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SIMULATION FUNCTIONS OVER M-METRIC SPACES

MEHDI ASADI*, MAHDI AZHINI, ERDAL KARAPINAR, AND HOSSEIN MONFARED

ABSTRACT. In this paper, existence of fixed point of certain operators
imbedded in simulation function has been investigated in context of a
complete M-metric spaces.

1. Introduction

Inspired from the notion of partial metric, introduced by Matthews [7], Asadi
et al. [5] proposed the concept of a M-metric which refine the notion of partial
metric. Like standard metric, M-metric has a topology and produce useful basic
topological concepts.

Recently, Khojasteh et al.. proposed the notion of simulation function to
unify the several existing fixed point results in the literature. In this paper,
we investigate the existence and uniqueness of fixed points of certain mappings
via simulation functions in the context of complete M-metric spaces. We shall
also indicate that several results in the literature can be derived from our main
results.

Definition 1. ( see [2]) A function o : [0,00) x [0,00) — R is said to be
simulation if it fulfils:
(01) 0(0,0) = 0;
(02) o(t,u) <uw—tfor all t,u > 0;
(03) if {t,}, {un} are sequences in (0, c0) such that lim,, o t;, = limg, 00ty >
0, then
lim sup o (ty, un) < 0. (1)
n— o0
Let ¥ be the collection of all simulation functions o : [0,00) x [0,00) — R.
On account of the property (o2), we conclude that

o(t,t) <0 forall t > 0. (2)
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Example 1.1. Let o : [0,00)x[0,00) — R be a mapping such that o(t,u) = 5 —t
for all t,u € [0,00). It is obvious that o is a simulation function. For more

examples of simulation functions in [2, 3].

Suppose (X, d) is a metric space, T is a self-mapping on X and o € X. We
say that T is a X-contraction with respect to o [2], if

o(d(Tz,Ty),d(z,y)) >0 for all z,y € X. (3)
For all distinct ,y € X, by (02), we have the inequality below
d(Tz, Ty) # d(z,y). (4)

Thus we deduce that whenever a Y-contraction 7" in a metric space has a fixed
point, then it is necessarily unique.

Theorem 1.2. FEvery X-contraction on a complete metric space has a unique
fixed point.

If an auxiliary non-decreasing function ¥ : [0, 00) — [0, 00) fulfils that
there exists pg € N and a € (0,1) and a convergent series of nonnegative terms
252 vp that
9Pt (s) < a¥P(s) +v,, for p > py and any s € [0, 00),
then, the function ¥ is called (c)-comparison and denoted as ¥ € U (see e.g.
[4])-
Lemma 1.3. (sce e.g [4]) If ¥ € ¥, such then the following hold:

(i) (9™(t))nen converges to 0 as n — oo for all ¢t € (0, 00);
(i) ¥(s) < s, for any t € (0, 00);
(iii) ¥ is continuous at 0;

(iv) the series %22 ;9P(s) converges for any s € (0, 00).

In what follows we recall the notion of (triangular) a-orbital admissible,

introduced by Popescu [6], that is inspired from [1].

Definition 2. [6] For a fixed mapping o : M x M — [0,00), we say that a
self-mapping T : M — M is an a-orbital admissible if
(01) afu,Tu) > 1= o(Tu, T*u) > 1.

Let A be the collection of all a-orbital admissible T": M — M.
In addition, T is called triangular a-orbital admissible if 7" is a-orbital ad-
missible and

(02) a(u,v) > 1 and a(v,Tv) > 1= au,Tv) > 1.
Let O be the collection of all triangular a-orbital admissible T : M — M.

Definition 3. ([5]) For a given non empty set X, we say that a function p :
X x X —[0,00) is an M-metric if

(ml) p(z,2) = pwly,y) = plr,y) & x =y,



SIMULATION FUNCTIONS OVER M-METRIC SPACES 561

(m2) mgy < p(x,y), where myy == min{u(z, ), u(y, y)},

(mS) N(mvy) = /u'(yvx)v

(md) (u(z,y) = may) < (0, 2) = Maz) + (1(2,y) = Mzy) -
In this case, the pair (X, p) is called an M-metric space.

In the following example we present an example of an M-metric.
Example 1.4. Let X = {a,b,c} U[0,00) with a,b,c ¢ {a,b,c}. Define
p(a,b) = (b, a) = p(a,a) =8,

wula,c) = pleya) = p(e,b) = u(bye) =7 w(b,b) =9 ple,c) =5,
and p(z,y) = |z —y| otherwise. So p is M-metric. If D(x,y) = p(z,y) — Mgy,
then p(a,b) = mqyp = 8 but it means D(a,b) = 0 while a # b which means D is
not metric.

