (fo(s) + (2m—s—sins) fs(s))ds | .
O

UT(2m — 5)e"CT) £y (s)ds
MZf(2n) = f (21 — s)e _H'Co“(fg( )+ (27 —s—sin s) f3(s))ds

fo (27 — s)e=1Teoss f3(s)ds
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Proposition 4.1. Let L be the generator of the evolution semigroup {Th}hzo
on the space Par(R?) associated with {U(t,s)}+>s given by (4.3). Then

(47)  feR(-L) < [Mof(2m)]5 =0,
(4.8) fER(L?) < [Myf(2m)]3 =0 and [MZf(2m)]s = [Mof(27)]2
(4.9) — [ eR((-L)%),
and the descent of —L is 2, that is,
R(=L) 2 R((~L)*) = R((=L)).
In fact,
(4.10) FeR(— <:>/2W €055 iy (5)ds = 0,
(4.11)
27 £COs 8 s —
feR((-1)*) =R((-L)*) = { fo% il )d .0
Jo €5 fa(s) —sinsfs(s))ds = 0.

Proof. From Corollary 3.6, f € R((—L)") if and only if Hy,(n)f € R((I —
V(0))*) forn =1,2,.... Since I —V(0) and (I — V(0))? are given as (4.5) and

(1 _ 6271'(1)3 0 0
(I-V(0)*= 0 00 }
0 0 0
we have
(4.12) Ho,1(1)f € R(I = V(0)) <= [Ho,1(1)f]3 =0,
(413)  Hoa(2)f € R(I—V(0))?) <= [Hoa(2)f]; =0 (j =2,3),
(4.14) Hos(3)f € R((I = V(0))*) <= [Hos(3)f]; =0 (j=2,3
By the formula of H, (k) given by (3.10), we have
(4.15) Hoa(1)f = Mof(2m),
(4.16) Ho(2)f = AMG f(2m) + (=27)(A — I) Mo f (27),
2 i< o L
Hoa)g = 3 50 (vt ) g sem
= A2M3 f(2m) + (—27)(A — I)AME f(2r)

(4.17) (2;)2 (A2 = 34 + 2I) My f(2r),

where A =1 —V(0).
At first, the equation (4.15) implies that

[Ho,1(1)f]3 = [Mof(27)]3.



1868 D. KIM, R. MIYAZAKI, T. NAITO, AND J. S. SHIN

Thus the assertion (4.12) is rewritten as
Hoa(1)f € R(I = V(0)) <= [Mof(2m)]s = 0.
The j-th component [Hy 2(2) f]; is given by
[Ho2(2) f]; = [AMG f(2m)]; + 27 [V (0) Mo f (27)];-
Since the third row of A = I — V/(0) is [0,0, 0], we obtain that
[Ho,2(2) f]s = 27 [V (0) Mo f(2m)]5 = 2 [Mo f(2)]5.
In view of I — V(0) and V(0), we have
[Ho2(2)f]2 = —2r[ M f(2m)]5 + 2 ([Mof (2m)]2 + 2n[Mof (27)]5)
Thus the assertion (4.13) is rewritten as
Ho2(2)f € R((I - V(0))%)
<= [Mof(2m)]s =0 and [Mgf(2m)]s = [Mof(2m)]2.

To obtain [Hy 3(3) f];,J = 2,3, we observe that the second row and the third
row of A%, A3 are [0,0,0]. Thus, for j = 2,3,

[Ho3(3)f]; = 2w[AMG f(2m)]; + 2m2[(—3A + 2I) Mo f (2)];
= 2n[AMG f (2m)]; + 272[(3V/(0) — I) Mo f(2));.
In case j = 3, we obtain
[Ho,3(3)f]s = 2n*[(3V(0) — I) Mo f(2m)]3
= 27T2 X 2 X [Mof(27'(')]3 = 47T2[M(]f(271')]3,
and in case j = 2,
[Ho3(3)fl2 = (2m)(—2m)[M§ f(27)]s + 2°[(3V/(0) — 1) Mo f (2m)]2
= (2m)(- 27?)[M02 F@m)ls +2n% (2[Mo f(2m)]2 + 6m[Mo f(27)]5)
= dm® (—[M§ f(2m)]5 + [Mo f(27)]2) + 127 [Mo £ (27)]5.
Thus the assertion (4. 13) is rewritten as
Hos(3)f € R((I-V(0))*)
< [Mof(2m)]3 =0 and [Mgf(2m)]3 = [Mof(2m)]o.

