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ON gprµ-CLOSED MAPPINGS AND gprµ-OPEN MAPPINGS

Vidhya Menon and Gnanambal Ilango

Abstract. In this paper we define new types of mappings known as gprµ-
closed mappings, gprµ-open mappings and discuss its properties. Fur-

thermore we introduce the concepts of supra pre∗-normal spaces and also

investigate its properties.

1. Introduction

In 1982, S.R.Malghan [5] introduced the notion of closed mappings in topol-
ogy. Many researchers extended the work and investigated different types of
closed and open functions in topological spaces. In 1983, Mashhour et.al.[6]
introduced the notion of supra topological spaces and discussed the study of
S-continuous maps and S∗-continuous maps in supra topological spaces. In
1999, Won Keun Min and Hong Soon Chang [13] introduced M -open mappings
in supra topological spaces. In 2010, O.R.Sayed [9] investigated a class of sets
called supra pre-open sets and discussed a class of maps called supra pre-open
maps. In 2011, Ravi et.al. [7] introduced a class of sets called supra g-closed
sets and analysed a class of maps called supra g-open and supra g-closed maps.
Then in 2012, the same authors [4] used supra g-closed sets to define supra
sg-closed sets and also introduced supra sg-closed mappings. In 2016, Vidhya
Menon et.al. [10] made an extensive study of gprµ-closed sets. In this paper
gprµ-closed mappings and gprµ-open mappings are introduced and their prop-
erties are studied. Also the notion of supra pre∗-normal spaces is defined and
studied.
Throughout this paper (X, τ), (Y, σ) and (Z, η) denote topological spaces on
which no separation axioms are assumed unless explicitly stated. A subcollec-
tion µ ⊂ P (X) is called a supra topology on X if X ∈ µ and µ is closed under
arbitrary union. (X,µ) is called a supra topological space. The elements of µ
are said to be supra open in (X,µ) and complements of supra open sets are
called supra closed sets. The supra closure of a set A, denoted by clµ(A), is
the intersection of supra closed sets including A. The supra interior of a set
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A, denoted by intµ(A), is the union of supra open sets included in A. We
call µ a supra topology associated with τ if τ ⊂ µ. A subset A of X is called
supra pre-closed [9] (resp. supra α-closed [1], supra regular closed, supra b-
closed [8]) if clµ(intµ(A)) ⊆ A (resp. clµ(intµ(clµ(A))) ⊆ A, A = clµ(intµ(A)),
intµ(clµ(A)) ∩ clµ(intµ(A)) ⊆ A). The complement of a supra pre-closed set
(resp. supra α-closed set, supra regular closed set, supra b-closed set) is called
supra pre-open set [9] (resp. supra α-open set [1], supra regular open set, supra
b-open set [8]).
The collection of all supra pre-open, supra pre-closed, supra regular open, supra
generalized pre-regular closed and supra generalized pre-regular open subsets of
X are denoted by POµ(X), PCµ(X), ROµ(X), GPRCµ(X), GPROµ(X).

2. Preliminaries

Definition 1. Let A be a subset of (X,µ). Then

(i) the supra pre-closure [12] of a set A, denoted by pclµ(A) =
⋂
{B : B

is a supra pre-closed set and A ⊆ B}.
(ii) the supra pre-interior [12] of a set A, denoted by pintµ(A) =

⋃
{B : B

is a supra pre-open set and B ⊆ A}.
(iii) the supra gpr-closure of a set A, denoted by gprµ-cl(A) =

⋂
{B : B is

a gprµ-closed set and A ⊆ B}.
(iv) the supra gpr-interior of a set A, denoted by gprµ-int(A) =

⋃
{B : B

is a gprµ-open set and B ⊆ A}.
(v) the supra α-closure [1] of a set A, denoted by supra αcl(A) =

⋂
{B : B

is a supra α-closed set and A ⊆ B}.
(vi) the supra b-closure [8] of a set A, denoted by clµb (A) =

⋂
{B : B is a

supra b-closed set and A ⊆ B}.

Definition 2. A subset A of a space (X,µ) is called

(i) supra generalized closed [7] (briefly gµ-closed) if clµ(A) ⊆ U whenever
A ⊆ U and U is supra open in (X,µ).

(ii) supra generalized pre-closed [12] (briefly gpµ-closed) if pclµ(A) ⊆ U
whenever A ⊆ U and U is supra open in (X,µ).

(iii) supra generalized pre-regular closed [12] (briefly gprµ-closed) if
pclµ(A) ⊆ U whenever A ⊆ U and U is supra regular open in (X,µ).

(iv) supra generalized α-closed [11] (briefly gαµ-closed) if αclµ(A) ⊆ U
whenever A ⊆ U and U is supra α-open in (X,µ).

