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MODULI SPACES OF ORIENTED TYPE A MANIFOLDS OF
DIMENSION AT LEAST 3

PETER GILKEY AND JEONGHYEONG PARK

ABSTRACT. We examine the moduli space of oriented locally homoge-
neous manifolds of Type A which have non-degenerate symmetric Ricci
tensor both in the setting of manifolds with torsion and also in the torsion
free setting where the dimension is at least 3. These exhibit phenomena
that is very different than in the case of surfaces. In dimension 3, we
determine all the possible symmetry groups in the torsion free setting.

1. Introduction

Let M be a smooth oriented manifold of dimension m; if M C R™, then
the orientation will be given by dx' A--- Adx™. Let V be a connection on the
tangent bundle of M. One says that M := (M, V) is torsion freeif Ven—V,& =
[€,m]. Let & := (z%,...,2™) be a system of local coordinates on M. Adopt
the Einstein convention and sum over repeated indices to expand Vg ;0,5 =
I';;*0,~ in terms of the Christoffel symbols I' = (I';;*); the condition that V is
torsion free is then equivalent to the symmetry I‘l-jk = I‘jik . The importance
of the torsion free condition lies in the following result which permits one to
normalize the coordinate system so that only the second and higher order
derivatives of the connection 1-form play a role. As we shall not be using this
result, we shall omit the proof and refer the interested reader to, for example,
Lemma 3.5 of [22] for the proof.

Theorem 1.1. M is torsion free if and only if for every point P of M, there
exist coordinates centered at P so that T';;*(P) = 0.

Although much of Riemannian geometry involves the study of the Levi-
Civita connection, which is without torsion, in recent years connections which
have torsion have played an important role in many developments. Papers
have dealt with the theory of gravity with torsion [5,25], B-metrics [18, 26],
almost hypercomplex geometries [32], string theory [17,24], spin geometries
[3,27,28], contact geometries [2], almost product manifolds [34], non-integrable
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geometries [1], the non-commutative residue for manifolds with boundary [37],
Hermitian and anti-Hermitian geometry [33], CR geometry [14], generalized
specialized holonomy [11], sigma models [16], Einstein—-Weyl gravity at the lin-
earized level [13], and Yang-Mills flow with torsion [20] to name just a few areas.
Perhaps surprisingly, even the 2-dimensional case is of interest; connections on
surfaces have been used to construct new examples of pseudo-Riemannian met-
rics without a corresponding Riemannian counterpart [9, 10,12, 31].

1.1. Local homogeneity

One says that M is locally homogeneous if given any two points P and @ of
M, there exists the germ of a diffeomorphism ® taking P to Q which preserves
V. Physically, the locally homogeneous setting is of particular interest as it
corresponds to locally isotropic geometries. One has the following examples of
homogeneous geometries:

Type A. Let M = R™ and let T € (R™)* @ (R™)* @ R™ be constant. The
translation group R™ acts transitively on M and preserves V.

Type B. Let M = Rt x R™~! and let I';;* = (21)71C;;* for C € (R™)* @
(R™)*®@R™ constant. The ax+b group (z,2%,...) — (az!, ax?+b%,... ax™+
b™) fora > 0and b= (b?,...,b™) € R™~! acts transitively on M and preserves

V.

Type C. Let V be the Levi-Civita connection of a complete simply connected
pseudo-Riemannian manifold M of constant sectional curvature.

1.2. Two dimensional geometry

The examples given above provide a complete family of models for the locally
homogeneous surfaces; any locally homogeneous surface admits a coordinate
atlas modeled on one of these examples. These classes are not disjoint. No
surface is both Type A and Type C. However there are surfaces that are both
Type A and Type B and there are surfaces which are both Type B and Type C.
We refer to Opozda [35] for a proof of the following result in the torsion free
setting and to Arias-Marco and Kowalski [4] for the extension to the case of
surfaces with torsion. We refer as well to [15,23,29,30,36] for related work.

Theorem 1.2. Let M = (M, V) be a locally homogeneous surface where ¥V
can have torsion. Then at least one of the following three possibilities hold that
describe the local geometry:

(A) There exists a coordinate atlas so the Christoffel symbols T';;* are con-
stant.

(B) There exists a coordinate atlas so the Christoffel symbols have the form
L = (21)71Cy* for Cij* constant and z* > 0.

(C) V is the Levi-Civita connection of a metric of constant Gauss curva-
ture.
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1.3. The Ricci tensor

The curvature operator R and the Ricci tensor p of an arbitrary connection
are given by setting

R(&n) = VeVy = VyVe = Vi ) and p(&,7) := Tr{o — R(o, &)1} .
In terms of local coordinates,

Q) Rijit = 00, Tjn' — 0pi Tt + T/ Ty — T ' T,
1

Pik = Op, Ui — 0 Uin" + i ' Tjp™ — Ty " T ™.
Note that in this setting p need not be symmetric.

1.4. Type A geometry

Let S?(R™) denote the space of symmetric 2-cotensors on R™; 0 = 0;;dz’ ®
dz? € S?(R™) if and only if 0;; = 0j;. The natural parameter spaces with
which we shall be working are defined by:

W(m) := (R™)* @ (R™)* @ R™ and Z(m) := S*(R™) @ R™.

Since Z(m) is a subset of W(m), properties true on W(m) are often inherited by
Z(m) and we shall thus often not mention Z(m) explicitly. If I' € W(m), then
I defines a Type A connection V' on R™; T' € Z(m) C W(m) if and only if V'
is torsion free. If ' € W(m) and T € W(m), introduce the equivalence relation
I' ~ T if there exists the germ of an orientation preserving diffeomorphism &
from a point P in R™ to a point P in R™ so that ®*(VY) = VI the precise
points in question are irrelevant as the structures are homogeneous. Since the
torsion free condition is preserved by diffeomorphism, ~ defines an equivalence
relation on Z(m) as well.

We say that M = (M, V) is Type Aif there is an atlas {Uo = (U, Ta), Payas }
where {Uy, Py, 0, } forms an oriented coordinate atlas for M (i.e., det(Pp,0,) >
0) and where V is defined by I'y, € W(m) on U,. The coordinate transforma-
tions {®q,a,} satisfy the intertwining rule ®,,,,V e = Via1®, ,,. Note
that M is torsion free if and only if T, € Z(m) for all a. The intertwining
rule implies that I'y, ~ Ty, for all ¢ and j. We wish study the moduli space of
local isomorphism types. If M is another Type A manifold which is defined by
an atlas {(Us,T'5), g, s,}, then M and M are locally isomorphic if and only
if Ty ~ f’ﬁ for all o, 5. The moduli space of such local isomorphism classes is
then the quotient of W(m) by the equivalence relation ~. We define:

W (m) :=W(m)/ ~ and 3" (m) = Z(m)/ ~ .
If T' € W(m), then Equation (1) shows that the Ricci tensor associated to I’
is

(2) prjk = Din'Ti™ — T Ty
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For generic I' € W(m), pr jk # pr,kj so pr is in general not symmetric. One
defines, therefore, the symmetric Ricci tensor by setting:

Ps,F(UaC) = %(P(%C) +p(¢;m)), ie., Ps, = %{PF,jk + pr,kj}dxj ®@ dx® .

If I' € Z(m), then Equation (2) shows pr jx = pr.k; so the Ricci tensor is
already symmetric and there is no need to symmetrize. We shall be interested in
the case that p, r is non-degenerate as this is the generic case, see Theorem 1.6
below. Let sign(psr) = (p,q) be the signature of the symmetric Ricci tensor;
there are p timelike directions and ¢ spacelike directions. Thus (p,q) = (m,0)
implies p, r is negative definite while (p,q) = (0,m) implies p,r is positive
definite. If p + ¢ = m, i.e., psr is non-degenerate, set

W(p,q) :={T € W(m) :sign(psr) = (0, 9)}, W (p,q) :=Wl(p,q)/ ~,
Z(p,q) :={T € Z(m): sign(psr) = (p,9)}, 3" (p,q) =2, q)/ ~ -

1.5. Reduction to the action of the general linear group

Let GL™ (m,R) be the group of linear transformations of R™ which preserve
the orientation, i.e., det(7) > 0. This group acts on the Christoffel symbols
' € W(m) of a Type A geometry by change of coordinates; two indices are
down and one is up. If {e;} is a basis for R™ and if T' € GL(m,R), then

(TT) (e, 5, €") :=T(Te;, Te;, Tek).

