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TWO NEW RELATIONS BETWEEN Q-PRODUCT
IDENTITIES, THETA FUNCTION IDENTITIES AND
COMBINATORIAL PARTITION IDENTITIES

M. P. CHAUDHARY*, AHMED BUSERI ASHINE, AND FEYISSA KABA
WAKENE

Abstract. The objective of this research article is to establish two
relationships between g-product identities, theta function identities
and combinatorial partition identities, using elementary results.

1. Introduction

Throughout this paper, N, Z, and C denote the sets of positive inte-
gers, integers, and complex numbers, respectively, and Ny := N U {0}.
The following g-notations are recalled (see, e.g., [4, Chapter 6]): The
g-shifted factorial (a;q)y is defined by

(1.1) (@5 q)n = { io(l—ag®) (neN),

where a, ¢ € C and it is assumed that a # ¢~ (m € Ny). We also write

o0

(a;9)00 = H(l — ag®)
k=0
(1.2) =2 (1 —ad®™) (a,q € C; g < 1).

It is noted that, when a # 0 and |g| = 1, the infinite product in (1.2)
diverges. So, whenever (a;q)s is involved in a given formula, the con-
straint |g| < 1 will be tacitly assumed. The following notations are also
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frequently used:

(1.3) (ar,a2,  yam; Qn = (a1;n(a2;Qn -+ (am; On
and
(1.4) (a1,a2, + ,am; Qoo = (415 9) 0 (a2; @)oo * * * (A @) -

Ramanujan defined the general theta function f(a, b) as follows (see, for
details, [3, p. 31, Eq.(18.1)] and [5]; see also [1]):

n(n—1)

(1.5) fla,b) =1+ (ab) 2 (a" +b")

= 3 " = f(b,a) (Jab] < 1),

n=—oo

We find from (1.5) that

n(n+1) n(n—1)
2

(16)  flab) = a™ 5 ™5 fa(ab)", b(ab) ™) = f(ba) (n € Z).
Ramanujan also rediscovered the Jacobi’s famous triple-product identity
(see [3, p. 35, Entry 19]):

(1.7) f(a,b) = (—a;ab) oo (—b; ab) oo (ab; ab) oo,
which was first proved by Gauss.
Several g-series identities emerging from Jacobi’s triple-product identity
(1.7) are worthy of note here (see [3, pp. 36-37, Entry 22]):

(1.8) $(g) =20 " =142300, QZQ 2. 2
ooy 2029y _ (C807)00(d76 )
SR e = () (i)

n(n+1)

(19 wl(g) = fla,¢*) = Xpioa" 7 = L=
(1L10)  f(=0) = fl=a.~¢*) = 2 o (-1)"g" 5
= e = (e
Equation (1.18):(;8 known as EuleZ;IPentagonal Number Theorem. The

following g-series identity:

(1.11) (=4 Do = Gz = 30

provides the analytic equivalence of Euler’s famous theorem: The num-
ber of partitions of a positive integer n into distinct parts is equal to the
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number of partitions of n into odd parts.
We also recall the Rogers-Ramanujan continued fraction of R(q):

— i H@) _ L f(ma=dt) L (60°)o (900
(1.12) R(q) = G = q° F(—?,—-¢%) — s (4%:4°) 00 (4%:6%) 0
¢ g & ¢
S 1).
=17y g oag o le<

Here G(q) and H(q) are widely investigated Roger-Ramanujan identities
defined by

2
(113)  Gla) = Xk g = 7
_ 1 _ (@%0)(6% ") (%1 ¢°) oo |
(4 8°)00(44 ¢°) 0 (4 @)oo ’
(L14)  H(g):= Y02, 0ot = G0
_ 1 _ (60)(a%¢°) (6% ¢ )
(6% ¢°)0 (4% ¢°) o (¢:9)0 ’

and the functions f(a, b) and f(-q) are given in (1.5) and (1.10), respec-
tively. For a detailed historical account of (and for various investigated
developments stemming from) the Rogers-Ramanujan continued frac-
tion (1.12) and identities (1.13) and (1.14), the interested reader may
refer to the monumental work [3, p. 77 et seq.] (see also [1, 4]). The
following continued fraction was recalled in [6, p. 5, Eq. (2.8)] from an
earlier work cited therein: For |¢| < 1,