(v) supra α-generalized closed [11] (briefly αgµ-closed) if αclµ(A) ⊆ U
whenever A ⊆ U and U is supra open in (X,µ).

(vi) supra regular generalized closed [12] (briefly rgµ-closed) if clµ(A) ⊆ U
whenever A ⊆ U and U is supra regular open in (X,µ).

(vii) supra generalized b-regular closed [11] (briefly gµbr-closed) if
bclµ(A) ⊆ U whenever A ⊆ U and U is supra regular open in (X,µ).
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Definition 3. Let (X, τ) and (Y, σ) be two topological spaces with supra topol-
ogy µ associated with σ. A function f : (X, τ)→ (Y, σ) is called

(i) supra closed [7] if the image of each closed set in X is supra closed in
Y .

(ii) supra pre-closed [9] if the image of each closed set in X is supra pre-
closed in Y .

(iii) supra regular closed if the image of each closed set in X is supra regular
closed in Y .

(iv) gµ-closed [7] if the image of each closed set in X is gµ-closed in Y .
(v) gpµ-closed if the image of each closed set in X is gpµ-closed in Y .
(vi) gαµ-closed if the image of each closed set in X is gαµ-closed in Y .

(vii) αgµ-closed if the image of each closed set in X is αgµ-closed in Y .
(viii) rgµ-closed if the image of each closed set in X is rgµ-closed in Y .

The respective open functions are defined in a similar manner.

Definition 4. Let (X, τ) and (Y, σ) be two topological spaces with supra topol-
ogy µ associated with τ . A function f : (X, τ)→ (Y, σ) is called

(i) supra-continuous [7] if f−1(V ) is supra closed (resp. supra open) in X
for every closed set (resp. open set) V of Y .

(ii) gprµ-continuous [12] if f−1(V ) is gprµ-closed (resp. gprµ-open) in X
for every closed set (resp. open set) V of Y .

Definition 5. Let (X, τ) and (Y, σ) be two topological spaces with supra topol-
ogy µ associated with σ. A function f : (X, τ)→ (Y, σ) is called

(i) strongly supra continuous if f−1(V ) is closed (resp. open) in X for
every supra closed set (resp. supra open set) V of Y .

(ii) strongly gprµ-continuous if f−1(V ) is closed (resp. open) in X for every
gprµ-closed set (resp. gprµ-open set) V of Y .

Definition 6. Let (X, τ) and (Y, σ) be two topological spaces with supra topolo-
gies λ and µ associated with τ and σ respectively. A function f : (X, τ)→ (Y, σ)
is called

(i) supra irresolute [4] if f−1(V ) is supra closed (resp. supra open) in X
for every supra closed set (resp. supra open set) V of Y .

(ii) supra pre-irresolute if f−1(V ) is supra pre-closed (resp. supra pre-open)
in X for every supra pre-closed set (resp. supra pre-open set) V of Y .

(iii) supra gpr-irresolute if f−1(V ) is gprλ-closed (resp. gprλ-open) in X for
every gprµ-closed set (resp. gprµ-open set) V of Y .

Definition 7. (i) A space (X, τ) is called a T1/2 space [2] if every g-closed
set is closed.

(ii) A space (X,µ) is called a supra pre-regular T1/2 space [12] if every
gprµ-closed set is supra pre-closed.
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3. gprµ-closed map & gprµ-open map

Definition 8. Let (X, τ) and (Y, σ) be two topological spaces with supra topol-
ogy µ associated with σ. A function f : (X, τ) → (Y, σ) is called gprµ-closed
(resp. gprµ-open) if the image of each closed (resp. open) set in X is gprµ-closed
(resp. gprµ-open) in Y .

Example 1
(i) Let X = Y = {a, b, c}, with the topology τ = {φ,X, {a}},
σ = {φ, Y, {b, c}} and the supra topology µ = {φ, Y, {a, c}, {b, c}}. Let
f : (X, τ) → (Y, σ) be defined as f(a) = a, f(b) = b, f(c) = c. Then f is
gprµ-closed.
(ii) Let X = Y = {0, 1, 2}, with the topology τ = {φ,X, {1}, {1, 2}},
σ = {φ, Y, {1}} and the supra topology µ = {φ, Y, {1}, {0, 2}}. Let
f : (X, τ) → (Y, σ) be a map defined as f(0) = 1, f(1) = 2, f(2) = 1. Then f
is gprµ-open.

Definition 9. Let (X, τ) and (Y, σ) be two topological spaces with supra topol-
ogy µ associated with σ. A function f : (X, τ)→ (Y, σ) is called

(i) p-gprµ-open (resp. p-gprµ-closed) if the image of each pre-open (resp.
pre-closed) set in X is gprµ-open (resp. gprµ-closed) in Y .