These results up to this point are summarized as in (4.7), (4.8) and (4.9).
In particular, —L has the descent < 2.
In view of (4.6), we obtain

(4.18) [Mof(2m)]3 =0 < /O27T e 1Teoss f(s)ds = 0.

This assertion together with (4.7) yields the assertion (4.10).
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The condition [M¢ f(27)]3 = [Mof(27)]2 becomes
2
/ (21 — 5)e 1085 f3(s)ds
0

2m
= /0 e oSS (fo(s) + (21 — s — sin s) f3(s))ds,

(MZ F(2m))s = (Mo f(2m)]s = / T o3 £,(5) — sin s i (5))ds = 0.

This assertion together with (4.8) and (4.9) yields the assertion (4.11).
Furthermore, if f3(s) =0, then [Myf(27)]3 = 0. If f3(s) =0 and fa(s) =1,

then [MZf(2n)|s # [Mof(27)]2. This implies that R(—L) 2 R(L?), so that

the descent of —L is equal to 2. O

We check the sufficient conditions given in Corollary 3.7. If
M= f(r) € R((I = Va(0))*1), j=0,1,...,n—1,

then the equation (1.1) has a solution. If n = 2, @ = 0, then the condition
(3.19) becomes

M f(2m) € R((I = V(0), Mof(2m) € R((I —V(0))%).
These conditions are equivalent to the conditions
(4.19) [Mg f(2m)]s =0, [Mof(2m)]2 =0, [Mof(2m)]5=0.
If n =3, @ =0, then the condition (3.19) becomes
Mg f(2m) €R((I-V(0))), Mg f(2m) € R((I-V(0))%), Mo f (2m) € R((I-V (0))?).
Next we solve the equations —Lu = f, (—L)>u = f. At first the following
result holds.

Proposition 4.2. The solution u of the equation —Lu = f for f € R(—L) is
given by u(t) = U(t,0)wy + Mo f(t), where

Tk JyT €T £ (s)ds

wo = C

_i 0271' 671+Coss(f2(s) _ (S +Sln3)f3(5))d3

for any constant c. If f € R(L?), then

1 27 ea(27rfs)f1(s)ds

1—e2ma JO
wo = C

% 027" 6_1+COSS(Sf3(S))dS

for any constant c.
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Proposition 4.3. The solution u of L*u = f for f € R(L?) is given by
u(t) = U(t,0)(wo + twy) + MZ f(t) with

m 02w(27r — 5+ 5€272)e(2m=3) f, (s5)ds

(4.20) wy = 1 )
C2
2 e fo% 29 fy (s)ds
(421)  wi=| —co4 5[5 se T3 (fos) + (27 — s — sin s) f3(s))ds
= OQW se~1Hcoss fa(5)ds

for any constants ¢; and co.
Proof. The solution u of L?u = f for f € R(L?) is given by Theorem 3.4 as
u(t) = U(t, 0)(wo + twn) + Mg f(1)

with wo and w; such that

(I =V (0)*wo = Ho2(2)f, wi = %[(I = V(0))wo — Ho2(1)f].

From the first equation wy = *[w1g, wag, w3o) is given by

wig = )2 [H0,2(2)f]17 W20 = €1, W30 = €2

(1_7

for any constants ¢; and co. Thus wy is given by (4.20), since
[Ho2(2)f]1 = [(I = V(0)) Mg f(2m)]1 + 27V (0) Mo f (27)]x

= (1= &™) [Mg f(2m)]1 + 2me* ™ [Mo f (2m)]1

2m
= (1 —€2™) / (21 — 5)e® ™) f1 (s)ds
0
27
+ el / 6‘1(2’”75)']01 (s)ds
0

27
= / (21 — 5 + 5e274) 273 £ (5)ds.
0

Since Hoa(1)f = M@ f(27) — 2 My f(2m) from the definition (3.10),
1

w1 =9 ((I = V(0))wo — [Mg f(2m) — 2w Mo f(27)]) -
We set wy = t[wu, woa1,w31]. Then
wy = % (1= €™ wig — [[Mg f(2m)]1 — 2x[Mo f(27)]1)
_ 6271'(1 2m
- L (s [ s s o
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1 1 2m )
= — - — _ Ta a(27'r73)
27 (1 — e2ma) /0 (27 — (1 —eT™)s)e fi(s)ds