2.2
(1.15) (0% 02 oo(—; @)oo = L57
_ 1 g 4ql-9 & PA-¢%) & P-4
1- 1+ 1- 1+ 1— 1+ 1—-- 7
(6:6°)oc(d%50°)0 1 g ¢ & ¢ ¢° ¢F
(1160) (P m(@ e = TF TF 17 171F1iT1T "

5 5 2
(1n)  Cl) == = 1+ & £ f f fof

Andrews et al. [2] investigated new double summation hypergeometric
g-series representations for several families of partitions and further ex-
plored the role of double series in combinatorial partition identities by
introducing the following general family:
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where
[%] . uv(j)ﬁ»(wful)j
(1.19) r(l,u,v,w:n) = ijo(—l)’ (q;g)njuj(quv;quv)j'
The following interesting special cases of (1.18) are recalled (see [2, p.
106, Theorem 3]; see also [1]):

(1.20)  R(2,1,1,1,2,2) = (—¢; ¢*) o0}

(1.21) R(2,2,1,1,2,2) = (—¢% ¢*) oo
(122)  R(m,m,1,1,1,2) = {Lg e

Here, in this paper, we aim to present certain interrelations between
g-product identities, theta function identities and combinatorial parti-
tion identities associated with the identities in (1.8)-(1.10) and (1.20)-
(1.22).

2. The Main Results

Here we state and prove certain interesting interrelations among g-
product identities and combinatorial partition identities.
Theorem. Each of the following relations holds true:

2
2 4%,4%) 00 R(3,3,1,1,1,2)R(6,6,1,1,1,2
(31) 3162{(qq ,q 7Q) ( 1Ly Ly 7) ( 29y Lyly v) X

q26 (q q12 q12 12)Oo(q187q367q36;q36)00
X{(q?’,qﬁ,qﬁ;q )oo (4%, q 1'% ¢"%) s } N
(4,4% 6% ¢*)oo(q'®, ¢3 6 $4%%) oo
9691326{(q,q2,q2;q2)ooR(3 3,1,1,1,2)R(6,6,1,1,1, 2)} y
q16 (q6’q127q1 q12) (q18 q 67q3 q )
3 ,6 6. 12
X{(q,g,g,g)(ffsq )oo }+
(4:4% 6% ¢?)oo(q 7*%) oo
56044062{(q,q2,q2;q2)ooR(3 3,1,1,1,2) ( 6,1,1,1, 2)} y
qtt (4% 2, q'%; ¢ )oo(q18 q $4%%) oo

,q30
X{(q?’,qG,q‘”’;q‘s)oo(ff,q1 10" oo }+
(4,4% 4% ¢*) oo (4%, 4%, ¢%%; %) o
349029 (q,q2,q2;q2)ooR(3 3,1,1,1,2)R (6 6,1,1,1,2)
q*! { (4% q"%, % 4" oo (0%, ¢°%, ¢%%; ¢30) o }X
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14
{(q3 )oo(q6,q12,q12;q2)oo} N
(4,4% 4% ¢®) oo (4", 43, ¢%6; ¢%0)
18
256122{( 7, q 7®) oo (q%, ¢* ,q12;q12)oo} y
a0 (4,42 % ¢%)oo(q"®, 4%, ¢30; ¢30)

X{ (qﬁ7 q12, q12; q12)oo(q18’ q36’q36; q36)C>o }2+
(¢,4%,¢% ¢*)oR(3,3,1,1,1,2)R(6,6,1,1,1,2)
+7849997406{ (¢*,4° 4% ¢%) (% 4% "% 4" o }mx
q (242, 4% %) oo (q'®, 4%, 4% 4% ) o
x{ (q67 q12, q12; q12)oo(q187 q36,q36; q36)oo }2+
(¢,4%,¢% ¢*)oR(3,3,1,1,1,2)R(6,6,1,1,1,2)
44539569022 { (¢%,9° 4% 47) o0 (4", 4%, 41 4"*)oc }GX
q (4,4% 4% 4*)oo(q'®, 4%, 4% ¢30) oo
) (a0, q

q
2
(4% 4%, q"% q 4% ¢%%) oo N
(¢,4%,¢% ¢*)cR(3,3,1,1,1,2)R(6,6,1,1,1, 2)

( ,
6 12 12, 12 18 .36 ,36. .36 2
+87528332700q6 (q 47,4775 q ) (q yq7 47754 ) %
(4,6% 4% ¢*) o R(3, 3,1,1,1,2) (6,6,1,1,1,2)