(ii) gµbr-closed (resp. gµbr-open) if the image of each closed (resp. open)
set in X is gµbr-closed (resp. gµbr-open) in Y .

Theorem 3.1. Every closed map is gprµ-closed.

Proof. Let (X, τ) and (Y, σ) be two topological spaces with supra topology µ
associated with σ. Let f : (X, τ)→ (Y, σ) be a closed map and A be a closed set
in X. Then f(A) is closed in Y . Since µ associated with σ, σ ⊂ µ. Therefore
f(A) is supra closed in Y which is gprµ-closed in Y . Hence f is gprµ-closed. �

Theorem 3.2. Every supra closed (resp. supra pre-closed, gµ-closed, gpµ-
closed, gαµ-closed, αgµ-closed, rgµ-closed) map is gprµ-closed.

Proof. Let f : (X, τ) → (Y, σ) be a supra closed map with σ ⊂ µ and V be
a closed set in X. Then f(V ) is supra closed (resp. supra pre-closed, gµ-
closed, gpµ-closed, gαµ-closed, αgµ-closed, rgµ-closed) in Y . Since every supra
closed (resp. supra pre-closed, gµ-closed, gpµ-closed, gαµ-closed, αgµ-closed,
rgµ-closed) set is gprµ-closed, f(V ) is gprµ-closed in Y . �

Converse of the theorem need not be true as seen from the following example:

Example 2:
(i) Let X = Y = {a, b, c}, with the topology τ = {φ,X, {a}, {b}, {a, b}},
σ = {φ, Y, {b, c}} and the supra topology µ = {φ, Y, {a, b}, {b, c}}. Define the
map f : (X, τ)→ (Y, σ) by f(a) = a, f(b) = b , f(c) = c. Then the function f
is gprµ-closed but not supra closed as f({b, c}) = {b, c} is not supra closed in
Y .
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(ii) Let X = Y = {a, b, c}, with the topology τ = {φ,X, {b, c}}, σ = {φ, Y, {a}}
and the supra topology µ = {φ, Y, {a}, {a, b}}. Define the map
f : (X, τ) → (Y, σ) by f(a) = a, f(b) = b, f(c) = c. Then the function f
is gprµ-closed but not supra pre-closed as f({a}) = {a} is not supra pre-closed
in Y .
(iii) Let X = Y = {a, b, c}, with the topology τ = {φ,X, {a}, {b, c}},
σ = {φ, Y, {b, c}} and the supra topology µ = {φ, Y, {a}, {a, b}, {b, c}}. De-
fine the map f : (X, τ) → (Y, σ) by f(a) = b, f(b) = c, f(c) = a. Then the
function f is gprµ-closed but not gµ-closed as f({a}) = {b} is not gµ-closed in Y .
(iv) Let X = Y = {a, b, c}, with the topology τ = {φ,X, {a}, {b, c}},
σ = {φ, Y, {b, c}} and the supra topology µ = {φ, Y, {a}, {a, b}, {b, c}}. De-
fine the map f : (X, τ) → (Y, σ) by f(a) = c, f(b) = a, f(c) = b. Then the
function f is gprµ-closed but not gpµ-closed as f({b, c}) = {a, b} is not gpµ-
closed in Y .
(v) Let X = Y = {a, b, c, d}, with the topology τ = {φ,X, {a}, {a, b}, {a, c},
{a, b, c}}, σ = {φ, Y, {b, c, d}} and the supra topology µ = {φ, Y, {a, b, d}, {b, c, d}}.
Define the map f : (X, τ) → (Y, σ) by f(a) = a, f(b) = b, f(c) = c, f(d) = d.
Then the function f is gprµ-closed but not αgµ-closed as f({b, c, d}) = {b, c, d}
is not αgµ-closed in Y .
(vi) Let X = Y = {a, b, c, d}, with the topology τ = {φ,X, {a}, {a, b}, {a, c},
{a, b, c}}, σ = {φ, Y, {b, c, d}} and the supra topology µ = {φ, Y, {a, b, d}, {b, c, d}}.
Define the map f : (X, τ) → (Y, σ) by f(a) = a, f(b) = b, f(c) = c, f(d) = d.
Then the function f is gprµ-closed but not gαµ-closed as f({b, d}) = {b, d} is
not gαµ-closed in Y .
(vii) LetX = Y = {a, b, c, d}, with the topology τ = {φ,X, {a}, {b, c}, {c}, {a, c},
{a, c, d}, {a, b, c}}, σ = {φ, Y, {a}} and the supra topology µ = {φ, Y, {a}, {b, c},
{a, c}, {a, b, c}}. Define the map f : (X, τ) → (Y, σ) by f(a) = a, f(b) = b,
f(c) = c, f(d) = d. Then the function f is gprµ-closed but not rgµ-closed as
f({b}) = {b} is not rgµ-closed in Y .