Remark 1. ([5]) For every x,y € X

(1) 0< Moy + may = p(z,2) + w(y, y).-
(2) 0< M:Ey — Mgy = |u(x,x) - M(yay)l'
(3) Myy —myy < (Myz —myz) + (Mzy — myy).

For more examples and for the topology of M-metric space, we refer for
example [5]. Like in standard metric space topology, the set

{B,(z,e) 1z € X,e >0},
forms a base for the topology of M-metric u, where where
Byu(z,e) ={y € X : p(x,y) < myy + e},
for all z € X and € > 0.

Definition 4. ([5]) Let (X, u) be an M-metric space and {z,,} be a sequence
in (X, p). Then,

(1) {z,} converges to a point x € X if

lim (p(zp,z) —my, ) =0. (5)

n— oo

(2) {xn} is called a m-Cauchy sequence if

lim  (w(Tn, Tm) — Mz, 2,,) and lim (Ms, 2, — Ma,,z,,) (6)
n,m—oo n,Mm—00
there exist (and are finite).
(3) (X, p) is called complete if every m-Cauchy sequence {z,} in X con-
verges to a point z € X such that

( lim (p(xn,z) — My, ) =0 and lUm (My, o — Mg, o) = O) .

n—oo n—oo
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Lemma 1.5. ([5]) Suppose that ,, — = and y, — y as n — oo in an M -metric
space (X, ). Then, we have

Jim (12, yn) = My ) = 12, Y) = May

and also
nlingo(ﬂ(mna y) — macn,y) = p(z,y) — My,y,
for all y € X. Moreover, p(x,y) = mgy. Further if p(z,z) = p(y,y), then
T =y.
In this paper, we consider the existence of fixed point of certain operators,
defined via simulation function, in e very general setting, m-metric spaces.

2. Main result and fixed point theorems
We, first, define the following contractive mapping:
Definition 5. Let T be a self-mapping defined on an M-metric space (X, u).
If there exist 0 € ¥ and « : X x X — [0.00) such that
ola(z,y)(Tz, Ty), p(x,y)) >0 forall z,y € X, (7

then we say that 7" is an a-admissible ¥-contraction with respect to o.
If a(x,y) = 1, then T turns into a X-contraction with respect to o.

Lemma 2.1. Let T is an a-admissible X-contraction with respect to o in M-
metric space (X, ) and x,y € X such that p(zx,y) > 0 then

a(z,y)u(Tz, Ty) < p(z,y). (8)
Proof. Assume that x,y € X such that p(z,y) > 0. If u(Tz,Ty) = 0, then
alz,y)w(Tz, Ty) =0 < p(z,y). Otherwise, u(Tz, Ty) > 0. If a(z,y) = 0, then

the inequality is satisfied trivially. So assume that a(z,y) > 0 and applying
(02) with (7), we derive that

0 < o(a(z, y)u(Tz, Ty), p(x,y)) < p(x,y) — alz, y)u(Tz, Ty),
so (8) holds. O

We can now state the main result of this paper.

Theorem 2.2. Let (X,u) be a complete M -metric space and let T : X — X
be a continuous a-admissible 3-contraction with respect to o. If T € O and
there exists xg € X such that a(xg, Txo) > 1, then there exists u € X such that
Tu = u.

Proof. Due to the assumption of the theorem, there exists zg € X such that
a(xg,Txg) > 1. Let zp € X such that a(xg,Txg) > 1. Set-up an iterative
sequence {z,} in X by letting x,, 41 = Tz, for all n > 0. We want to prove
that p(zn,, Tne1) — 0, as n — 0.