><{((1,612,(12;q2) (¢, ¢? 36) }+
(43, 4% 4% ¢%) 0 (45, ¢*2 )
28271349{(q3,q6,q6;Q) oo (45, q }
gt (4,6% 4% ¢*) oo (¢'8, ¢3
(6% 4%, 4" ¢") oo (q'®, ¢ 7*°) o 2+
(q,4%, 4% ¢*) o R(3, 3,1,1,1,2)R(6,6,1,1,1,2)

45675 [ (¢, 42, ¢%; q) R(3,3,1,1,1,2)R(6,6,1,1,1,2) 4
e (45,42, ¢'% ¢'%) o (q18,q36,q36; 36 .

><{(q,q,q;q) (? ,q" 12) q}
6

)oo
(2, 4% 4% %) o ('3, %) -
2815884 [ (q,¢>, q2-q2) R(3 3,1,1,1,2) (6,
q' { (4% ¢'2, 412 )00 (418, 4%, ¢ ¢3°)
(¢°, 4%, " q «(4°,¢'%, ¢'% ¢! )00}8+
(2,42 4% ¢*) oo (q'®, 4%, ¢3%; ¢30) o
7735419 (¢,4%, ¢% q) R(3 3,1,1,1,2)R(6,6,1,1,1,2) | *
{ (4% 6", 1% ¢"*) oo (4'®, ¢%%, 4% ¢30) o }X

,1,1,1,2>} y

X
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(4%, 4%, ¢% ¢®)oo (4%, ¢'%, "% ¢ o | *
+
(4,6%,4%:4%) oo (48, ¢35, ¢35 ¢30) o
+1303{(q,qQ,q2;q2)ooR(3,3, 1,1,1,2)R(6,6,1,1,1,2) }4><
q27 (q6’ q127 q12; qu)Oo(qlES7 q36’ q36; q36)oo
16
X{(q3,q67q6;q6)oo(q6,q12,q12;q12)oo} N
(4:6%, 4% 4%) o (48, 45, 436 ¢30) o
12
+299673675{ (q?’,qﬁ,qﬁ;qG)oo(qﬁﬂu,q”;q12)oo} y
¢ (4,6%,4%:4%) oo (4'8, ¢35, ¢35 ¢30) o
4
(4%, 4, 4" ¢"%) oo (¢, 6%, ¢°%; ¢*%) o N
(¢, 4%, 4% ¢®)cR(3,3,1,1,1,2)R(6,6,1,1,1, 2)
18475014924 <q67 q2q'2; q12)oo(q187 36, 4% q36)oo 4><
a (¢,4%,¢% ¢*)R(3,3,1,1,1,2)R(6,6,1,1,1,2)
(%,4°% 4% ¢%) o0 (4%, 42, 4'% ¢'?) 8+
(4,42, 6% 6%) 00 (48, 436, ¢3%; ¢30) oo
4
q 2 2.2 18 36 .36. .36
(2,42, 4% 4%) 0 (0%, ¢35, ¢35, ¢30) o
4
" (6°,4"%, "% ¢"*) oo (4", ¢*%, ¢%%; ¢*%) o N
(q7q27q2;q2)OOR(37371717172)R(67671717172)
8548983{ (@%,4% 4% 4°) o (¢®, 4'%, 4'% ")) o }mx
g3 (4, % 4% 4%) oo (018, ¢35, ¢35 ¢30)
4
{ (q6’ q12’ q12; q12)oo(q187 q36’ q36; q36)oo N
)

(0,42, 6% ¢®)oeR(3,3,1,1,1,2)R(6,6,1,1,1,2
252{ (0,02, 4% ¢®)soR(3,3,1,1,1,2)R(6,6,1,1,1,2) }GX
q28 (qﬁ’ q12’ q12; q12)oo(q187 q36, q36; qgﬁ)oo
{(q3,q6,q6;qG)oo(qﬁ,qu,q”;qu)oo }14+
(0,4% 4% ¢*) oo (a'®, %%, ¢%%; %)

33462 [ (¢, 42, ¢% %) R(3,3,1,1,1,2)R(6,6,1,1,1,2)) °
PR { (@, 02, 42 412) o0 (45, 435, ¢3; ¢36) o } X
{(q3,qﬁ,qﬁ;qﬁ)oo(qﬁ,q”,q”;qw)oo }10+