Theorem 3.3. Every gprµ-closed map is gµbr-closed.

Proof. Let f : (X, τ) → (Y, σ) be a gprµ-closed map with supra topology µ
associated with σ and V be a closed set in X. Then f(V ) is gprµ-closed in
Y . By theorem 3.1 [3], every gprµ-closed set is gµbr-closed. Hence f(V ) is
gµbr-closed in Y . �

However the converse need not be true.

Example 3: LetX = Y = {a, b, c, d}, with the topology τ = {φ,X, {a}, {b, c, d}},
σ = {φ, Y, {a}} and the supra topology µ = {φ, Y, {a}, {b}, {c}, {a, b}, {b, c}, {a, c},
{a, b, c}}. Define the map f : (X, τ) → (Y, σ) by f(a) = a, f(b) = b, f(c) = c,
f(d) = d. Then the function f is gµbr-closed but not gprµ-closed as
f({a}) = {a} is not gprµ-closed in Y .
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Theorem 3.4. Let (X, τ) and (Y, σ) be the two topological spaces with supra
topology µ associated with σ.

(i) If f : (X, τ) → (Y, σ) is gprµ-closed then gprµ-cl(f(A)) ⊂ f(cl(A)) for
each set A in X.

(ii) If f : (X, τ)→ (Y, σ) is gprµ-open then f(int(A)) ⊂ gprµ-int(f(A)) for
each set A in X.

Proof. (i) Let A ⊂ X and f : (X, τ)→ (Y, σ) be a gprµ-closed map. Then
f(cl(A)) is gprµ-closed in Y . Also f(A) ⊂ f(cl(A)). This implies gprµ-
cl(f(A)) ⊂ gprµ-cl(f(cl(A))). That is gprµ-cl(f(A)) ⊂ f(cl(A)).

(ii) Let A ⊂ X and f : (X, τ) → (Y, σ) be a gprµ-open map. Then
f(int(A)) is gprµ-open in Y . Also f(int(A)) ⊂ f(A). This implies
gprµ-int(f(int(A))) ⊂ gprµ-int(f(A)). As f(int(A)) is gprµ-open,
f(int(A)) ⊂ gprµ-int(f(A)).

�

Theorem 3.5. Let (X, τ) and (Y, σ) be the two topological spaces with supra
topology µ associated with σ. A function f : (X, τ) → (Y, σ) is gprµ-closed
iff for each subset S of Y and each open set U containing f−1(S) there is a
gprµ-open set V of Y such that S ⊂ V and f−1(V ) ⊂ U .

Proof. Let f be gprµ-closed, S ⊂ Y and U be an open set of X such that
f−1(S) ⊂ U . Then f(X − U) ∈ GPRCµ(Y ) and
V = Y − f(X − U) ∈ GPROµ(Y ). f−1(S) ⊂ U implies S ⊂ V and
f−1(V ) = X − f−1(f(X − U)) ⊂ X − (X − U) = U .
Conversely let F be closed in X, then f−1(Y − f(F )) ⊂ X − F . By hypothesis
there exist V ∈ GPROµ(Y ) such that Y − f(F ) ⊂ V and f−1(V ) ⊂ X−F and
so F ⊂ X − f−1(V ). Hence Y − V ⊂ f(F ) ⊂ f(X − f−1(V )) ⊂ Y − V . This
implies f(F ) ⊂ Y − V . Thus f(F ) = Y − V . Thus f(F ) is gprµ-closed in Y
and therefore the function f is gprµ-closed. �

Theorem 3.6. Let f : (X, τ) → (Y, σ) be a bijective map with supra topology
µ associated with σ. Then the following are equivalent:

(i) f is a gprµ-open map
(ii) f is a gprµ-closed map
(iii) f−1 is a gprµ-continuous map.

Proof. (i) ⇒ (ii) Suppose B is closed in X. Then X − B is open in
X. By (i) f(X − B) is a gprµ-open set in Y . Since f is bijective,
f(X−B) = Y −f(B). Hence f(B) is a gprµ-closed set in Y . Therefore
f is a gprµ-closed map.

(ii) ⇒ (iii) Let f be a gprµ-closed map and B be a closed set in X. Since
(f−1)−1 = f and f(B) is gprµ-closed in Y , (f−1)−1(B) = f(B) is gprµ-
closed set in Y . Hence by definition 4 (ii) f−1 is a gprµ-continuous map.
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(iii) ⇒ (i) Let A be an open set in X. Since f−1 is gprµ-continuous map,
(f−1)−1(A) = f(A) is a gprµ-open set in Y . Hence f is a gprµ-open
map.