1 2
+ % / SBQ(QTF_S)fl(S)dS
0
1 2

— e [ IR
- 0

and
way = % ((—2m)wso — [[M2 f(2)]2 — 2n[Mof(27)]2)
2m
=—C2 — % </0 (27 — 8)e " 1TSS (fo(s) + (21 — s — sin s) f3(s))ds
2
—27r/ e 1Teoss (£, (s) + (2 — s — sin S)fg(S))dS)
0
2
— ey [T (e (fy(s) + (27 — 5 — sins) fa(s))ds.
2 0
Since the third row of I — V(0) is [0,0,0] and [Mo f(27)]s = 0, we have
27
ws1 = —5- [MZf(2m)]s =~ [ = st pys)as
2m
= —[Mof(2n)]s — %/0 e 1Teoss(_sfa(s))ds
2m
= 2i e 1Teoss s fo(s)ds.
T Jo
Thus w; is given by (4.21). O

Corollary 4.4. If
(4.22) f(t) ="[cost,e™ >t cost, 0],
then the solution u of L?>u = f is given by

(a®—1) cost—2asint
T @nT
(4.23) u(t) = | (c1 + cosint)e! =5t 4 (1 — cost)e™ <ot

C2€l—cost

for any constants c1 and co.
4.2. An example of PDE

Denote by X = L?([0, 7], C) the space of all square integrable functions from
[0, 7] to C. Then, X is a Hilbert space with the usual inner product (,-) such
that

(w,z) = /07T w(x)z(z)dz, w,z € X.
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Let us consider a partial differential equation of the form

ou(t,z)  O%u(t, )

4.24 = — <z< >
(r2a) P 2 TR (aft) — Julta) + [(tw), 0SS 620
(4.25) u(t,0) = wu(t,m) =0, t >0,

where v € R, a(t) is a m-periodic, continuous scalar-valued functions and f €
P.(X).

First, we define a linear operator Ay by Agu = u” for u € D(Ay), where
D(Ag) = {u € X :ue C'([0,7],C),u’ is absolutely continuous,
u" € X, u(0) = u(n) =0} .
Then Ay is a closed linear operator defined on the dense domain D(Ag) and a
self-adjoint operator on X. Moreover, Ay generates a Cy-compact semigroup
To(t) on X such that | To(t)|| = e~* for t > 0. Since Ay is a self-adjoint operator
on X, so is To(t) for each t > 0, cf. [5, Corollary 4.5, p. 31], or [11, Corollary

10.6, p. 41].
The point spectrum of A is given by

op(Ag) ={-n*:n=1,2,..}

For n = 1,2,..., the function ¢, (z) = \/gsin nx is a basis of the null space
N(—n2I— Ap), and {¢,, }5°, is a complete orthonormal basis of X. Thus every

o0

w € X is represented as w = Y (w, ¢n)dy. Since To(t)¢p, = e tp,, we
obtain that

(4.26) To(tyw = e " w, ¢r)or, we X,
k=1

and that

(4.27) N(e ™I = Ty(t)) = {cpn(z) : c € C}.

The equation (4.26) implies that 0 & 0,(T'(¢)), t > 0. Then

oo(To(t)) = {e ™ :in=1,2,.. .} =elor(A0),
since etr(40) C ¢ (T,(t)) C e7»(40) U {0} in general (see [11, Theorem 2.4,
Chap. 2]). Note that o(Ag) C R since Ay is self-adjoint; e!?(40) C o (Ty(t)) \
{0},t > 0 by the spectral mapping theorem of semigroups; o(Tp(t)) \ {0} =
op(To(t)) since Ty(t) is a compact operator. Therefore, it follows that o(A4y) =

0,(Ag). Moreover,o,(Ag) = 0,(Ap) and e'on(40) = g, (Ty(t)), since these
equations hold for compact semigroups (see [7, Corollary 2.14]). Therefore,

o(Ao) = 0p(A0) = on(Ao),
o(To(t)) \ {0} = ap(To()) = o (To (1)) = '), £ > 0.

