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Abstract
2 AFA e F Ao ABASE gt o) X5 o) Hr FAFE Ateta, A
Aoz A £ e BUIHES /At oW A FAFS oz FERE 5 X
Wk A= g e A ot Ao g Aot Ax ¢ }E 7MY oNE AqE2E Ve
o2 meE BEO FHE AEE 3td £ 9k 281 WYL EHHEE v o R FHo A
Asteh, st FEfQ] o A8 E At BUIES et =) AEE ALste] Sy
B Ay, 50 I FES ZUIHOE P o X5 EAS & ks 2 HEs
ot 2HEE 2 =FofA Agst A5, HAE J28n RUIHL o|iF FxE B3t 7|e8AT
Aoz #5884 Ao
F88o: gkl s A, B9, 409, 2UIYH, EFEX
1. A&

diEF 25 o] T3t 715 AISE (descriptive statistics)Z oA 33 42 E FE
(skewness)+= HAF2] -9l 0on] Fx] Q8% W7t AZFHTE 24 Wol 9]
2, Wiz 9% Wel7t o EZnT 27 Wl 9l A9t £ Itk 200 AT (kurtosis) 5
Ae 43} AAEe ez Ajev] AFEre) FES 02 ARG, AFRLH W7} T
He Pxe FEE 47} U0 wolz AFRERD FL melE 2E PEel YEe 847 A
(Bickel#} Doksum, 2001; Hogg 5 2013; Lehmann} Casella, 1998; Lindgren, 1993; Mood &, 1974;
Rohatgi, 1976).

FEH X = (X1, Xo, .., Xp)' = BTV p= (1, pio, o5 o) & BA-FRAEE B
£E mer, e X9 590l X9 $9% Hx 8 B2rin & o Mardia (1970)% o] 0|42
chazelx Bxe] Al 24T 4 gt o Ao HEE e o) 247 A
1984).
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A =E[{(X —p)'S ' (X —p)} ]
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8olt}. ¥4 Mardiad] ST+ F7HFe] B2 X9H = AALE SHsE= SAHYdE &+

L aAAR: (03063) M T2 AFHE 25-2, A7Bden 54
2 (03063) Al Z2T ATAE 25-2, AF AN AT, fhdA.
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sgoRM AH A8 BALS A% AT Yoz 388 & Atk

Qe ARE AZHoR BEAE o8 Y FolA A3 (box plot) S 9 Ao e
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2G| s EEsIrt v o 2 580 AES AR FF AT HAR A o] AF zk54
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(Zx, Zy)'s) whehen 2 A /ZTE 1294 488 £ 8 nelshEel BA-3RaqEe)
[S19) 3/2A1F S Zx 23 9 25 2y o) gl LFrolF o2 M ) 2,13} 2o Algkaet.
w2 e oMY FEEE (X, Yi)si = 1,...,njol tha = oh3) 2o] ANY 4 ok

<27 7 S z)

(1—p2)3/2 " n(1 — p2)3/2

Z =
2 A
=

1=

ANN Zx, = (Xi — X)/sd(X), Zy, = (Yi = Y)/sd(Y), p= corr(X Y)olth ZmEITA po] &
ikl 00A 12 Z+5 Ex& 9 _Joﬂ Al b=ttt B JElE WEhy] wiEell X9
Aok 2 4 glonz oldg A=gsl S AL B,

o HAEEAAY oW hE dTATl gESA] e (0, 0)7h= KKt F
AF2xl Qs TLsHA oW =g o] 0022 vt &4 A detia Ad
T Qith. vt do] EAE uf oW ﬂ]-‘-:— 1o WslE gy A thet 22 o= FEW
X=(X,Y)!'e] AFEFEEN Dlstrlbutlo 1& &3k

ok ﬂll

Distribution 2.1 : X ~ XA N(p1, 1) + (1 = A) N(—p1, X1),

QY EPREY FFF B2 78 Hogg 5 (2013)9) BHL F43he] oluzk A EFLEY
FEUE poh BA-FEAYY T 220 AWAS pt 22 ok} 2ol T

p=02A =D,

5 — 1+ (p1a + :U':n)Q —AXp1g e p1+ (H1z + :U':c)(ﬂly + lLy) - 2)‘(ﬂ1ml’"y + ﬂlyl"m)
P14 (1w + pe) (t1y + py) — 2X(B10 by + P1yfa) L (pay + 1y)? = A1y py '
o= p1+ (Bie + pz) (B1y + fy) = 2M(H1apy + fi1yfa)