�

Theorem 3.7. Let f : (X, τ) → (Y, σ) be a map with supra topology µ asso-
ciated with σ. If a function f : (X, τ) → (Y, σ) is strongly supra continuous,
gprµ-closed and A is g-closed set in X, then f(A) is gprµ-closed in Y .

Proof. Let f(A) ⊆ O where O is a supra regular open set of Y . Then f−1(O) is
an open set of X containing A. Since A is g-closed, we have
cl(A) ⊆ f−1(O). Now, f is gprµ-closed implies f(cl(A)) is gprµ-closed in
Y . That is pclµ(f(cl(A))) ⊆ O, where O is supra regular open in Y . Thus
pclµ(f(A)) ⊆ pclµ(f(cl(A))) ⊆ O. Hence pclµ(f(A)) ⊆ O. Therefore f(A) is a
gprµ-closed set in Y . �

Definition 10. Let (X, τ) and (Y, σ) be two topological spaces with supra
topologies µ and λ associated with τ and σ respectively. A function
f : (X, τ) → (Y, σ) is called p-gprµ-continuous if f−1(F ) is gprµ-closed in
X for every supra pre-closed set F of Y .

Theorem 3.8. Let (X, τ) and (Y, σ) be two topological spaces with supra topolo-
gies µ and λ associated with τ and σ respectively. If f : (X, τ) → (Y, σ) is p-
gprµ-continuous and Y is supra pre-regular T1/2 then f is supra gpr-irresolute.

Proof. Let F be any gprλ-closed set of Y . Since Y is supra pre-regular T1/2,
then F is supra pre-closed in Y . By hypothesis f is p-gprµ-continuous, so
f−1(F ) is gprµ-closed in X. Hence f is supra gpr-irresolute. �

Definition 11. Let (X, τ) and (Y, σ) be two topological spaces with supra
topologies µ and λ associated with τ and σ respectively. A function
f : (X, τ) → (Y, σ) is called supra r∗-closed (resp. supra r∗-open) if the image
of each supra regular closed (resp. supra regular open) set in X is supra regular
closed (resp. supra regular open) in Y .

Remark 1. Let (X, τ) and (Y, σ) be two topological spaces with supra topologies
µ and λ associated with τ and σ respectively. A function f : (X, τ) → (Y, σ)
is supra r∗-closed iff for each subset S of Y and each supra regular open set U
containing f−1(S) there is a supra regular open set V of Y such that S ⊂ V
and f−1(V ) ⊂ U .

Theorem 3.9. Let (X, τ) and (Y, σ) be two topological spaces with supra topolo-
gies λ and µ associated with τ and σ respectively. If f : (X, τ) → (Y, σ) is
p-gprλ-continuous, supra r∗-closed and K is a gprµ-closed set of Y , then f is
supra gpr-irresolute.

Proof. Let K be any gprµ-closed set of Y and U be a supra regular open set
containing f−1(K). Since f is supra r∗-closed, by remark 1 there exist a supra
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regular open set V of Y such that K ⊂ V and f−1(V ) ⊂ U . Since K is gprµ-
closed in Y , pclµ(K) ⊂ V . This implies f−1(pclµ(K)) ⊂ f−1(V ) ⊂ U . Now,
f is p-gprλ-continuous implies f−1(pclµ(K)) is gprλ-closed in X and hence
pclλ(f−1(K)) ⊂ pclλ(f−1(pclµ(K))) ⊂ U . Hence f−1(K) is gprλ-closed. �

Theorem 3.10. Let (X, τ) and (Y, σ) be two topological spaces with the supra
topologies λ and µ associated with τ and σ respectively.

(i) If the bijection f : (X, τ)→ (Y, σ) is supra r∗-open and p-gprλ-continuous,
then it is supra gpr-irresolute.

(ii) If the bijection f : (X, τ) → (Y, σ) is supra r∗-open and supra pre-
irresolute, then it is supra gpr-irresolute.