One has the following observation [8] which shows that in fact one does not
need to consider arbitrary diffeomorphisms in defining the moduli space if the
symmetric Ricci tensor is non-degenerate as the diffeomorphisms ®,, 4, in the
atlas are affine. This (in principal) reduces the problem to one in group repre-
sentation theory.

Theorem 1.3. Let U, = {(Un,Ta), Paya, t be an oriented Type A atlas on a
Type A manifold M. Assume that the Ricci tensor ps pmq is non-degenerate.

(1) PoyawTar = AayasTay + 5a1a2 where Ay, o, € GLT(m,R) and B;Xlaz €
R™,
(2) Wt (p,q) = W(p,q)/ GL* (m,R) and 3% (p,q) = Z(p,q)/ GL™ (n,R).

Proof. The symmetric Ricci tensor is an invariantly defined pseudo-Riemannian
metric on M which is preserved by the Type A coordinate transformations
Dy, q,- Since I' is constant, the components of p, r are constant on U, for any
a. Thus p,r is flat and the coordinate transformations have the form given.
This establishes Assertion 1; as translations do not change I', only the action
of GL*(m,R) is relevant in examining the moduli spaces. Assertion 2 now
follows. O

Remark 1.4. We note that Theorem 1.3 fails if we do not assume the Ricci
tensor is non-degenerate. We refer, for example, to [8] for a further discussion
of this point in the torsion free setting when m = 2.
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The remainder of this paper is devoted to the study of these geometries.
Since case of surfaces is dealt with in [7,8,21], we shall assume for the remainder
of this paper that m = p+¢q > 3; there are phenomena in this setting not found
in the case m = 2.

1.6. Principal bundles

Let G be a Lie group which acts smoothly on a manifold N. Let Gp := {g €
G : gP = P} be the isotropy group of the action. The action is said to be fized
point free if Gp = {id} for all P. The action is said to be proper if given points
P, € N and g, € G with P, - P € N and g, P, —>15€N, we can choose a
convergent subsequence so g,, — g € G. We refer to [6,19] for the proof of the
following result; see also the discussion in [21].

Theorem 1.5. Let the action of a Lie group G on a manifold N be fized
point free, smooth, and proper. Then there is a natural smooth structure on the
quotient space N/G so that G — N — N/G is a principal G bundle.

1.7. Generic phenomena

Let B, = P (L) be a polynomial defined on W(m) which is divisible by
det(ps,r) and which doesn’t vanish identically on Z(m). Let

W(p, q;Fm) :=={L € W(p,q) : Bm (L) # 0},

w+(p, q; Y43m> = W<paQ§q3m)/ GL+(maR)’
Z(p,¢;PBm) ={T € Z(p,q) : P (T') # 0},
3% (p, ¢ Bm) == Z(p, ¢ Bm)/ GLT (m, R);

W(p,q;Bm) and Z(p, q;P,n) are open dense subsets of W(p,q) and Z(p, q),
respectively. We will prove the following result in Section 2.

Theorem 1.6. There exists a polynomial B, so that W(p, ¢;Bm) and Z(p, g;
PB.n) are GLT(m, R) invariant subsets on which GLT (m,R) acts properly and
without fized points. Consequently, there are natural smooth structures on the
moduli spaces T (p, ¢; Pm) and 37 (p, ¢;Pm) so the projections W(p, ¢; Bm) —
W+ (p, ¢;Bm) and Z(p, ¢;Bm) — 37 (0, ¢;Bom) are smooth principal GLT (m, R)
bundles.

1.8. Results concerning the isotropy subgroup

Let Gl'f be the group of orientation preserving symmetries of (R™,VT);
Gf = {T € GL*(m,R) : TT = I'}. We will prove the following result in
Section 3.

Theorem 1.7.
(1) Let T, € W(p,q) satisfy Ty — T € W(p,q). If dim{G{ } > 1, then
dim{G{'} > 1.
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(2) There exists c(m) so that if T € W(p,q) and if no element of G
has infinite order, then every element in Gy has order at most c(m).
Furthermore, lim, o ¢(m) = co.

1.9. Definite symmetric Ricci tensor
Let
W(p,q) = {I € W(p.q) : G = {id}}, W*(p,q) := W(p,q)/ GL* (m, R),
Z(p,q) = {T € Z(p,q): G{ ={id}},  3"(p,q) :== Z(p,q)/ GL* (m,R).
If (p,q) € {(0,m),(m,0)} so psr is definite, then one need not consider the
generic situation but can simply exclude the fixed point sets and work directly

with the sets W(p, q) and Z (p,q). We shall prove the following result in Sec-
tion 4.

Theorem 1.8. Let (p,q) € {(m,0),(0,m)}. Then:
(1) The action of GLT (m,R) on W(p,q) and on Z(p,q) is proper.
(2) W(p, q) and 2:’(p7 q) are open dense subsets of W(p,q) and Z(p,q),
respectively.
(3) One can define natural smooth structures on the associated moduli
spaces W (p, q) and 31 (p, q) so that W(p, q) — Wt (p, q) and Z(p,q) —
3% (p,q) are smooth principal GL™ (m,R) bundles.

1.10. The higher signature setting

In Section 5, we will prove the following result which shows that Assertion 1
of Theorem 1.8 fails in the higher signature setting.

Theorem 1.9. Letp > 1, let ¢ > 1, and let p+q > 3. There exists T € Z(p, q)
so that G is not compact. Consequently, the action of GL*(m,R) on Z(p,q)
or on W(p, q) is not proper.

1.11. Two dimensional geometry

The two dimensional setting is relatively easy to examine. Since it informs
many of the constructions we will employ in the 3-dimensional setting, it seems
worth while discussing it in a bit of detail; a construction which will be used in
the proof of Theorem 1.7(2) will renter in analysis of the 2-dimensional setting.
We introduce the following basic structure:

Definition 1.10. Let I'y be the structure
Iyt = %, [12=0, T2t =0, Tp?= —%, Iyl = ——=, T?=0.
We obtain pr = diag(—1, —1).
The following result was proved in [8] using different methods; we give a
different proof in Section 6 to introduce arguments we will use subsequently.

Theorem 1.11. Adopt the notation established above.
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(1) Let (p,q) = (1,1) or (p,q) = (0,2). Then the action of GL*(2,R) on
Z(p,q) is fived point free and proper. Thus Z(p,q) — 37(p,q) is a
principal GLT(2,R) bundle over a real analytic surface.

(2) Let (p,q) = (2,0). If Gf # {id}, then G = Z3 and T is isomorphic to
the structure Ty of Definition 1.10. GLT(2,R) acts properly on Z(2,0)
and Z(2,0) — 3;0 — [I2] is a principal GL(2,R) bundle over a real
analytic surface once we remove the exceptional orbit corresponding to
Ty,

1.12. Three dimensional geometry

We now restrict to dimension m = 3 and the torsion free setting in order to
illustrate the possible isotropy subgroups. The examples where dim{fo} >0
form two families given in (1) and (2) below. The remaining structure groups
are all finite and comprise one of the following {Zs, Zo ® Zo, Zs, S3, a4}; they
appear in the two families given in (3) and (4) below. Thus one obtains that
the constant ¢(3) = 3 in Theorem 1.7. We will prove the following result in
Section 7:

Theorem 1.12. Let I' € Z(p,q) for p+q = 3. Assume Gi- # {id}. We can
make a linear change of coordinates so that one of the following 4 possibilities
holds:
(1) There ezist (a,b,c,d) € R* so Gf = SO(1,1), T'12® = a, T';3! = b,
To3?2 =c¢, T'33° =d, and p = ad(e! ® e®> +e? ®el) + (=b* + bd + c(—c+
d))ed ® e3. We require ad # 0 and —b* + bd + c(—c + d) # 0.
(2) There exist (a,b,c,d) € R* so Gff =SO(2), I'113 = a, ['13' =b, T'13% =
C, F223 = a, F231 = —C, F232 = b, F333 = d, pr = diag(ad, ad,2(bd -
b2 + c?)). We require ad # 0 and bd — b* + % # 0.
(3) The group Glf is finite, there exists an element of order 3 in Glf, and
there exist (a,b,c,d) € R* soT'y ' =1, 113 =a, 2% = —1, ['13t =0,
F132 =C, P221 = —1, F223 = a, 1—‘231 = —C, F232 = b, F333 = d, and
pr = (ad — 2)(e* ® el + €2 @ e? + 2(bd — b2 + ¢2))e3 @ e3. We require
ad —2 # 0 and —b%> + 2 4+ bd # 0. We have G}t = Zs except for the
following exceptional structures which are given up to isomorphism by:
(a) a=0,b=0,c=1,d=0, and G{ = s3.
(b) ¢=0, a:b:i%, d==+V?2, and G = a4.
(4) The group Glf is finite and all elements of Glf have order 2. There are
two structures up to isomorphism:
(a) GF = ZQ @Zg, F123 = 17 F132 == 1, F231 = —1, and
p=—-2e' @e' +22®@e%+2e®®e3.
(b) Glf = Zo, Fijk = 0 unless the index 3 appears an odd number of
times, F113 = a, F123 = b, F131 = C, F132 = d, F213 = b, F223 =€,
Dos' = f, Tag® = g, Ta1' = ¢, 31> = d, Tao' = f, T'x® = g,
F333 =h. p11 = —2bd+a(—c+g+h), P12 = p21 = —de—af+0bh,
p33 = —c? — 2df + ch + g(—g + h). One requires det(p) # 0.
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1.13. The unoriented category

There are similar results in the unoriented category. One does not assume
M is oriented and one replaces the structure group GLT(m,R) by the full
general linear group. Theorems 1.6-1.9 extend to this context with only the
appropriate minor modifications of notation. The corresponding analysis of
Theorem 1.12 in dimension 3 would become much more complicated and we
have not attempted it for that reason nor have we considered torsion in these
results for the same reason as our purpose was to be illustrative rather than
exhaustive. We have chosen to work in the smooth category; however all the
structures in question and the relevant morphisms are in fact real analytic.

2. Generic properties

We introduce the following tensors. Let
3) w:= l"ijjdxi, T = I‘iﬁl"jk"alxj®d:vk7 and por = I‘jnif‘ik"dacj@dack .

Note that p = p1 — p2. If p, r is non-degenerate, then ps r(g) := psr +€p2.sr
is invertible for small €. Let gfr (€) be the components of the inverse matrix;
this defines the dual symmetric non-degenerate 2-tensor on (R™)*. As psr(e)
is real analytic in €, we sum over repeated indices to expand

oo
pir(E)lijler = Z £rne” where &p,, € R™ .

n=0

We begin the proof of Theorem 1.6 with the following observation.

Lemma 2.1. There exists a polynomial B, = P (T') and an integer Ky, so
that:
(1) If T' € W(m) and if B, (T') # 0, then
(a) ps,r is non-degenerate,
(b) Br :={ér0:&r1,---,&r,m—1} is a basis for R™.
(c) Gft = {id}.
(2) If T € GL*(m,R) and if T €W(m), then P, (T') =det(T)"™R,, (TT).
(3) There exists T' € Z(m) so that P, (T) # 0.

Proof. Clearly psr is non-degenerate if and only if det(psr) # 0. So we will
make det(ps ) a factor of our polynomial to ensure that Assertion (1a) is valid.
We apply Cramer’s rule. Let psr be the matrix of cofactors of ps r; this is a
matrix valued polynomial which is well defined for all I' € Z(m) such that if
det(ps,r) # 0, then p;% = det(ps ) 1 psr. Suppose psr is invertible. We use
the Neumann series to expand

(ps,;r +ep2s0) " = {(ps,r(id +€P;11ﬂp2,s,r)}_1 = (id +5P;%P2,s,r)_1p;11ﬂ

o0 oo

= Y (=)™ patp2sr) pire” =Y (1) det(psr) " (psrpasr) Psre” -

n=0 n=0
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We let &, = (Ps,rp2,s,1)" Ps,rw. We then have

(4) & = (=1)" det(ps,r) ™" Hron -
If det(ps,r) # 0, then {&ro,...,&rn} is a basis for R™ if and only if {g},o, A
&rn} is a basis for R™. We define a polynomial 93, which satisfies (1a) and
(1b) by defining;:

SI;,m(r) = det(ps,f‘) det(gO,IV e 7gm,F) .

Since contracting an upper index against a lower index is invariant under
the action of GLT(m,R), Theorem 1.3 shows the tensors of Equation (3) are
invariantly defined; if T € GL™(m,R) and I" € W(m), one has that:

5) w(TT) = Tw(T'), p1(IT) =Tpi(L), p2(IT) = Tpo(T),
p2,s(IT) = Tp2 s(I'), Tér,; = Erra, TBr = Brr.

Let T € GF with 9,,,(I") # 0. Then Br is a basis for R™. Since TBr = Byr =
Br, T'=id. Assertion (1c) now follows.
We may verify Assertion 2 as follows. We have

(6) det(psrr) = det(Tpsr) = det(T)? det(ps.r) -

In particular, if det(psr) = 0, then det(psrr) = 0 and Assertion 2 holds
trivially. Suppose ps r is non-singular. Let ¢(m) :==(14+2+---4+(m—1))+1
and let k(m) = 2¢(m) + m + 2. Since T¢r; = &rr i, we may verify Assertion 2
by using Equation (4) and Equation (6) to compute:

)
P (TT) = det(ps rr) det(Erro, - - - Errm—1)

= det(ps,rr) ™ det(Err0, - -, Errm-1)

= det(T)2™*2 det(p, )™ det(Tér o, . . ., Térm—1)
= det(T)2m*+m+2 det(p, 1) ™+ det(ér o, - -, Erm1)
= det(T)*(™ T2 det(p, 1) det(€r,o, - - - Erom—1)

= det(T)2etm)+m+2p3 (T,
We complete the proof by exhibiting torsion free Christoffel symbols in all
dimensions where p, r is non-degenerate and where {Er,...,Zr m_1} are a

basis for R™. We proceed by considering various cases.

Case 1. Let m = 2. We use the parametrization of [8] and define a torsion
free tensor by setting I'(z);;*

F(I)lll =x+ %, F(I)112 =0, F(l‘)lgl =0 F(I)Qll =0,
F(:C)Qzl =X, F(x)lgl =, F(ZL’)212 =, F(I’)ng =1.

We may then compute:

2+ 5 +22° &z 10 T+ 2
par(®)= x 1422 ) per@={g 1 Jro={ 1" )
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In particular ps r is non-singular. As (psr +ep2sr) ' =id —epa s + O(e?),
one has that

1 1 43 3
5()(E)(w—il—m)7 61(x)<$3+§i-§)x$2+2m >

Choose z so &(x) and & (z) are linearly independent to complete the proof if
m=2.

Case 2. Suppose m = 2m for m > 2. We let I'(Z) := T'(x1) @ --- & ['(xm).
The structures decouple;

ps,0(Z) = psp(@1) ® -+ @ ps,r(em) =id,  p2(Z) = p2(21) B -+ @ pa(wm),
(ps,0 (&) +2p2(@) 7 = Y (=1)""pa ()"
n=0
Since p,,r = id, ps r is non-singular. Let V' := Spang<,,<,,_1{p2(Z)"w(¥)}. We
must show V' = R™. As the minimal polynomial of po(Z) has degree at most
m — 1, it is not necessary to truncate by taking n < m — 1 and we have

V' = Spang <, {p2(Z)"w(Z)} .

We assume 0 < z1 < -+ < . As n — oo, the terms in z, will dominate.
We examine the final block

ptay =222 (o 1) () +ouin,

The other blocks do not play a role so lim,, 00 {(222,) "' }w = €9 _1. Since
V is a closed Z(p2(Z)) module, e9,,—1 € V. Examining w — (i + Tim)eam—1
and applying a similar argument to the last block yields as well es,,, € V. We
can now work our way backwards through the blocks to see V"= R™ as desired.

Case 3. Suppose m = 3 + 2k for k£ > 0 is odd. Applying exactly the same
asymptotic analysis as used in the even dimensional case, we are reduced to
considering the case m = 3. We set

It =2, T?=4, Iy’ =2,
I?=1, Tist=1, I'yt=1,
o3 =1, Tg?=1, Tp®=1.