The operator Ty(t), ¢ > 0 has the following properties. To show this we refer
to the following lemma.
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Lemma 4.5 ([12, Theorem 7.9, V.7]). If T is a compact operator on a Banach
space X and if A € C, then the ascent and descent of \I — T are both finite
(and hence equal). If the ascent is p, then

X = R((AT =T)?) & N((AI — T)?),
where both subspaces are closed.

We note that in general, if S is a self-adjoint operator on a Hilbert space,
then NV (S%) = N(9). Indeed, if S?z = 0, then 0 = (S%x,z) = (Sx, Sx), whence
Sz = 0. Thus N(S?) C N(S), whence N'(5?) = N (S).

Lemma 4.6. The following results hold:

(1) The ascent and the descent of et — To(t),n = 1,2,..., are both 1,
and N(e=""*I — Ty(t)) is given by (4.27).

(2) X = N(e ™ tT = Ty(t)) & R(e™" T — Ty(t)).

(3)

N(e™™ = Ty(t)) = (R(e™™ T — Ty (1)),

(N(e ™ T = Ty(1)F = R(e ™ 'T — To(t)).

Proof. Since Ty(t) is a self-adjoint operator, the ascent of e=""tI — Ty(t) is
1. The remainder of Lemma follows from Lemma 4.5 together with the well-
known results about the orthonormal complements, ranges and null spaces (cf.
[12, p. 244]). O

Next, we define a closed linear operator A by
Au = Agu — yu for u € D(A) = D(Ay),

which is the generator of the Cyp-semigroup T'(t) = e 7"Ty(t) on X.
If we set

Aty =A+at)Ix = Ap+ (a(t) —y)Ix for €R,
then the equation (4.24) is a perturbation of the homogeneous equation

(4.28) %u(t) = A(t)u(t).

Set . .
a(t,s) = / a(r)dr, a(t) = / a(r)dr.

s 0
Clearly, a(t, s) = a(t) —a(s), a(t+m,s+7m) = a(t, s) and a(t+7) = a(t) + a(m).
Then the solution operator U(t, s) of the equation (4.28) is represented as

U(t,s) = e®®)T(t — s) = @707 (4t — 5), ¢ > 5.
Then,
V(0) := U(w,0) = ™7 Ty (n).

Since Tp(m) is a compact operator, so is V(0). The operator V(0) has the
following properties.
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Lemma 4.7. Set

Then the following results hold:
(1) 0,(V(0)) = 0, (V(0))) = {e™ : n=1,2,...}.

(2) The ascent and the decent of the operator ™1 — V (0) are both 1.
(3)

(4.29) NI —V(0)) = {con : c € C},

(4.30) R(e™ I —V(0)) = {cp, : c € C}*.

Proof. (1) Since

2

op(To(m)) = on(To(m)) ={e™ " :n=1,2,...},

and
M=ty (0) = M (e L Ty (),
we have
op(V(0)) =0, (V(0))) ={e"™" :n=1,2,...}.
The assertions (2) and (3) follow from Lemma 4.6. O

It is easy to show that {U(t,s)}:>s is a m-periodic evolutionary process
on X. Let L be the generator of the evolution semigroup {T"},>0 on Pr(X)
associated with {U(t, s) }+>s. Then the operator L has the following properties.

Lemma 4.8. Set
Ok =0n+2kv=1:n=1,2,...,k=0,+1,£2,....

Then the following results hold:

(1) op(L) =0p(L) ={ank:n=1,2,...,k=0,£1,£2,...}.

(2) The ascent and the decent of the operator a, I — L are both 1 and
dim N (o, — L) = 1.

Proof. Tt follows from [7, Proposition 4.2] that

op(L) =0on(L) ={anr:n=12,...,k=0,£1,£2,...}.
Since
(4.31) N((an il — L)) ZN((e™I =V (0))™), m=1,2,...,

~

by [9, Corollary 4.4], where = means the relation of being isomorphic, the
ascent and the decent of the operator ay, I — L are both 1, cf. [7, Theorem
3.4]. The assertions (4.29) and (4.31) imply that

dimN (o, I — L) =1
for all k. (I
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Let us find the solution u of

(4.32) (and — LY u=f n#l,
where
. t,z) =e® 7$t¢1 ) = ge“(t)*a:)tsinx.
(4.33) f(t,z) = e*®
v

Then we obtain the following result.

Proposition 4.9. The solution of the equation (4.32) with f given by (4.33)
is represented as

_ a(t)—e@y |2 1

sinx 4 csin na:) ,

where ¢ is any constant.