Proof. (i) Let A be a gprµ-closed in Y . Let f−1(A) ⊆ O where O is supra
regular open in X. Since f is supra r∗-open map, f(O) is supra regular open in
Y . Thus A ⊆ f(O) implies pclµ(A) ⊆ f(O). That is f−1(pclµ(A)) ⊆ O. Since
f is p-gprλ-continuous, pclλ(f−1(pclµ(A))) ⊆ O and hence pclλ(f−1(A)) ⊆ O.
Hence f−1(A) is gprλ-closed in X. Hence f is supra gpr-irresolute.
(ii) Let B be a gprµ-closed in Y and let f−1(B) ⊆ O where O is supra regular
open in X. Since f is supra r∗-open map, f(O) is supra regular open in Y .
Thus B ⊆ f(O) implies pclµ(B) ⊆ f(O). That is f−1(pclµ(B)) ⊆ O. Since
f is supra pre-irresolute, f−1(pclµ(B)) is a supra pre-closed set in X. Thus
pclλ(f−1(B)) ⊆ pclλ(f−1(pclµ(B))) = f−1(pclµ(B)) ⊆ O. Hence f−1(B) is
gprλ-closed in X. Hence f is supra gpr-irresolute. �

Remark 2. Composition of two gprµ-closed maps need not be gprµ-closed.

Example 4: Let f : (X, τ)→ (Y, σ) and g : (Y, σ)→ (Z, η) be two maps with
the supra topologies µ, λ associated with σ, η respectively. Let
X = Y = {0, 1, 2}, Z = {0, 1, 2, 3}, τ = {φ,X, {0}}, σ = {φ, Y, {0, 1}},
µ = {φ, Y, {0, 1} , {1, 2} , {1}}, η = {φ,Z, {0}} and
λ = {φ,Z, {0, 2} , {2, 3} , {0} , {0, 2, 3}}. Let f be a identity mapping. Define
the map g : (Y, σ) → (Z, η) by g(0) = 1, g(1) = 2, g(2) = 3. Then f and g are
gprµ-closed mappings but (g ◦ f)({1, 2}) is not a gprµ-closed map.

Theorem 3.11. Let (X, τ), (Y, σ) and (Z, η) be the topological spaces with supra
topology µ associated with η. If f : (X, τ) → (Y, σ) is closed and
g : (Y, σ)→ (Z, η) is gprµ-closed map then g ◦ f is gprµ-closed.

Proof. Let f : (X, τ)→ (Y, σ) be a closed map, that is for each closed set a ∈ X,
f(a) is closed in Y . Let g : (Y, σ)→ (Z, η) be a gprµ-closed map that is for each
closed set y ∈ Y , g(y) is gprµ-closed in Z. Also f(a) ∈ Y . Let U = f(a). Now
(g ◦ f)(a) = g(f(a)) = g(U) is gprµ-closed in Z. Hence g ◦ f is gprµ-closed. �

Theorem 3.12. Let f : (X, τ) → (Y, σ) and g : (Y, σ) → (Z, η) be two maps
with supra topologies λ and µ associated with σ and η respectively.

(i) If g ◦ f is gprµ-closed and f is continuous surjective, then g is gprµ-
closed.
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(ii) If g◦f is closed and g is gprλ-continuous injective, then f is gprλ-closed.

Proof. (i) Let A be a closed set in Y . Then f−1(A) is a closed set in X. Since
g ◦ f is a gprµ-closed map, (g ◦ f)(f−1(A)) = g(f(f−1(A)) = g(A) (because f
is surjective) is a gprµ-closed set in Z. Hence g is gprµ-closed.
(ii) Let A be a closed set in X. Then g(f(A)) is closed in Z. Therefore
g−1(g(f(A))) = f(A) (because g is injective) is a gprλ-closed set in Y . Hence
f is a gprλ-closed map. �

Theorem 3.13. Let (X, τ), (Y, σ) and (Z, η) be topological spaces with supra
topologies λ and µ associated with σ and η respectively. Let f : (X, τ)→ (Y, σ)
and g : (Y, σ) → (Z, η) be the two functions such that g ◦ f : X → Z is
gprµ-closed. If g is supra pre-irresolute, supra r∗-closed injection then f is
gprµ-closed.

Proof. Let F be a closed set of X and U be a supra regular open set of Y
containing f(F ). Then (g ◦ f)(F ) is gprµ-closed in Z. Let V = Y − U .
Then V is supra regular closed set in Y . Since g is supra r∗-closed injec-
tive, g(V ) is supra regular closed in Z and g(V ) ∩ (g ◦ f)(F ) = φ. Hence
g(V )∩ pclµ(g ◦ f)(F ) = φ that is pclµ((g ◦ f)(F )) ⊂ Z − g(V ). Since g is supra
pre-irresolute, pclλ(f(F )) = pclλ(g−1(g ◦ f)(F )) ⊂ pclλ(g−1(pclµ(g ◦ f)(F )))
= g−1(pclµ(g ◦ f)(F )) ⊂ Y − V = U . Thus f is gprλ-closed in Y . �

Theorem 3.14. Let (X, τ), (Y, σ) and (Z, η) be the topological spaces with supra
topologies µ, λ and α associated with τ , σ and η respectively. Let
f : (X, τ)→ (Y, σ) and g : (Y, σ)→ (Z, η) be the two functions such that

(i) if f is supra gpr-irresolute and g is p-gprλ-continuous then
g ◦ f : X → Z is p-gprµ-continuous.