We then compute:

6 0 2 2 00 2
p2=1|0 18 4 |, psr=(0 2 0], w=| 4
2 4 6 0 0 2 4

Let A := %pg. We then have

L. - 1 = n_n pAn
(ps,F+5p2,s,F)71 = i(ld‘i’A) 1= 52(*1) e A™.



MODULI SPACES OF ORIENTED TYPE A MANIFOLDS 1769

We complete the proof by computing:

1 5 26 1 5 26
So=| 2|, E=| 15|, 2= 78 |,det| 2 15 78 | =54
2 11 68 2 11 68 O

The proof of Theorem 1.6. We use Lemma 2.1 to see GL™ (m, R) preserves
W(p, ¢;8m) and Z(p, ¢;B,n) and that GLT (m, R) acts without fixed points on
these sets. Theorem 1.6 will then follow from Theorem 1.5 if we can show the
action is proper.

Given bases B and B for R™, let Tz 5 be the unique linear transformation
taking B to B. Let T' € Z(p,¢;Bym). By Equation (5), TBr = Bpr so T =
Ter Bre- Let {0, T, T} € W(p,¢;%8m) and T), € GLT(m,R). Assume that
Iy, — D and 7T, — L. This implies Br, — Br and Brr, — Bi. Consequently,

Ty = TBr, Brr, = 1808 O

3. The proof of Theorem 1.7
3.1. The proof of Theorem 1.7(1)

Suppose that
I, eW(p,q) and T, =T € W(p,q).

Assume dim{G{ } > 1. We must show dim{G} } > 1. Since dim{G{ } > 1, we
may find 0 # &, € gl(m,R) so that exp(t§,,) defines a 1-parameter subgroup
of Gl'fn. Let || - || be a norm on gl(m,R). We may assume without loss of
generality that [|£,]| = 1 and extract a convergent subsequence &, — £ with
I€]l = 1. We then have by continuity that exp(t§) is a 1-parameter subgroup
of G{ and thus, in particular, dim{Gj"} > 1.

3.2. The proof of Theorem 1.7(2)
Fix m > 3 and let
U= (Vix) for 9 € {0,1} and 1 < 4,5,k <m.

Let Ay be the Abelian group which is generated multiplicatively by indeter-
minates K1,. .., km subject to the relations x;x; = i whenever 95, = 1. Let
Tor(Ay) be the subgroup of A consisting of all elements of finite order. Let
¢(m):= max order(T).
TeTor(A)

Let I' € Z(p,q). Assume that no element of Gf' has infinite order. Let
Te fo. Since T has finite order, there exists a complex basis {f1,..., fm} for
C so that T'f; = \; f; where |\;| = 1. If we express \; = eV=19 then the 6; are
the rotation angles of T' regarded as a real map and the eigenvalues \; occur in
conjugate pairs for 0; ¢ {0,7}. We have TFijk = )\i)\j)\lzlfijk. Set ¥k =1
if Fijk # 0 and set ¥ ;51 = 0 otherwise. Then X can be regarded as an element
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of Ay. Furthermore, if Ay has an element of infinite order, then there exists X
where the eigenvalues occur suitably in conjugate pairs so T\I' = I" and T}, has
infinite order. Since this is false, Ay is finite and thus order(Ty) < c(m) as
desired.

To show that lim,, .o c(m) = oo, we will construct a family of Type A
connections I'sp on R3¢ so that there exists an element T € GFM which has
order 2¢ — 1 and such that there is no element of infinite order in Gf{“. We
shall work in the torsion free setting so there is no need to symmetrize. Recall
that

p = p1 — p2 where py.jx = I'y,,'T" and pojk == Ljn ' Tan™ .
Central to our construction is a 3-dimensional example. Let {e1, €2, e3} be the
standard basis for R3. Introduce a complex basis

f1i=e14+V—1ey, foi=e1 —V—ley, f3 :=es,
fli=1(e —v=1e?), f2i=1(e' +v/—1e?), f3:=¢

For a > 0, let the non-zero Christoffel symbols be given by:
F(f17f37f1):a’a F(f3’f17f1):aa F(f23f37f2):a7
F(f37f2vf2):aa2 U(f1, f2, f*) = a, T(f2, f1, f?) = a,
r(f37f37f3) = ai:l'

We may then compute:

0 3a% +1 0
pr=1| 3a®+1 0 0 ,
0 0  3a®+5+4
0 2a? 0 0 a?+1 0
po=1| 2a®> 0 0 , op=| a®+1 0 0
0 0 3a®+%+2 0 0 2
Relative to the underlying real basis {e1, e2, e3} we have:
3a% +1 0 0
pL = 0 3a% + 1 0 ,
0 0  3a®+ 5 +4
2a> 0 0 a?+1 0 0
p2 = 0 2a? 0 , p= 0 a?+1 0
0 0 3a®+5+2 0 0 2

We take a basis {e1 ,,e2,,,€s,,} for R3¢ where 1 < p < £. Let the non-zero
Christoffel symbols be given by:

F(fl,pn f3,/,u fl’u) = Qu, F(f?),,un fl,pn fLu) = Ay, F(f2,p,u f3,u7 f27ﬂ) = Qu,
F(fB,/u .f2,;u .f2”u) = Gy, F(fl,;u f2,;m f3,,u) = Qy, F(fZ,;u flwv fg’#) = Qu,
1+ a?

F(fB,u7f3,u7f3’M) = TH7 F(fl,p,7f1,uaf17u+1) = 17 F(f2,p,u f2,u7f27ﬂ+1):1‘
m
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Here we let i be defined modulo ¢ so f; ¢+1 = fi,1. This defines corresponding
real Christoffel symbols. Let X € Cf. We assume Aul =1s0 A;t =X, Let

T(fiu) = Mafrges T(fop) = Nifos T(fap) = fau
T(f') = Auf P, T(f>H) = A f2#, T(f3+) = f+.

To ensure that TT' = I', we must have )\i = Au+1. Setting Apy1 = A; then leads

to the relation /\%IZ = A1 and thus the cyclic group Zg_ is a subgroup of Gi';
elements of arbitrarily large order can be obtained as ¢ — oco. We complete
the proof by showing there are no elements of infinite order in Gif. If we
diagonalize p, relative to p, then the resulting eigenspaces must be preserved
by any element 1" € Glf . The decomposition is given by

Bai +1 Bai +1 6af§ + ai + 4ai
fl,;uiQ ) f2,u772 ) f3,m—2 .
QaM Qa# 2a#

For suitable choice of the a,, the eigenvalues

{3a3+1 6a§+ai+4a§}

2 2
2a# Qau

will all be distinct. Thus 7" preserves the spaces Span{ fi ,,, f2,,,} and Span{ f3 .}
individually. Since I'(fs, ., f3.., f>#) # 0, we have T'f3, = 1. Let T, be the
restriction of T' to Span{fi ,, f2,,}. Since Ti € SO(2), we have Tfflv# = Ay
and Tﬁ fa.. = A, for some A, € S*. It now follows that Tﬁ has order at most
2¢ — 1 so there are no elements of infinite order in G7. O

4. The action of GL(m,R) on Z(p, q) and on W(p, q)
Let pg be a symmetric bilinear form of signature (p, q). Let
SO(po) :={T € GLT(m,R) : T*py = po} -
The following is a quite general remark.

Lemma 4.1. Let O be a GLT (m,R) invariant subset of Z(p,q) or of W(p, q).
If action of SO(py) on O is proper, then the action of GLT(m,R) on O is
proper.

Proof. Assume that the action of SO(py) on O is proper. Suppose givenI',, € O
and T, € GL™(m,R) which satisfy

I, —->re®andl, :=T,I',, > T 0.