Proof. We define a m-periodic function b(t) by

a(r)

b(t) = a(t) — —t.
T
With the notation of (2.1), we have
Ug, (t,5) = e~ =9yt )

n

— e—(@—'y_n2)(t—s)ea(t,s)—’y(t—s)To(t _ S)

7( a(w) 7112)

—e & (tis)ea(t)ia(s)To(t — 3) t>s,
_ 6“2(t75)+b(t)7b(S)T0(t o 8)

and
Vo, (0) = e ™ Ty(r).
Note that
I—V,, (0)=e""(e ™ ™I — Ty(r)).

By Lemma 4.7 the operator V,,, (0) has the following properties.

(i) The ascent and the decent of the operator I — V,, (0) are both 1.

(i) N(I — Vg, (0)) = {ch,, : ¢ € C} and R(I — V,, (0)) = {c¢,, : c € C}*.

Now we will apply Theorem 2.6 to the equation (4.32). To do so, we calculate
wo, wy and M2 f(t). Since

Ua, (t,5) f(s) = e = HOVOT (1 — 5)b(5) ¢y
— eb(t)+(n2—1)(t—s)¢1 (t > S),
we have
(n?=1)t _ 1

712 1 ¢1)

t
Mo, f(t) = / O+ =1(t=5) 4 g — (O
0
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and
t
Minf(t) _ / (t _ 8)6b<t)+(n2_1)(t_s)¢1d7"
0
2 n2_
_ 0 tel*=Dt o> =1t _ N
n2 —1 (n? — ) ’
so that
(2= _ 1
e
M, e
nf(ﬂ-) n2 —1 (bl
and
(n?>-1)7 e(ﬂ?fl)ﬂ' -1
2 _ [ me B
a,,f(ﬂ—) ( ’I’LQ 1 (ng — 1)2 ¢1
Thus

) 1— e(n -7 T
Hey,o(1)f = M3 f(m) =My, f(7) = 2192 + 21 ¢1-

Since

(4.35) (I = Ve, (0061 = (I — " Ty(m))py = (1 — "D )y,

we have

Hea, 2(2)f = (I = Vo, (0) (M3 f(m) = nMa, f(7)) + mMa, f(7)
5 1— (n?—1)x 1— (n?>—)7
= (1 - e(n _1)77) ( (n:_ 1)2 + nQﬂ—_ 1) ¢1 - n62 -1 ¢1

(1 _ e(nz—l)ﬂ')Q

G

Therefore, the equation (3.11) for wg in Theorem 3.4 becomes

(1 _ e(n271)7r)2
21
The properties (i) and (ii) of V,, (0) imply that the function in the right side

)2

of (4.36) belongs to R((I — V4, (0))*)(= R(I — V4, (0))), that is, the equation
(4.36) has a solution wy. In fact, it follows from (4.35) that

(I = Vi, (0)21 = (1 — el =17)2g,,

(4.36) (I =V, (0)wy = é1.

and hence

_ 6(71271)71 2
(1= Va, 0 (o) = o
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Then the function wg = ﬁ(ﬁl is a special solution of the inhomogeneous

linear equation (4.36). Since N'((I — V4, (0))?) = N(I — V4, (0)), the general
solution of (4.36) is given by

1
wo = m% + con,
where ¢ is any constant. Since

1— e(nz—l)ﬂ'
(I = Va, (0))wo =

(n2—1)2 "V
it follows from Theorem 3.4 that
T
mwy = (I = Vo(0))wo — Ha, 2(1)f = — %
that is,
1
U= 1¢1'

Therefore, by Theorem 2.6 the solution u(t) of the equation (4.32) is represented
as

u(t) = Ua, (t,0)(wo + twy) + M2 f(t)
n? 1 t
= e t-‘rb(t)TO(t) ((n2_1)2¢1 + C¢n — 7’L2—:|_¢1>
te(n271)t e(n271)t -1
+ et 2 T T2 7 |4
n?—1 (n?2—1)
_ (P Dtb() L o=t o)) ey
B (n2—12"" 217" "
(n®—1)t+b(t) t 1 b(t)
e (n2—1 (n2—1)2>¢1+6 (n? 1)2¢1
1
bt
_ ) ((n2—1)2¢1 —|—c¢n) :
which shows (4.34). O
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