If (g, Tng+1) = 0, for some ng € N, then we have p(Zng41,Zno+2) = 0.
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Suppose to the contrary that p(zn,+1, Tne+2) > 0, so by the property of T' and
(02)
0 < o(@ngs Trg+ ) (T Tng, TTng41), 1(Tng, Tng+1))
< M Tngs Tng+1) = AU Tngs Tng+ 1) (T Ty, TThnot1)
0 — a(Tngs Trg+1) (T Ty, TTho+1)-

Now since p(Zng, Tng+1) = 1 so by inequality we obtain that p(Tz,,, TTne+1) <
0. Which is a contradiction, hence we have p(xy,,z,+1) = 0 for all n > ny.
Consequently, we shall assume that

w(Tn, Tre1) >0, foralln=0,1,2,.... (9)

Regarding that T is a-admissible, we derive
a(xg, 1) = a(zg, Txo) > 1 = a(Txo, Tr1) = a1, 22) > 1.
Recursively, we obtain that
(T, Tpy1) > 1 foralln=0,1,.... (10)
From (7) and (10), it follows that for all n > 1, we have
0 < o(a(xn,xn-1)p(Txpn, Txn_1), W(Tn, Tn_1))

= o((Tn; Tn—1)(Tn+1,Tn), (T, Tn—1))

< w(@n, 1) — a(Xp, Tp—1) p(Tni1, Tn)-
Consequently, we derive that

/.L(J,‘n, xn-i—l) < a(xnv $n—1)“(xn7 xn-‘rl) < /.L(J,‘n, xn—l) for all n = 17 27 R
(11)
Hence, we conclude that the sequence {u(z,,z,—1)} is non-decreasing and
bounded from below by zero. Consequently, there exists m > 0 such that
limy, 00 pt(Tp, n—1) = m > 0. We shall prove that

nlgngo (@, Tp_1) = 0. (12)
Suppose, on the contrary that m > 0. Note that from the inequality (11), we
derive that
a(xna'rnfl) (xnuanrl) (13)
Letting s, = a(Tpn, Tpn—1)(@n, Tni1) and t ¢, = ,u(xn,xn 1) and taking (o3 )
into account, we get that

0 S lim sup O'(&((E,H $n71),u(33n+17 xn)a M(xna xnfl)) < 07 (14)

n—oo

which is a contradiction. Thus, we have m = 0. that means
nh_)rréo Xy, 1) = 0. (15)
Now we prove that {x,} is M-Cauchy sequence in (X, u). We have

lim p(z,,zne1) =0,

n—oo
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0<mg, 2, < (T, Tpy1) = nlinéo My 2,1 =0,
and
Mz Tpp1 = min{ﬂ(»’”m l‘n), /J’(xn-‘rl’ xn-l-l)} = nh—>nclo /’L(x’m xn) =0.
On the other hand

ma:n;a:?n = mln{/’[/(‘rru xn)? /’[/(xm7 xm)} = lim mévy“évm = 07

n,m—oo
SO
lim (Mg, z,, — Mg, 2,,) =0.

n,m— 00
We show

lim (M(-Tnv xm) - mmn,wm) = 0.

n,m— oo

Define

M*(z,y) == plz,y) — Mgy, Vr,yelX.
If limy, 1 —y00 M*(@r, Tm) # 0, there exist ¢ > 0 and {l;} C N such that
M*(xy,,xn,) > €.
Suppose that k is the smallest integer which satisfies above equation such that
M*(xp—1,2n,) < €.
Now by (m4) we have
e < M*(z,,@n,) < M* (21, x1,-1) + M (@1,—1, %0, ) < M (21, 21,—1) + €.

Thus

lim M*(xy,,2n,) =€,
k—o0

which means

klinolo(u(xlk ) xnk) - mwlk 7$"k) =&

On the other hand

lim m =0,

ks 00 Llp sTng,

so we have
lim p(zy,, 2n,) =&. (16)
k—o0
Again by (m4) we have
M*(mlk ) xnk) < M*(xlk ) xlk+1) + M* (xlk"l‘l? xnk-i-l) + M* (xnk-i-lv xnk)a
and
M*(a:lk-‘rl? mnk+1) < M*(mlk ’ mlk+1) + M* (Ilk ) xnk) + M~ (xnk“l‘l? xnk)’
taking the limit as k — 400, together with (15) and (16) we have
m (@41, Ty 41) = €. (17)
k— o0

Particularly, there exists n; € N such that for all £k > n; we have

€ €
w(xy,, xn,) > = and p(x), 11, Tn, +1) > 3 > 0. (18)

2
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Moreover, since T is triangular a-orbital admissible, we have
alxy,, Ty, ) > 1. (19)

Regarding the fact T is an a-admissible X-contraction with respect to o, to-
gether with (18) and (19) we get that