We must extract a convergent sequence of the {T;,}. Make a change of basis to
suppose that pg = diag(—1,...,—1,4+1,...,+1) relative to the standard basis
B for R. Choose S € GL*(m,R) so that Spr = pyg. Then ST,T,, — ST.
Extracting a convergent subsequence from ST, is equivalent to extracting a
convergent subsequence from T,,. Thus we may assume without loss of gen-

erality that pp = po. Since T,,I', — I', pr,r, — po. We may apply the
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Gram-Schmidt process to the standard basis B construct a basis B,, for R™
which is an orthonormal basis for p7, 1, ; since pr,r, — py, the Gram-Schmidt
process does not fail, i.e., we are not trying to normalize a null vector at some
stage. Thus the Gram-Schmidt process yields a sequence S,, € GLT (m,R) so
that S, — id and so Sppr,r, = ps, 7,1, = po- Again, extracting a convergent
subsequence from S, T}, is equivalent to extracting a convergent sequence from
T, and hence we may assume without loss of generality that pr, r, = po for n
sufficiently large. We have I', = T, T, — T. Extracting a convergent sub-
sequence from {T,,} is equivalent to extracting a convergent subsequence from
{T:7'}. Thus we may interchange the roles of {I',,T'} and {T',,T'} and apply
the argument given above to assume without loss of generality that pr = po
and pr, = po as well. But since pg = pr,r, = Tnpr, = Tnpo, Tn € SO(po).
By hypothesis, as desired, we can extract a convergent sequence. (I

The proof of Theorem 1.8(1). Suppose that (p, q) € {(m,0), (0,m)}. Then
po is definite and hence SO(pg) is compact. Thus any sequence of elements 7T;,
in SO(po) has a convergent subsequence so the action of SO(pg) on W(p,q) or
on Z(p,q) is proper. Thus by Lemma 4.1, the same is true of the action by
GL*(m,R). O

The proof of Theorem 1.8(2). Let ', € W(p,q) with T',, = T' € W(p, q)
and with Gt # {id}. We wish to show G{' # {id}. This will show that the
Christoffel symbols with non-trivial isotropy subgroup form a closed set and
correspondingly that the Christoffel symbols with trivial isotropy subgroup
form an open set.

Choose id # T, € Gifn. Since the action of GL™(m,R) is proper, we can
choose a convergent subsequence T3, — T'. We must guard against the pos-
sibility that T = id. Let exp be the exponential map from the Lie algebra
50(po) to SO(po). Put a Euclidean metric on so(pg). There exists € > 0 so
that exp is a diffeomorphism from the open ball Bs.(0) of radius 3¢ in so(pp)
to a neighborhood of id in SO(py). Let O := exp(Bi(0)) for k = 1,2. If
T € Oy with T # id, then T = expp(§) for 0 < ||¢|| < e. Choose k(T) € N

so that e < k(T)||¢|| < 2e. We then have T*(T) € Oy — O;. We return to our

sequence id # T, € Gr,, C SO(po). By replacing T}, by T,If,ET"), we can assuie

additionally that T;,, € Of and thus T' € Of so T # id. Since by continuity
TT =T, we conclude as desired that Gf: # id. O

The proof of Theorem 1.8(3). These Assertions follow from Theorem 1.5
and from Assertions (1,2). O

5. The proof Theorem 1.9

Let (p,q) be given with m =p+¢ >3, p > 1, and ¢ > 1. We must show
that there exists I' € Z(p, q) so that fo is non-compact. It then follows that
the action of GLT(2,R) on Z(p, q) is not proper.
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Suppose first m = 3. We may work in the torsion free setting. We consider
the structure of Theorem 1.12(1) and set I'19® = I'9;3 = a, I'13! = I3t = b,
I932 = T'322 = ¢, I'33% = d. We may then compute that

0 ad 0
Pr = ad 0 0
0 0 —b*4+bd+c(—c+d)

By adjusting the parameters {a, b, ¢, d} suitably, we can obtain either signature
(1,2) or signature (2,1). Let Tpe; = aer, Toea = o~ tes, Thes = ez. This gives
a Lie group isomorphic to SO(1,1). We verify that T,I' = T for any «. The se-
quence T,, obtained by taking o = n then satisfies ||T,e1]| — co. Consequently
no subsequence of this sequence converges in GLT (2, R). Therefore, GIJE is non
compact and the action of GL*(2,R) is not proper.

If m > 3, extend the structure considered above by adding the (possibly)
non-zero Christoffel symbols I'y,® = I'yy® = €40 for 4 < u < v < m where €y,
are to be determined. Recall from Equation (2) that p;, = I‘miI‘jk"—I‘jniFik".
The new Christoffel symbols involving €,, make no contribution to pj;; for
indices 1 < j < k < 3 and only contribute to F333ij3 for 4 < j,k < m. Thus
Pr.ap = deqp for 4 < a < b < m. So by adding in these terms, we can obtain
any indefinite signature in dimension at least 3. O

6. The two dimensional setting. The proof of Theorem 1.11

Let Iz be the structure of Definition 1.10. Let SO(2) = {Tp : 0 < 0 < 27}
and SO(1,1) = {T, : a # 0} where

. cos(f) sin(f) = (a0
(7) To:= < —sin(f) cos(f) and T := 0 at )~
Suppose I € Z(1,1) so the structure group is SO(1,1). Then
(8) TiT;* = a for e = £1 + 1 + +1 € {+1,£3}.
Suppose T;I’ = I". Choose Fijk % 0. Then T;Fijk = I‘ijk implies a = 1

and T, = id. Suppose ', — T and g,I', — I. We apply the argument of
Lemma 4.1 to see that we may suppose

Ps = ( (1) (1) > and gn:Tan € S0(1,1).

We use Equation (8) to see that the «,, must converge. Assertion 1 now follows.

Assume pr is definite so the structure group is SO(2). Assume Gr is non

trivial. Let id # Ty € Git. We complexify. Let {e1,e2} be the standard

basis for R%. Set z := e; + v/—1les. Then {z,z} is a C basis for R? ®p

C. We extend I' to be complex linear to define the corresponding complex
z

Christoffel symbols {T",.*, T',:*, TI';;*}. Since the underlying structure is real,
the remaining symbols are determined:

T z _ z T z _ z z _ z
Fzz *Fiia FZE *F227 FEE *Fzz .
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Let o := eV~ 19 Since Tye; = cos(f)e;—sin(f)es and Tyes = sin(f)e; +cos(f)eq,
Tyz = (cos(f) + v/ —1sin(8))e; + (—sin(h) + v/ —1cos())es
= (cos(6) + v—1sin(d))(e; +V—1lez) = az.
Since Tyz = az, we have dually that Tyz* = az*. Consequently when we raise
indices, we have:
(T,1).." = acal',,”, (Tp1).:" = aaal',z®, (TgT)z:" = aaal'z:” .

We have assumed that Ty #£ id. If I',,# # 0, then o = 1. Similarly, if I',z* # 0,
then @ = 1. So the only possibility left is that I';z* # 0 in which case o® = id
and 0§ = %’T orf = 4{. This implies Gr = Z3. By making a coordinate rotation
and then rescaling, we may assume I';;* = 2v/2. We have:

0=T..7" = {D11" + 20122 —Top'} + V-1 {-T11? + 202" +T2?},
0=T.:"={I1'+T'} +V-1{-T'11* - T'»?},
2v2 =T:% = {T11' — 2T12% — Too'} + V=1{-T11? — 2T'1p" + I'n?} .

We solve these equations to obtain the structure I's. The remainder of the
argument is similar to that given in the indefinite setting and is therefore
omitted. O

Remark 6.1. We normalized the coordinates so that I';z* = 2v/2. Subsequently,
in the proof of Theorem 1.12(3), we shall deal with the full orbit GL™ (2, R)T'y
and will not adopt this normalization.

7. The proof of Theorem 1.12

Let M = (R3T) € Z(p,q) for p+q = 3. We suppose id # T € Gf-. In
Section 7.1, we will show there is an axis of rotation £ which is not a null vector
so T¢€ = ££. Tt then follows that T preserves £ so the problem becomes, in a
certain sense, 2-dimensional. In Section 7.2, we show that if T is an element
of order at least 4, then dim{G; '} > 1; this focuses attention on the elements
of order 2 and order 3 and in Section 7.3, we establish a technical result for
elements of order 2 and 3. We use these results in Sections 7.4-7.7 to complete
the proof of Theorem 1.12.

7.1. The axis of rotation
We begin our study with the following result:

Lemma 7.1. Let M = (R3T) € Z(p,q) where p+q = 3. If T € G, then
there exists a non-null vector £ so T, = &.

Proof. Let p := ps  provide a non-degenerate symmetric bilinear inner-product
on R3. Let T € Gff C SO(p). The characteristic polynomial of T is a cubic
polynomial. Since every cubic polynomial has a real root, there exists e; # 0 so
Te; = ae; for a # 0. Our first task is to show that we can choose an eigenvector
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which is not a null vector. Suppose, to the contrary, that p(ey,e1) = 0. Choose
es so that p(eq, e3) = 1. By subtracting an appropriate multiple of e, we can
assume p(es, e3) = 0. Choose es € Span{es, e3}t. Normalize e3 50 p(eq, e2) =
+1. Express

Tey = aey, Tes =tare1 +tagea +tages, Tez =t31e1 + t32e2 + t33€3.
As p(Tey,Tez) = pler,ea) = 0, ta3 = 0. As p(Te1,Tes) = p(er,e3) = 1,
tss = a~'. Consequently,

Tey =aey, Tey =to1e1 +tages, Tez =tz1eq + t3ses + a_163 .