(2,42 4% %) oo (4'®, 4%, ¢3%; ¢30) o
424305 ( (¢, 6% 6% ¢?)ooR(3,3,1,1,1,2)R(6,6,1,1,1,2) | °
AE { (@, 42, 4% 1) o0 (45, 46, 4%; ¢6) }X
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><{(613,q"}qﬁ;616)<>o((16761 0% ") }6+
(4,6%,4%:4%) oo (48, ¢35, ¢35 ¢30) o
99144{ (0,62, % ¢*)ooR(3,3,1,1,1,2)R(6,6,1,1,1,2) }6><
q13 (q6’ qu7 q12; q12)oo(q187 q36’ q36; q36)oo
X{ (@, 4% 4% %) oo (d® 42, 4*% ¢ o }2+
(4,6%,4%:4%) oo (48, ¢35, ¢35 ¢30) o
4
133923132{ (¢, 4% 4% d%)oo(d®, 42, ¢*% ¢'%) o }1 y
q’ (4,6%,4%:4%) oo (4'8, ¢35, ¢35 ¢30) o
y (4%, 4™, 4" ¢"%) oo (¢, 6%, ¢°%; ¢*%) o 6+
(0, 4%, 4% ¢®)cR(3,3,1,1,1,2)R(6,6,1,1,1, 2)
17783078742 { (¢%,4%, 4% ¢%) e (d%, ¢'%, ¢'% 4'%) }10 y
¢ (4,42, 6% ¢%) o0 (¢'8, 630, ¢3%; ¢30) oo
y (4%, 4, 4" ¢"%) oo (0", 6%, ¢°%; %) o 6+
(¢,4%,¢% ¢®)cR(3,3,1,1,1,2)R(6,6,1,1,1, 2)
| 225493073505 { (@°, 4%, 4% ¢%)so (4%, 4'%, "% ¢"%) o }6 y
& (4,42, 6% %) oo (48, 43, ¢35 ¢30) oo
y (6% a2, 4" ¢"%) oo (¢, 6%, ¢°%; ¢*%) o 6+
<q7q27q2;q2)OOR<37371717172)R(67671717172)

3 6 6. 6 6 12 12, 12 2
+52689186504q8{(q 0% 0% 07)oo(€°, 4759 54 )oo} y

) ; Y ) 7 o0
(4,02, 4% ¢2) oo (q18, ¢36, ¢36; ¢39)

(€% "%, ¢'% 0" oo (0%, 4%, %% ¢7°) 6+
(¢, 4%, 4% ¢? ) R(3,3,1,1,1,2)R(6,6,1,1,1,2)
+24{(q,q 4% 0)oc B3, 3,1,1,1,2>R<6,6,1,1,1,2)}8><
q* (4%, "2, % ¢1%) oo (018, 436, ¢35, ¢30) o
><{(q . 4%, 0% ¢%) o0 (¢° ,q”;qu)m}mjL
(4,4%,¢%q )oo(qlg,q 6,43 ¢30) o
5640{ (0,4%, 6% ¢*)R(3,3,1,1,1,2)R(6,6,1,1,1,2) }8X
q24 (qﬁ’ q127 q12; q12)oo(q187 q36’ q36; q36)oo
X{ (%, 4% ¢% %) oo (d®. 2, 4% ¢ o }8+
(4,42, 6% q%) oo (4'8, 43, ¢3%; ¢3) o
31131 { (0.4%, 4% ¢*)R(3,3,1,1,1,2)R(6,6,1,1,1,2) }SX
q19 (q67 q127 q12; q12)oo(q187 (]36, q36; q36)oo
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. 12
X{ (¢%,4° 4% 4°)(d°, 4",

o)
: +
(q,q?,q?;612)00(6118,(13 73%) o0
+1033121304{(q37q6,q6;q) 0 (d% ¢'%, 4" ¢"%) }12><
q (4, 6%, 4% 4%) oo (¢'8, ¢35, ¢35 ¢30) o

y (4% 4, 4% ¢") oo (4'%, ¢%°, ¢°%; ¢*%) 8
2 2.2 +
(@, 2% 4% D)oo R(331112)R(661112)

6 q'?
—|—242783506440q4{(q il CI Q)oo(q q oo }X

(2,4%, 4% ¢%)oc(q"® 36)