0 < O'(O‘(xlk’xnk)M(TxlkvTxnk)vu(xlk’xnk))
= U(O‘(xlwxnk)ﬂ(xlkJrhxnkJrl)vM(xlwxnk))
< “(xlkvwnk) - a(xlk"xnk)ﬂ(mlk+lvxnk+1)7

for all £k > ny. Consequently, we have

0< :U’(xlk+1ﬂxnk+1) < a(a(xlwxnk)u($1k+17xnk+1) < N(xlk7$nk)7
for all £ > n;. From above inequality, together with(16) and(17), we conclude
that s, = a(xy,, Tn, ) (T, 41, Tnyt1) — € as t, = p(ay,, n, ) — . On account
of the above observations and regarding the condition (o3), we deduce that
0 < lim SUPU(CV(zlk,Uan)M(JﬂzHl, xnk+1)a N(xlkaxnk)) < 07
k—o0

which is a contradiction, and therefore {x,,} is an M-Cauchy sequence. Now by
completeness of X, x,, — u, for some v € X in 7, topology that means,

nh_{[;O(U(xm u) — My, ) = 0.

And
lim (Mg, » — Mg, u) =0.

n— oo

But we have lim,,_,o My, » = 0, hence lim,,_, oo p(2y, u) = 0 and by Remark 1

p(u,u) =0.
T is continuous so

lim (p(Txp, Tu) — mry, 7o) =0,

n—oo
that means

nli_{T;oW(anv Tu) - mwn+1,TU) =0,

and similar to the above, we have lim,, _,oc Mg, ., 7o = 0, hence lim,, o0 p(2p11, Tu) =
0 and by Remark 1, u(Tu,Tu) = 0. On the other hand, x,, — u as n — oo so
by Lemma 1.5, we get

((xn, Tu) —mg, 7y) = (W, Tu) — my 1) = p(u, Tu) as n— oo,

but we have
(u(zpn, Tu) —mg, 7o) = 0 as n — oo.
Thus
p(u, Tu) =0,
therefore u(u, Tw) = pu(Tu, Tu) = p(u,u) = 0 and by (ml) we get

Tu=u.
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O

We say that (X, ) is regular, if {z,, } is a sequence in X such that a(z,, Tpi1) >
1 for all n and z, — = € X as n — oo, then there exists a subsequence {x,, }
of {z,,} such that a(z,,,z) > 1 for all .

Theorem 2.3. Let (X, 1) be a complete M-metric space and let T : X — X be
an a-admissible 3-contraction with respect to o. Suppose that (X, ) is reqular.
If T € O and there exists xg € X such that a(xg, Txg) > 1, then there exists
u € X such that Tu = u.

Proof. Following the proof of Theorem 2.2, we know that the sequence {z,}
defined by z,4+1 = Tz, for all n > 0, converges for some u € X. From (10)
and (X, p) is regular , there exists a subsequence {z,,} of {z,} such that
a(Zn,,u) > 1 for all k. Applying (7), for all k, we get that

0 < U(a(mnk’u)M(Tmnk’Tu)7U($nmu))
= U(O‘(xnmU)M(xnk+17Tu)’ﬂ<xnk>u))
< M(xnk7u) _a(xnkvu)/‘(xnkJrlvTu)v

which is equivalent to
0 < w(@ny 41, Tu) = w(Txp,, Tu) < a(zn,, w)p(Tan, , Tu) < p(x,,,w). (20)
Letting kK — oo in the above equality, we have
(@41, Tu) — 0 as k — oo.

Therefore as in proof of Theorem 2.2 we have Tu = u. U

For the uniqueness of a fixed point of an a-admissible -contraction with
respect to o, we shall suggest the following hypothesis.
(U) For all z,y € Fix(T), we have a(z,y) > 1.
Here, Fix(T) denotes the set of fixed points of T'.

Theorem 2.4. Adding condition (U) to the hypotheses of Theorem 2.2 (resp.
Theorem 2.3), we obtain that u is the unique fized point of T.

Proof. Suppose that u,v € X are two fixed points of T'. we have p(u,u) = 0,
let in a contrary p(u,u) > 0, so by Lemma 2.1

wlu,u) = p(Tu, Tu) < a(u,w)pu(Tu, Tu) < p(u,w).