We have det(T) = to2 = 1. Thus too = 1. This shows that the eigenvalues of
T are {1,a,a”'}. Consequently, we could have chosen e; in the first instance
so Te; = 1 and we may therefore assume a = 1 and consequently a is the only
eigenvalue of T'. This implies that

Tey =e1, Tea =torer +e2, Tez =tzre; +t32e1 +e3.
If to;7 = 0, then we may take £ = ey to establish the desired result. Thus
to1 = b # 0. Because p(Tey, Tes) = 0 and p(Tes, Tes) =0,

Tey =e1, Tey=be; +ey, Tesz= %b2[)(62762)61 —beg +e3 for b#0.
Note that T*I" is a polynomial in b. If we replace T by T", we replace b by nb.
Thus if [';;* # 0, all the coefficients of b* must vanish in (7*T);;*. We linearize
the problem and work modulo terms which are quadratic and of higher order in

b and concentrate on the relations provided by the linear terms. Let {e!,e?, 3}
be the dual basis. Expand:

Tei = ey, Tes =bey + ey, Tez = —bey + e3,
Tel =el —be?, Te?=e?+bed, Te® =e3,
T*T15% = 0113 + T12?, T*T13% = —bl'12% + Ty5°,

T*Ta3% = b33 — bl993 + T'as?, T*T33% = —2bT933 + I'333.
We set the terms involving b to zero to see:
=0, I'p?*=0, Tiz®=c1, Tp®=c, T3 =0.
We continue the expansion
T*T19® =012 +0010° + T1o?, TPT1s? = b01g® — bl1o® + T3,
T*T95% = 201192 + bl993 + T'992,  T*T'932 = bl'132 — bl992 + blag3 + I'as?,
T332 = —2bL'932 + bI'33% + T332,

We set the terms involving b to zero. We use the previous relations to ¢; = 0
and

;12 =0, [19° =0, To® =co, Ti3®>=ca, Tz®=c3,
[ =0, T12=0, I'3®=0, T®>=0, TIy®>=0,

F333 = 203.
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We continue the computation:
T*T1p' = bp ' + ot
T*Ty3t = —blpt — 0032 + Tig?, T*Dag! = 201121 — 992 + o’
T*F231 = brlgl — bFQQl — bF232 + F231, T*F331 = 721)1_\231 — bF332 + F331.

We set the terms involving b to zero and use the previous relations to see cg = 0
and obtain:

It =0, Ti'=0, oot =c¢5, Tig' =cs+c5, Dozl =y,
2=0, TIp?=0, [p? =0, Ti3°=0, Dys? = c3,
r? =0, Tp’=0, y? =0, Ti3° =0, [y3® =0,
T3l =cg, D332 = —2c4, T33% = 2cs.

By Equation (2), pjr = I'in'Tj"™ — [ Tix™. Consequently
pr1 = pik = Din' T = T1,/'Ti™ = 6,301 Tas' —Ti3' T =0-0=0.

This shows that p is singular which is false.

Thus we can choose an eigenvector which is not a null vector. Choose ¢ so
Té = at and p(€,€) # 0. Since p(¢,€) = p(TE, TE) = ap(€,€), we conclude
a? = 1. Suppose that a # 1 so a = —1. Let V = &+, Then py := ply is
non-degenerate. Furthermore, T¢+ = ¢4, Let Ty := T|y. Since T¢ = —¢ and
det(T) = 1, det(Ty) = —1. The characteristic polynomial T} takes the form
A2+ c1 A + det(Ty) = 0. Since det(Ty) = —1, there are 2 real eigenvalues of
Ty and Ty is diagonal. Thus we can choose a basis {n,c} for V so T'n = A\
and To = Ao where A\jAy = —1. Since p(no) = p(Tn,To) = MAsp(n,o) =
—p(n, o), we have p(n,0) = 0. Since py is non-degenerate, neither n nor o is
null. Thus A? = A2 = 1. Since A\ = —1, there must exist a +1 eigenvector
of T" which is not null. O

7.2. Elements of order at least 4

The following subgroups of GL™ (3, R) will play a central role in what follows.
We generalize Equation (7) to the 3 dimensional setting to define:

cos(f) sin(f) O

SO(2):=<(Tp:=| —sin(@) cos(@) 0 | for0<0<2r
0 0 1
~ a 0 0
SO(1,1) == T,:=| 0 at 0 | foraecR-{0}
0 0 1

Lemma 7.2. Let T € Gf- for T € Z(p,q) with p+q = 3. If T has order at
least 4, then dim{Gif} =1 and after making a suitable choice of basis we have
either that SO(2) C G or that SO(1,1) C G}
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Proof. Choose a unit vector e3 so Tes = e3. Let V = e§ and let py = ply;
pv is non-degenerate. Furthermore, T preserves V. Let Ty := T|y. Since
det(T) = 1 and Tes = e3, Ty € SO(py). We apply the same argument as
that used to establish Lemma 1.11.

Case 1. Suppose py is indefinite. Choose a hyperbolic basis {e!, e?} for V so
pv = el ®@e? +e?®e;. Since Ty € SO(py ), there exists a so T = T, takes
the form Te; = ae; and Tes = a 'ey. Since T has order at least 4, a # 1. We
compute

TFijk = ae(ijk)Fijk for €(Z]k) = 511‘ - 621’ + 51]' - 51k + §2k .

Since €(ijk) € (0,41, £2,43) and a # £1, we conclude I';;* = 0 for €(ijk) # 0.
But this implies that T}, € G{ for any b and hence SO(1,1) C G{f.

Case 2. Suppose that py is indefinite. We complexify and set

fi:=-e1+V—1es, foi=e1 —+/—les, f3:=e3,
=gt = V=1e?), f2:=1(e' +V=1e?), f3:=¢

Since T € SO(2), the complex eigenvalues of T are {a,& = a~1}. Since we
can diagonalize T' over C, we may choose the notation so Tf; = af; and
Tfy = a~'fy. The analysis of Case 1 pertains and thus TT;;* = a<(WFT;;F.
By assumption, o # 1, o # 1, and o® # 1. Thus once again T';;* = 0 if
e(ijk) # 0 and we may conclude SO(2) C G O

7.3. Elements of order 2 and of order 3

Lemma 7.2 focuses attention on the elements of order 2 and of order 3. The
following is a useful technical result.

Lemma 7.3. T; € Gl'f fori=1,2. If T1, Ts, and T1T5 have order 3, then
etther T1T22 =id or T1T22 has order 2.

Proof. Suppose T € GL(3,R) can be written in the form

cos(f) sin(f) 0
(9) T=| —sin(d) cos(d) O
0 0 1

Then Tr(T) = 2cos(f) + 1 so Tr(T) determines T' up to conjugacy in this
setting:

(1) T has order 1 < cos(f) = +1 < Tr(T) = +3.

(2) T has order 2 < cos(f) = —1 & Tr(T) = —1.

(3) T has order 3 < cos(f) = —1 < Tr(T) = 0.

Since T € fo has order 3, we may choose a non-null vector so Tez = +es.
Since T2 = id, Te3 = e3. Consequently, T has the form given in Equation (9).
Let Py := 63l be the rotation plane of T} and, similarly, let P, be the rotation
plane of Ts. Since dim{P; N Py} > dim{P;} + dim{P»} — 3 = 1, we can choose
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a unit vector e; € PN Py. Let {ea, fa} be unit vectors so Tie; = —%el + §62
and TQBl = —%61 + gfg

Case 1. Assume p is definite. Decompose fo = wep + yes where z2 + 32 = 1.