VIF (f1z + Be)? — AApictic /T + (B1y + By)2 — SXp1ghy

Aol whg ERE] AFHE 23] A3t A FAA 3l 0.13 0.49] FE At AE
0322 dggct oWz AFEFEZANA A =034 wf 4] (0,0)°19 WAFo] V291 Ao AA
off Sl Ao FxANA i E AA ] Distribution 2.12 5 12572 Models A73t py = —0.6,
0, 0.6¢u] Z+ Model288 1,0007¢] GEXES FE319] =& Alete RdFS 5003 HE
Sttt o]=EA F#35F o|HE =5 Table 2.19] ‘Skewness’ & | L]-E}lﬂ 11 Figure 2.19] -8 37t}
3l Mardia =5 Table 2.129] ‘Mardia’ @l YEFA AT}

Mardia )&= Az} Fejo]7] w2 Bxo] X3 vleke &9013l7] o] x|t o)y
B FEjolA Ao We & = ok oS £°] Table 2.12] Model 291 3% (
EFEEY FEFHEE (04, -04)0|tt. FFARE 7|08 FERES EFAEY XY
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bt
rlr
=

H
=
=

= E%
BZ V€L r 9522 NPAJUT (skewed to the right). weba] o] =] F AE BF &
9] 2+ 7AW p1 = —0.6,0,0.69 w) h=7H2 27 (0.28, 0.28), (0.38, 0.38), (1.12, 1.12)°]c}. =k
W Mardia == pr = —0.6,0,0.6014] 0.43, 0.23, 0.132.8 239 WS &8 4 Qi) th=
o Z Model 5 (u1 = (—1,1)")9 A% EHE T HFHATE (04,-04)0olt}. FFHARE 7|&Fo=
FEFEES ERHHY X= FF L 7oz H=o07 x]—,—x:] o (skewed to the left), Y= H
= 7IEer $508 A¢HYUTt (skewed to the right). webA] Sz A WA 22 S5, 7 HA

_":_
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Table 2.1 Bivariate skewness of various model

p1 = —0.6

Model P Skewness Mardia  Model P Skewness Mardia
1 (1.3,0.55)  (0.14, 0.23) 0.42 7 (-1.3,-0.55)  (-0.14,-0.23) 0.42
2 (1,1) (0.28, 0.28) 0.43 8 (-1, -1) (-0.28,-0.28) 0.43
3 (0.6,1.28) (0.24, 0.15) 0.43 9 (-0.6, -1.28) (-0.24,-0.15) 0.41
4 (-0.6,1.28) (-0.7, 0.44) 0.20 10 (0.6, -1.28) (0.7,-0.44) 0.20
5 (-1,1) (-1.12, 1.12) 0.15 11 (1,-1) (1.12,-1.12) 0.15
6 (-1.3,0.55) (-0.36, 0.61) 0.19 12 (1.3, -0.55) (0.36,-0.61) 0.20

p1 =0

Model B Skewness Mardia  Model B Skewness Mardia
1 (1.3,0.55) (0.16, 0.28) 0.24 7 (-1.3, -0.55) (-0.16,-0.28) 0.22
2 (1,1) (0.38, 0.38) 0.23 8 (-1, -1) (-0.38,-0.38) 0.21
3 (0.6,1.28) (0.3, 0.19) 0.23 9 (-0.6, -1.28)  (-0.3,-0.19) 0.22
4 (-0.6,1.28) (-0.3, 0.19) 0.24 10 (0.6, -1.28) (0.3,-0.19) 0.20
5 (-1,1) (-0.38, 0.38) 0.22 11 (1, -1) (0.38,-0.38) 0.22
6 (-1.3,0.55) (-0.16, 0.28) 0.22 12 (1.3, -0.55) (0.16,-0.28) 0.23

p1 = 0.6

Model H1 Skewness Mardia  Model P Skewness Mardia
1 (1.3,0.55) (0.36, 0.61) 0.19 7 (-1.3, -0.55) (-0.36,-0.61) 0.20
2 (1,1) (112, 1.12) 0.13 8 (-1, -1) (-1.12,-1.12) 0.13
3 (0.6,1.28) (0.7, 0.44) 0.19 9 (-0.6, -1.28) (-0.7,-0.44) 0.20
4 (-0.6,1.28)  (-0.24, 0.15) 0.42 10 (0.6, -1.28)  (0.24,-0.15) 0.42
5 (-1,1) (-0.28, 0.28) 0.40 11 (1, -1) (0.28,-0.28) 0.43
6 (-1.3,0.55) (-0.14, 0.23) 0.38 12 (1.3, -0.55) (0.14,-0.23) 0.42

p1=-06 p1=0 01=06
b 5o 0 e
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Model 59} 1191 390l p; = 0.6 Wi p1 = 0¥ wfe} v ste] f=of 7]
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Table 2.2 Explanation of skewness’s sign

Sign of skewness Explanation

The bivariate data is skewed from 3rd to 1st quadrant.