(ii) if f is p-gprµ-continuous and g is supra pre-irresolute then g◦f : X → Z
is p-gprµ-continuous.

Proof. (i) Let V be a supra pre-closed set in Z. Since g is p-gprλ-continuous,
g−1(V ) is gprλ-closed in (Y, σ). As f is supra gpr-irresolute,
f−1(g−1(V )) = (g ◦ f)−1(V ) is gprµ-closed in (X, τ). Hence g ◦ f is
p-gprµ-continuous.

(ii) Let V be a supra pre-closed set in Z. Since g is supra pre-irresolute,
g−1(V ) is supra pre-closed in (Y, σ). As f is p-gprµ-continuous,
f−1(g−1(V )) = (g ◦ f)−1(V ) is gprµ-closed in (X, τ). Hence g ◦ f is
p-gprµ-continuous.

�

Theorem 3.15. Let (X, τ), (Y, σ) and (Z, η) be the topological spaces and µ
be the supra topology associated with η. Let f : (X, τ) → (Y, σ) be a g-closed
map, g : (Y, σ)→ (Z, η) be a gprµ-closed map and (Y, σ) be a T1/2 space. Then
g ◦ f : (X, τ)→ (Z, η) is a gprµ-closed map.
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Proof. Let A be a closed set of (X, τ). By assumption, f(A) is g-closed in Y .
Since (Y, σ) is T1/2 space, f(A) is closed in Y and g(f(A)) is gprµ-closed in
(Z, η). Thus (g ◦ f)(A) is gprµ-closed in (Z, η). Hence g ◦ f is gprµ-closed in
(Z, η). �

Theorem 3.16. Let (X, τ), (Y, σ) and (Z, η) be the topological spaces with
supra topologies λ and µ associated with respect to σ and η respectively. Let
f : (X, τ) → (Y, σ) and g : (Y, σ) → (Z, η) be two maps and g ◦ f be a p-gprµ-
open function. Then

(i) if f is surjective pre-irresolute map, then g is p-gprµ-open.
(ii) if g is an injective supra gpr-irresolute map, then f is p-gprλ-open.

Proof. (i) Let V be a pre-open set in Y . Then f−1(V ) is pre-open in X.
Since g◦f is p-gprµ-open function, (g◦f)(f−1(V )) = g(V ) is gprµ-open
in Z. Hence g is p-gprµ-open map.

(ii) Let U be pre-open subset of X. Since g ◦ f is p-gprµ-open function,
(g ◦ f)(U) is gprµ-open in Z. Also by assumption g is supra gpr-
irresolute injective, g−1(g ◦f)(U) = f(U) is gprλ-open in Y . Hence f is
p-gprλ-open map.

�

Definition 12. X is said to be supra pre∗-normal if for each pair of disjoint
supra regular closed sets A and B, there exist disjoint supra pre-open sets U
and V such that A ⊂ U and B ⊂ V .

Theorem 3.17. A space X is supra pre∗-normal iff for every supra regular
closed set A and every supra regular open set B containing A, there exist a
supra pre-open set U such that A ⊂ U ⊂ pclµ(U) ⊂ B.

Proof. Necessity : Let A be a supra regular closed set in X and B be a supra
regular open set containing A. Then A and X − B are disjoint supra regular
closed sets in X. Since X is supra pre∗-normal there exist disjoint supra pre-
open sets U and V such that A ⊂ U and X−B ⊂ V . Thus A ⊂ U ⊂ X−V ⊂ B.
Since X − V is supra pre-closed, A ⊂ U ⊂ pclµ(U) ⊂ X − V ⊂ B.
Sufficiency: Let A and B be any two disjoint supra regular closed sets in X.
That is A ⊂ X − B. Since X − B is supra regular open, there exist a supra
pre-open set U such that A ⊂ U ⊂ pclµ(U) ⊂ X − B. Let V = X − pclµ

(U) = pintµ(X − U). Thus, V is the largest supra pre-open set contained in
X − U . Also B ⊂ V . Thus A ⊂ U , B ⊂ V and U ∩ V = φ. Hence X is supra
pre∗-normal. �

Theorem 3.18. Let (X, τ) be a topological space and µ be the associated supra
topology with τ . Then the following statements are equivalent:

(i) X is supra pre∗-normal.
(ii) for any pair of disjoint supra regular closed sets A and B of X, there

exist disjoint gprµ-open sets U and V of X such that A ⊂ U and B ⊂ V .
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(iii) for each supra regular closed set A and each supra regular open set B
containing A, there exist a gprµ-open set U such that
clµ(A) ⊂ U ⊂ pclµ(U) ⊂ B.