Let fs := —yes + xes be a unit vector which spans the rotation axis of T5. We
then have:

J1=e, Ja = wea + yes, f3 = —yea + zes,

e1 = fi, ez =xzfa —yfs, e3 =yfo+xfs,

Tiey = —3e1 + \2[62, Ties = —§€1 —3e2, Ties = es,

Trer = —e1 + %f% Tofo=—Ler—1fa, Tofs = fa,

TiToey = Ti{—e1 + ?(wez +yes)} = 3(1 — 3z)er + ey + *es,
T1They = Th'To(xfo — yfs) = (*761 5f2—yf3)
=T (- If@ﬁ'( L+ y)es + *e3)
= xe1 + 1 (—3z + 2? — 2y%)es + xes,
T\Tyes = TiTa(yfa + xfs) = Ti(xer — Syfo + af3)
= Ty (xe1 + *ez + (—3y? + 2?)es)
= %e1 + *eq + %(4:52 —2y%)es,
Tr(T1Te) = 1(1 — 32 — 3z + 22 + 42% — 4y?) = 2(—1 — 22 + 32?).
Since T1 Ty has order 3, Tr(TyTy) = 0. The equation —1 — 2z + 32? = 0 then

implies # = 1 or # = —%. Since T} has order 3, T3 also has order 3. Introduce
similar notation {Z, ¢, fo, f3} for T to expand Tr(TyT3) = 3(—1 -2z 4 33?).
Because T22€1 = —%el — @fg, we see that fg = —fy and thus z = —x. We

complete proof if p is definite by computing:

3 if =1
Tf(Tszz):Z(—lJr?er?)xz):{ -1 if xi_l }

3

Case 2. Assume p is indefinite. In the hyperbolic setting, we have 22—y = 1,
but the same argument pertains. We compute:

Tier = —1e1 + @62, Tiez *@61 — 362, Ties = es,

Trer = —3e1 + ?fm Tafo = —§€1 —3f2 Tafs = fs,
J1=e, Ja = wea + yes, f3 = yea + wes,
e1 = fi, e2 =xzfa —yfs, e3 = —yfa+zfs.

T\ Toer = Ti{(—4er + L2 (zes + yes)} = (1 — 3a)es + *ea + xes,
TyThes = TiTo(xfo — yfs) = Ti(—2L2 f1 — £ f> — yfs)

= Ti(~ 2 e1+(=% — y?)es + %e)

=xep + (—3£ + %2 + 2y?)es + *es,
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TiTees = TiTo(—yfo + xfs) = Ti(xf1 + sy fo + xf3)
= Ty (xe1 + *ez + (342 + 2%)es)
= xe1 + xex + (22 + 1y%)es,

Tr(TiTe) = +(1 = 32 — 3z + 22 + 2y + 4z + 2y?) = 3(—1 — 2z + 32?).

The remainder of the argument is the same as in the definite setting. Asser-
tion 2 now follows. O

Let v(T) be the order of T' € GL(2,R). In what follows we list the (possibly)
non-zero Christoffel symbols up to the symmetry Fijk = Fjik. Let

e, ifi=jy

(10) Sjei = { —e; if g 7&] } .

Let s3 be the symmetric group of all permutations on 3 elements; s3 is a non-
Abelian group of order 6. Let a4 be the alternating group of permutations of
4 elements; a4 is a non-Abelian group of order 12. We assume there exists
T € Gf: of order at least 3 as otherwise Assertion 4 holds of Theorem 1.12
holds. By Assertion 1 of Lemma 7.1, we may choose a non-null vector ez so
that Tez = ez and p(es,e3) = £1. Let V := ez, let py = p|y, and let
Ty := T|y. Then py is non-degenerate and Ty € SO(p|y). We divide the
proof of Theorem 1.12 into 4 cases.

7.4. The proof of Theorem 1.12(1)

Assume py is indefinite. Choose a hyperbolic basis for V' so

pv(e1,e1) = pv(ez, e2) =0 and py(er,e2) =1.

Suppose first Tez = e3. Since det(Ty) = +1, Tye; = ae; and Tyes = a” Les.
Since v(T) > 3, a # 1. Since T™ preserves I', the only possible non-zero
Christoffel symbols are {T'13', 932, T'12%,T'33%}. Consequently, I' has the form
given in Assertion 1 and the Ricci tensor is as given; to ensure p is non-
degenerate, (a,b,c,d) satisfy the given constraints. We adopt the notation
of Equation (10) to define Sy. Then S3T" = T implies d = 0 which is false.
Thus, in particular, Sy & G so G # SO(p).

Suppose S € Glf —S0(1,1). Since any two distinct connected 1-dimensional
subgroups generate SO(p) and since Gt # SO(p), S must normalize SO(1,1)
and in particular preserves V and e3. Since S ¢ SO(1,1), Ses = —e3. But
S*I'33% = —T'33% and hence d = 0. This is not possible. Thus Glf =S0(1,1).

Next suppose Tez = —es. Since Ty € O(py) and det(Ty) = —1, Te; = e
and Tey = a~'e; for some a # 0. We then have T? = id which is false as we
assumed that v(T) > 3. This completes the analysis of the case when py is
indefinite.
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7.5. The proof of Theorem 1.12(2)

Assume that py is definite and that 7" has order at least 4. If Tes = —e3,
then Tyy € O(2) — SO(2) and T? = id which is false. Thus Te3 = e3 and
Ty € SO(2). Let {e1,e2} be an orthonormal basis for V. Since Ty € SO(V),
Ty is a rotation through an angle § on e5. We use the argument used to prove
Theorem 1.11. Set fi = e1 + v/ —1lea, fo = e1 — v/—1lea, and f3 = e3. We then
have T'f; = eV=10f, Tfo =e V=10f, and Tfs = f3. Let f‘ijk be the complex
Christoffel symbols relative to the basis { f1, fa, f3}. We have:

Ty = egijkﬁefijk for o, 1= {81; — 82i} + {61 — 0o} + {Oak — O1x}-

Consequently, o;;* € {-3,-2,-1,0,1,2,3}. Since Ty, does not have order 1,
2 or 3, eois" V=1 # 1 for o;;* # 0 and thus f‘ijk = 0 for o;;* # 0. The
possible elements with ;;* = 0 are {T'153, 13", 932, 333}, After disentangling
the notation, we conclude that I' = I'so(2)(a, b, ¢,d) has the form where the
(potentially) non-zero entries are given in Assertion 2 of Theorem 1.12 and,
consequently, SO(2) C I'so(2)(a,b,c,d). One then computes the Ricci tensor
and obtains the required conditions on (a,b, ¢, d).

We complete the proof of Assertion 2 by showing SO(2) = Gif. Adopt the
notation of Equation (10) to define Sp. If S3T' = I', then ¢ = 0 which is
false. Thus Gt # SO(p). Suppose there exists S € Gf — SO(2). As any 2
distinct connected 1-dimensional Lie subgroups of SO(p) generate SO(p) and
as G&t # SO(p), S must normalize SO(2) so, in particular, S preserves V and,
consequently, Seg = +es. If Ses = e3, then S € SO(2) which is false. Thus
Ses = —es3. Since det(Sy) = —1, S fixes a vector of V. Choose the basis so
Sey = eg. It then follows Se; = —e; s0 S = Sy € Gif which contradicts the
argument we have just given. Thus Gjt = SO(2) and Assertion 2 holds.

7.6. The proof of Theorem 1.12(3)

If there exists an element T € fo of order at least 4, then the analysis
given above to examine Assertion 1 or Assertion 2 pertains and Glf =S0(1,1)
or G = SO(2). Thus we conclude that the order of any element T € Gy
is at most 3. Furthermore, if T" has order 3 and if Tes = +es, then py is
definite. Finally, since Assertion 4 does not hold, there exists an element of
order 3. Fix such an element. In the proof of Assertion 3, we ignored the case
where O'ijk = £+3. When we include these cases, we must allow f‘112 and the
complex conjugate T'pp'. This shows I' = eI’y + ['so(a, b, ¢, d) is as described in
Assertion 2. If e = 0, then the analysis of Assertion 2 pertains and Fg = S0(2).
Thus we may assume e # 0.

In Assertion 3, Gf: can be bigger than Zs in certain instances and we must
examine these exceptional structures. We suppose there exists S € Gl'f -
{1,T,T?}. We wish to show S can be chosen so S has order 2. Suppose to the
contrary that S has order 3. If T'S has order 2, we have an element of order 2.
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So we assume T'S has order 3. But the Assertion 2 of Lemma 7.3 shows that
TS? = id or T'S? has order 2. Since S ¢ {1,T,T?}, T'S? # id.