(+:+) Both X and Y are skewed to positive direction.

(= +) The bivariate data is skewed from 4th to 2nd quadrant.

X is skewed to negative but Y is skewed to positive direction.

( ) The bivariate data is skewed from 1st to 3rd quadrant.

Both X and Y are skewed to negative direction.

The bivariate data is skewed from 2nd to 4th quadrant.

(+7_)

X is skewed to positive but Y is skewed to negative direction.

mgk 2ol 7t ot py =
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p1=-0.6, skewness -x
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Table 3.1 Bivariate kurtosis with various variances and correlation coefficients

ol=1 0% = 1.5% 0% =2° o? =257
kurtosis Mardia kurtosis Mardia kurtosis Mardia kurtosis Mardia
p2 = 0.6 1.64 8.47 2.67 8.86 3.86 10.04 4.85 11.17
p2 = 0.3 1.14 8.11 1.45 9.05 1.80 10.64 2.07 11.9
p2 =0 1.00 7.87 1.14 9.1 1.36 10.81 1.53 12.08
p2 = —0.3 1.14 8.09 1.45 9.05 1.80 10.67 2.07 11.93
p2 = —0.6 1.64 8.49 2.67 8.86 3.86 10.02 4.85 11.15

kurtosis

sigma

Figure 3.1 Bivariate kurtosis with various variances and correlation coefficients

3= EAgo g SaE).
o g 18T 22 HEghe 7h

2= B2 AAE7] 98 280042k 5LD38HA Distribution 2.1 4]
A3 12719] Modeloll A 7H53k A

2 0.5% 3= AFE3 R ¥ Distribution 3.25 1183t}
Distribution 3.2 : 0.5 N(p1, 1) + 0.5 N(—p1,¥1).

B8 7EHE Hojd 12572 Model FollA 2 6715 WA 6719 SLsch walbA p 9
Zro]l —0.6, 0, 0.69 Ao S 6712 Model2 T3}, Z+ ModeloA] 1,0007]2] FEEHS 2=
slo] o)W FEE Al ROl AHS 5003 wHESHA] HEZHS E5ke] Table 3.20 A2 skgith.

Table 3.2 Bivariate kurtosis values with various mean vectors and correlation coefficients

p1 = —0.6 p1 =0 p1 =0.6
Kurtosis Mardia  Kurtosis Mardia  Kurtosis Mardia
Model 1, 7 0.72 6.63 1.37 7.11 6.60 7.15
Model 2, 8 0.63 6.58 1.78 7.10 13.86 7.38
Model 3, 9 0.63 6.64 1.42 7.08 7.53 7.19
Model 4, 10 7.47 7.20 1.42 7.12 0.69 6.61
Model 5, 11 14.01 7.35 1.78 7.08 0.63 6.59
Model 6, 12 6.51 7.18 1.37 7.06 0.72 6.63

Table 3.28 B3t p1 = 0¥ Aol FHE o A Aol FAE =S 2+
& 2 9t} ¥ Model 1, 2, 3 (£ Model 7, 8, 9)0llA] 2, py 0] 1 (£ 3) o) %)
oA p1 =0.60|H EFEx9 FAASFT p7F & 3 7Y Aol 319 HE RE7} ZolAA HE
p1 = 091 Aol vlnste] AW, 2 p; = —0.69]H p7} 22 & 7MAH HE R
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Fro] THATE Step 1914 T8 5709 RAMEE o) 3
2t}
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Figure 4.1 Quantile vector and surface plot
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Figure 4.2 Surface plots based on Standard normal distributions: p = —0.45, 0, 0.45
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Figure 4.3 Surface plots for Distribution 2.1
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(a) Model 2 (p1 =0.6) (b) Model5 (p1 = —0.6) (c) Model 2 (p1 = —0.6) (d) Model 5 (p1 = 0.6)
Figure 4.4 Surface plots for Distribution 3.2
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Bivariate skewness, kurtosis and surface plot
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Abstract

In this study, we propose bivariate skewness and kurtosis statistics and suggest a
surface plot that can visually implement bivariate data containing the correlation coef-
ficient. The skewness statistic is expressed in the form of a paired real values because
this represents the skewed directions and degrees of the bivariate random sample. The
kurtosis has a positive value which can determine how thick the tail part of the data is
compared to the bivariate normal distribution. Moreover, the surface plot implements
bivariate data based on the quantile vectors. Skewness and kurtosis are obtained and
surface plots are explored for various types of bivariate data. With these results, it has
been found that the values of the skewness and kurtosis reflect the characteristics of
the bivariate data implemented by the surface plots. Therefore, the skewness, kurtosis
and surface plot proposed in this paper could be used as one of valuable descriptive

statistical methods for analyzing bivariate distributions.
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