Which is a contradiction so we have p(u,u) = 0. By similar way we have
p(v,v) =0 and p(u,v) = 0, hence by (mq)

u ="v.
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Example 2.5. Let X =[0,1] and p: X — [0,00) defined by
r+y
2

be an M-metric on X, clearly (X, p) is a complete M -metric space. Suppose
that T : X — X be a mapping defined by

p(z,y) =

Tx = 3,
we prove that T is continuous in (X, p). Assume that x9 € X and e > 0 be
arbitrary we want to show that there exist § > 0, such that if pu(xo, y) — oy .y < 9,
then w(Txo, Ty) — pree,my < €. Let y € X, and x9 > y, then Txzo > Ty, hence
we get

P,y = min{p(zo, zo), n(y,v)} = v,

and 9
. Y
HTzo, Ty = mln{/.l/(TZ'(), Txo)a M(Tyv Ty)} = ?
So
M(TxOv Ty) = UTzo,Ty <€
2 2
Zo +Z y2
3 3
=3 3 T <
2 3 °°
2 _ .2
Lo - Y <&
T —
(+) = (wo +y) <e,

now let § = § and (0, y) — fizgy <8 = 3, 50

1
0 < u(0,Y) — faoy < 5

2
To + Yy 1
=0 ——y< =
=2 Y53
To—Y 1
=0< —
- 2 <2
=0<2y—y<l1
() =2x9 > xg+y > —1+ 2x0.
By using (xx) in (x) we get
Ty — To —
06y<25x0:> 0 y<65w0,

hence we get
/J,(il'o,y) - IU‘I(),y < 651’0
therefore we let

1
0= mim{§7 Gexo}.
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In similar way for xo <y we get 6 > 0 such that p(xo,y) — tag,y < 0. Hence T
is continuous in arbitrary xg € X. Let a: X x X — [0,00) be a function defined
by

— 1’ :Z:7 y = 0;
o, y) = oty otherwise.

ZL’2+y27
Then T is an a-admissible mapping on X and T € O, since for all x,y € X we
have
a(z,y) > 1.
Now we define o : [0,00) X [0,00) = R by

o(t,u) = % —t.

So o € ¥.. We have also a(xg, Txo) > 1, for an arbitrary xo € X, on the other
hand T is 3-contraction with respect to o. since for all x,y € X if x,y # 0,

2 2
r+y S+% z+y

U(a(x’y)M(TxaTy)vu(x’y)) = U( )

24+y2 2 7 2
CT(x—ky x+y) _ :cl—y_x—gyzo.

6 2

If z,y = 0, we have, o(a(z,y)u(Tz, Ty), u(z,y)) = 0(0,0) = 0. Hence for all
r,y € X,

o(alz, y)u(Tz, Ty), pu(z,y)) > 0.

Hence T is satisfied in the assumptions of Theorem 2.2 with respect to the defined
functions a, 0 and m as a metric on X and we have T0 = 0.

3. Consequences

In this section, we shall illustrate that several existing fixed point results in
the literature can be derived from our main results by regarding Example 1.1
and also Example 12 - Example 19 in [3].

Theorem 3.1. [1] Let T : X — X be an a — ¥-contractive mapping where
(X,d) is a complete metric space. Suppose that T € A and there exists xo € X
such that a(xg, Txo) > 1. If, either, T is continuous, or (X,d) is reqular, then,
there exists u € X such that Tu = u.

Theorem 3.2. Adding to the hypotheses of Theorem 3.1 the condition:
For all z,y € X, there exists z € X such that a(x,z) > 1 and a(y,z) > 1, we
obtain uniqueness of the fixed point.

We conclude that the main result of Samet et al. [1] can be expressed as a
corollary of our main result.

Theorem 3.3. Theorem 3.1 is a consequence of Theorem 2.4.
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Proof. Taking og(t,s) = ¥(s) — t for all s,t € [0,00), in Theorem 2.4, we get
that

a(z,y)d(Tz, Ty) < ¥(d(z,y)), for all z,y € X.

We skip the details. O

Hence, all consequences, including the famous fixed point theorem of Banach,
can be expressed easily from the above theorem as in [1]. We derive that the
main result of Khojasteh et al. [2] can be expressed as a corollary of our main
result.

Theorem 3.4. Theorem 1.2 is a consequence of Theorem 2.4.

Proof. Tt is enough to take a(z,y) =1 for all z,y € X. O

4. Conclusion

It is clear that we can list several consequences of our main results by defining
the mapping o in a proper way like in the Example 1.1 and examples in [3] . In
particular, we are able to get several existing fixed point theorems in the various
settings (in the context of partially ordered set endowed with a metric, in the
setting of cyclic contraction etc.) regarding Theorem ( and hence Theorem 3.1).
We omit the details since they are obvious.
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