We use the argument used to prove the second assertion of Theorem 1.11.
We had the exceptional structure I'y. We made a coordinate rotation to ensure
I',.,? = 1. If instead, we assume that I',,? = 4e + 4\/—1f, then we obtain a
slightly more general form

I'il=e Tin?=-f Tn?=a, Til=-f Tp?=-e I'p?*=0,
Figt=b, Tizl=c, D33 =0, Tol=—e, Tap?=/f T®=aq,
Dozt = —¢, D32 =0, 33 =0, T3’ =0, T332=0, TI33%=4d.

Let S be an element of order 2 in Git. Let N(S, —1) be the —1 eigenspace of S
and let V = e5. Since dim{N (S, —1)}+dim{V}-3 =1, N(S, —1) intersects V.
If N(S,—1) = V, then S commutes with 7" so T'S is an element of order 6 which
is impossible. Thus N (S, —1)NV is 1-dimensional. We choose the basis for V' so
N(S,—1)NV = ey-R; this implies f = 0. We have N(T'ST~!,-1)NV = Tey-R
and N(T2ST~2,—-1)NV =T?ey-R. Thus {S,TST~!, T2ST~2} are 3 distinct
elements of order 2 in Gli' . We have already ruled out the case Sez = e3. There
are 3 remaining cases:

Case 1. Suppose Seg = —e3. This means S € O(2) —SO(2). So we can choose
the basis so Se; = e; and Ses = —ez). This implies f =0, a =0, b = 0, and
d = 0. We obtain p = diag(—2e?, —2¢%,2¢?). In particular, p is indefinite. We
can renormalize the coordinates so e = 1 and ¢ = 1 to obtain the structure of
Assertion 1. We have STS~! = T—1; {id, T,T?, S, ST, ST?} is a non-Abelian
group of order 3 and hence isomorphic to s3. We note that {7, 7%} are the
elements of order 3 in s3 and {S,TST~!, T2ST~2} are the elements of order 2
in s3.

Suppose that S is an element of order 2 in G;“ which does not belong to ss.
Since we have established the signature is indefinite, the argument we will give
in Case 2 below shows that Ses = —es3 as well. Since SSe; = es, SS belongs
to SO(2) N Gt = {id, T, T?} and S € s3. Thus the elements of order 2 in G-
are given by {S,TST~1,T?°ST~2}. Suppose T is an element of Glf which is
not in s3. Thus T has order 3. Since 7T is not in S3, TT has order 3 as well.
Lemma 7.3 then implies 772 has order 1 or order 2 and hence belongs to ss.
This implies T’ belongs to ss. This contradiction then shows, as desired,that
GF = S3.

Case 2. Suppose Sez # te3 and p is indefinite. We rescale e; to assume
e = 1. We rescale e; and e3 to assume

pler,e1) = plez, e2) = —p(es, e3) # 0 and p(e;, e;) =0 for i # j.
We find {z,y} so 22 — y? = 1 with y # 0. It then follows x # 0. Express:
Se; = xzey +yes, Sey = —ey, Sez = —ye; — xes,

Sel = we! —ye3, Se? = —e2, Se3 =ye! — xed.
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Let Aijk = (S*F)ijk — I‘ijk. We have 0 = Agp? = —2f. Thus f = 0. We then
have
0=A12=2cy, 0=Ap't=1l—-cz—ay, 0=Ap>=1—z+by.
Since zy # 0, we have ¢ = 0, b = —a, and * = 1 — ay. We impose these
relations and compute:
0= A232 = 2a + (1 70,2)y.
This implies a? # 1. We obtain therefore

2a 1+ a?

and z=——.

a? -1 1—a?

We verify 22 — y? = 1. Since y # 0, a # 0. The relations At = 0 and
Az3® = 0 imply

3+ 3a% +2a* +2ad =0, 10a®+ 6a® +d+ 3a*d = 0.

y:

We eliminate d to see:
d=—(3+3a®+2a*)(2a)"" = —(10a® + 6a°)(1 + 3a*) .

After cross multiplying and simplifying, we obtain 3(—14-a?)?(1+3a?+2a*) =
0. This implies @ = 1 which is not permitted. Thus, as claimed earlier, Case
2 is impossible.

Case 3. Suppose Sez # +e3 and p is definite. We may assume ¢ = 1 and
f=0.
pler,e1) = plez, e2) = ples, e3) # 0 and p(e;, e;) =0 for i # j.
We find {z,y} with 2% +y? = 1 with y # 0 so
Sey; = we; +yes, Ses = —es, Sez = —ye; — xes,
Sel = wel +ye3, Se? = —e2, Sed =ye! — ze3.
We compute
0=A13=cy?, 0=Anp'=1—-z+4+ay, 0=Apn2=1—2+by.
We obtain ¢ = 0, a = b, and z = 1 + by. We impose these relations and
compute:
0=Ay%=—2a—y—a’yso
r=(1-a*)(1+a®>)tand y = —2a(1+a®)" L.
We note 22 + y? = 1. Furthermore, since y # 0, a # 0. The relations 0 = Ay !
and 0 = A3! imply
0=3—3a>+2a" +2ad and 0 = 1 — 3a® + 4a* + ad — a*d.
If @ = +£1, the second equation is inconsistent and thus a # +1 so = # 0.

- 2 4
We set d = 7% and substitute this into the second relation to see
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2a —4a® = 0. Since a # 0, a = i%. We solve to see b = i% and d = FV2.

This gives rise to two possibilities:

a:b:%, 0:03 d:*ﬁa 611, f:()a xz%a y:7¥7
azbz—%, c=0, d=/2, e=1, f=0, x:%, y:%.
We remark that = = % corresponds to & = % in the analysis of Case 1 in the

proof of Lemma 7.3; this is, of course, not an accident that this value surfaces
again. If we consider e; — —ey and e3 — —eg, we simply interchange these two
solutions. So there is really only one solution. This gives rise to the exceptional
case given in Assertion (3b).

Let S € fo have order 2. Then there exists £ := xe; + yes for some
22 4+ 4% =1s0 S¢ = —¢. But then p(Ve€, &) = 0. Expanding this out yields
the relation —3zy? + 23 = 0. Since 22 + y? = 1, either z = 0 and & = +e;
or x = i? and y = i%. Thus the line through £ is a rotation of i%’r from
the line through ey and the argument above shows S is unique. This shows
that {S,TST~1, T?ST~2} are the 3 elements of order 2 and conjugation by T
permutes them cyclically. Let T be another element of order 3. By Assertion 2
of Lemma 7.1, if T is another element of order 3, then either 7T has order 2
or TT? = id or TT? has order 2. But in any event, this implies T’ belongs to
the subgroup generated by T and S.

7.7. The proof Theorem 1.12(4)

Suppose every element of Gl'f is of order 2. Then ABAB = id implies
ABA~! = B since every element is idempotent. Thus G} is Abelian. We can
simultaneously diagonalize the elements of Gl'f . Since we are dealing with R?,
either G‘FIr = Zo ® Zs or Gl‘f = Zs. We suppose the former possibility pertains.
Let S; and S5 generate Zg @ Zs. These idempotent matrices commute and
thus can be simultaneously diagonalized. Since det(S;) = +1, each S; has
two —1 eigenvalues and one +1 eigenvalue and H = {id,T1,T»,73}. If T is
invariant under this action, then Fijk must contain each index exactly once.
We compute:

' =a3 T2 =d® Tl =da', p=—2diag(a’a® da'a® a'a?).

If we rescale and let é; = p;e;, then
(a',a®,0”) = (napapy a', ppsps a?, papops a®).

We can certainly rescale to assume a' = 1. To preserve this normalization,
we require p, = pouz. We then have a? = pouzpspy a? = pa=? and @ =
[1,2/1,3#2#51 = p3a®. Consequently we can obtain a?> = +1 and a® = +1.
So the possibilities become @ € {(1,-1,-1),(1,-1,1),(1,1,-1),(1,1,1)}. By
permuting the elements we can get @ € {(1,-1,-1),(1,1,-1),(1,1,1)}. By
replacing e; — —e;, we can get @ € {(1,—-1,-1),(1,1,1)} as claimed. The first
possibility is discussed in Case 4a. The second case contains the permutation
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e1 — ea — ez — e1 and is discussed in Assertion 3b; the structure group is a4
and is not Zo @ Zs.
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