8
y (45, ¢** 7q12)oo( ,36 % ¢%0) o N
(4,42, 4% q) R(3,3,1,1,1,2)R(6,6,1,1,1,2)
(*,45, 4% ¢%) oo (¢% 42, 4% )0 | *
+1340087471451q9{ X
(4,42, 6% 4%) 0o (¢'8, 436, ¢30; ¢30)

y (6%, "%, "% ') oo (0"%, 4%, ¢°%; ¢*%) o 8+
(4,42,4%¢®) o R(3,3,1,1,1,2)R(6,6,1,1,1,2)

o {(q,q2 L% q) R(3 3,1,1,1, 2)R( 6,1,1,1, 2)}
(45,4*2,¢'% ¢"?) oo (q18 7*%) oo
{(qsqq 10%)o0(¢5, 4", }10
(0,4% 4% ¢*) ('3, ¢3°,

198 [ (q, ¢2 q'q) R(3,3,1,1,1,2)R(6 6,1,1,1 )R
q%{ (4% 4%, 4% ") oo (¢'3, ¢° 6)00 }
><{(cf’quJ)(qq 6

(¢,4% 4% @*)oo(q'®, ¢*°

+819{( 4% 0% R(3311,1,2) (6 6,1,1,1 2)}

q*° (4% q"%, % 4" oo (4%, ¢%%, ¢%%; ¢30) o
{(q3 ¢®)oo(q® ¢, 4" ¢ )oo}2+
(2:9%q ) (a*%, ¢35, ¢3%; ¢%)

(q 4%, 4% %) (qﬁ,qu,q”;qu)oo}10
134867844014 { x
(4,42, 6% %) oo (q'8, ¢3¢, ¢35; ¢39)

(4%, ¢"%, "% ¢") oo (4"®, 4%, % ¢*%) 10
X +
(4,4%,¢% ¢*)R(3,3,1,1,1,2)R(6,6,1,1,1,2)

6
(q3,qﬁ,q6;q6)oo(q6,q12,q12;q12)oo} y

+690383311398q10{
(0,4% 6% a*) oo (q'®, 43, 4305 ¢3%)
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y (q6 a2, 4% 1) o0 (', %%, %% ¢%%) o 10+
(0,2 % *)oR(3,3,1,1,1,2)R(6,6, 1,1, 1, 2)

(@, 4% 4% ¢®) o (¢%, 2, ¢'% 1) 0 | 2
+2855676424419q15{ X
(4:6%, 4% 4%) o (48, ¢35, 4365 ¢30) o
y (q6’ (]127 q12; q12)oo(q187 q36’ q36; q36)oo 10+
(¢,4%,¢% ¢*)R(3,3,1,1,1,2)R(6,6,1,1,1,2)
36 [ (q,¢% ¢*¢*)=R(3,3,1,1,1,2)R(6,6,1,1,1,2) | '*
§PEs (45, 4'2, 4'%; ¢12) 00 (¢18, ¢35, ¢36; ¢36) o
X{ (®,4°% 4% ¢%) o0 (d%, 42, 4'% ¢ }4+
(4,42, 6% 6%) o0 (¢'8, %%, ¢3%; ¢30) oo
7 {(Q7q27q2§q2)ooR(373,1717172)R(67671717172)}12

+—
q21 (qfi7 q127 q12; q12)oo(q187 q36’ q36; q36)oo

3 6 6.6 6 12 _12. .12 4
+10167463313316q16{(q AR )“(?8"136"]36’(136)“} x
(2,42, 4% ¢%) oo (q'%, 435, ¢35, ¢3%) o

12
y (4%, 4", 4" 4" oo (68, %%, %% ¢°%) o N
(¢,4%,¢% ¢*)R(3,3,1,1,1,2)R(6,6,1,1,1,2

6 12 12, 12 18 .36 ,36. 36 12
<q7 q27 q27 q2)OOR<37 37 17 17 17 2)R(67 67 17 17 17 2