Proof. (i) ⇒ (ii) Let A and B be disjoint supra regular closed subsets of X.
Since X is supra pre∗-normal, for each pair of disjoint supra regular closed sets
A and B there exist disjoint supra pre-open sets U and V such that A ⊂ U and
B ⊂ V . Also each supra pre-open set is gprµ-open. Thus we have for each pair
of disjoint supra regular closed sets A and B, there exist disjoint gprµ-open sets
U and V such that A ⊂ U and B ⊂ V .
(ii) ⇒ (iii) Let A be a supra regular closed subset of X and B be a supra reg-
ular open set such that A ⊂ B. Then A and X − B are disjoint supra regular
closed subsets of X. By (ii) there exist disjoint gprµ-open sets U and V such
that A ⊂ U and X − B ⊂ V . This implies A ⊂ U ⊂ X − V ⊂ B. Since
B is supra regular open and X − V is gprµ-closed, pclµ(X − V ) ⊂ B. Thus
A ⊂ U ⊂ pclµ(X − V ) ⊂ B. Hence clµ(A) ⊂ U ⊂ pclµ(U) ⊂ B.
(iii) ⇒ (i) Let A and X − B be two disjoint supra regular closed subsets of
X. Then B is supra regular open such that A ⊂ B. Therefore there ex-
ists a gprµ-open set U such that A ⊂ U ⊂ pclµ(U) ⊂ B. Since U is gprµ-
open, A ⊂ pintµ(U). Let V = pintµ(U), then V is supra pre-open and
A ⊂ V ⊂ pclµ(V ) ⊂ B. Thus A ⊂ V , X − B ⊂ X − pclµ(V ) which is
supra pre-open and V ∩ (X − pclµ(V )) = φ. Hence X is supra pre∗-normal. �

Theorem 3.19. Let (X, τ) be a topological space and µ be the associated supra
topology with τ . If every supra closed (resp. supra open) set is supra regular
closed (resp. supra regular open), then the following are equivalent:

(i) X is supra pre∗-normal.
(ii) for each supra regular closed set A and each gµ-open set B contain-

ing A, there exist a supra pre-open set U such that A ⊂ U ⊂ pclµ

(U) ⊂ intµ(B).
(iii) for each gµ-closed set A and each supra regular open set B containing A,

there exist a supra pre-open set U such that clµ(A) ⊂ U ⊂ pclµ(U) ⊂ B.
(iv) for each gµ-closed set A and each supra regular open set B containing

A, there exist a gprµ-open set G such that clµ(A) ⊂ G ⊂ pclµ(G) ⊂ B.

Proof. (i) ⇒ (ii) Let A be a supra regular closed subset of X and B be an gµ-
open set such that A ⊂ B. Then by theorem 3.18 [7], A ⊂ intµ(B). Now, by hy-
pothesisX is supra pre∗-normal and intµ(B) is supra regular open. Therefore by
theorem 3.17, there exist a supra pre-open set U such that
A ⊂ U ⊂ pclµ(U) ⊂ intµ(B).
(ii) ⇒ (iii) Let A be any gµ-closed subset of X and B be a supra regular open
set such that A ⊂ B. Then clµ(A) ⊂ B. Since every supra regular open set is
gµ-open, B is gµ-open. By hypothesis clµ(A) is supra regular closed. Therefore,
there exist a supra pre-open set U such that
clµ(A) ⊂ U ⊂ pclµ(U) ⊂ intµ(B) ⊂ B.
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(iii)⇒ (iv) Let A be a gµ-closed set and B be a supra regular open set containing
A. Then there exist a supra pre-open set U such that
clµ(A) ⊂ U ⊂ pclµ(U) ⊂ B. Since each supra pre-open set is gprµ-open,
there exist a gprµ-open set G such that clµ(A) ⊂ G ⊂ pclµ(G) ⊂ B.
(iv) ⇒ (i) Let A and B be two disjoint supra regular closed subsets of X.
Then A is gµ-closed and A ⊂ X − B. By hypothesis there exists a gprµ-
open set G such that A ⊂ clµ(A) ⊂ G ⊂ pclµ(G) ⊂ X − B. Since G is
gprµ-open, A ⊂ pintµ(G). Let V = pintµ(G), then V is supra pre-open and
A ⊂ V ⊂ pclµ(V ) ⊂ X − B. Thus A ⊂ V , B ⊂ X − pclµ(V ) which is supra
pre-open and V ∩ (X − pclµ(V )) = φ. Therefore X is supra pre∗-normal. �
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