1{(q,qQ,qQ;q%ooR(S,z,l,1,1,2)R(6,6,1,1,1,2)}14

+q27 (q67q127q12;q12) (q187q36 q36.q36>
X{(cf’ ,q°, q6‘q) (4% q'%, ¢" q12>oo}2+
(¢,4% % q) (qlg,q%q ;q30)
+22876792454961q2{ RO R;(qg 3)"‘;(%1(]2);(266(]3;)? T 2>}14><
{q3,q (4%, ¢ ,f112;q12)oo}2Jr
q’ 27q ,q (q18 q36 q36.q36)
79184709{@3 6% ¢%)s (2% 0", 4'% 4o }4+
q (¢,4% ¢% ¢ oo (q18 q36 %% %) o
+23212{(q 1 4%,4% ¢%) o0 (¢° Q) }+
q* | (¢,4* ¢* ,Q) (qlg,q36 36 1 4%%) 0

367497{(q3 0%)oo (45, 4", ¢"%; ¢ )oo}lﬁ
| ( )(qlg,q 030 ¢3%) o
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(65, ¢'2, ¢! ql?) (4'8, 430, ¢%5; ¢%0)
(¢, 4%, ¢% C]) ("%, 4%, ¢*% ¢*) oo

{<q, ), 42, 2,12>}+
2)R

q
4(qqqq ~R(3,3,1,1,1,2)R(6,6,1,1,1,2)
+1312127829q { 02 012) oo (45, 435, ¢%6; ¢36) X

2 9.9 L1.1.9 L1192
:215233605(19{(%(] , 475 Q) R(B 3,1,1,1, )R(676, ,1,1, )} y

X{ 4.0 % oo (@, ¢°, ¢ ;q36)oo} N
q q q q (qﬁ q12 12. 12)
140772816 . q2, q q R(3,3,1,1,1,2)R (66 1,1,1,2)
{ 12 q12) (q18 q6 q q ) }X
(¢, ¢% 4% q 0o (q°, q *)oo
Va2 % )o@, ¢ %) oo }+
q

2 ¢'%) o0 (018, 439, ¢35, ¢3%) o

)2
;4% 4% ¢%) o0 (¢%, ¢'%, ¢*2 )}+

(g,
(¢3
12 12 . 36 2
1743392200546 (°.q q 100 (4'%, 4%, %% %) o
i ! { 2 22 R(3,3,1,1,1,2)R(6,6,1,1,1,2) |
{(
(g3,

10
0% 4% oo (gt ,q36,q36;q36)oo} N
45,45 %) (4%, ¢'2, ¢*2; ¢'?) o
+106282354149q11{ (¢°
{q,q 05 q%) oo ((1187613’6,q36;6136)00}GJr
@3,4% 4% ¢%) 00 (4%, ¢*2, 1% ¢1%) o
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: q 3 6 6.6 6 12 12. 12
(@°,4°% 4% ¢%) oo (4, "2, "% ¢1%)
2 92 _ 1 (@0 ¢")wR(B.3, 1L L2R(,6,1,1,1,2)] 7
TP T (4% 4", 4" ¢") oo (¢"%, 4%, 4% ¢%) oo "
(3.27) 1 gizg2 (@%,4%,4% %) oo (0%, 4%, % %) 12
' (0,4, 4% ¢%)R(3,3,1,1,1,2)R(6,6,1,1,1,2)
4
62 <Q4 B 30) _ 36{(q3,q67q6;q6)oo(q67q12,q12;q12)oo} B
Q* ¢ (4,42 4% ¢?) (4%, ¢35, 43¢5 43 )
4
5 (0,02 0% 0%)oo(d"®, 0%, %% ¢°%)
(3.28) ~ 1080
: q 3 6 6.6 6 12 12. 12
(¢%,4°% 4% ¢%) 0 (4, "2, ¢'%; ¢'%)
(3.29)
8
567 _ _567q10{ (g, q27q2;q2)oo(q18,q36,q36;q36)oo}
Q8 (43,45, 45 ¢%) 0 (45, 412, ¢*2; ¢1%) oo
14
P14 + 9714 —_ 1{ (q7q27q2; qz)ooR(gvga 17 17 17 2)R(67 67 17 17 17 2) } +
pl4 2 (4% "%, 4"%: ¢'?)oc (g%, 4%, 4% ¢°%) o

3 6 .6..6 18 36 ,,36. .36 14
(330)  +9Mg¥ (4% 4" 4% 4%)oo (@ 4™ 475 4™ )0
(4,4% 4% ¢®)uR(3,3,1,1,1,2)R(6,6,1,1,1,2)
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2
8 1{(q3,q6,q6;q6)oo(q6,q127q12;q12)oo} B
7°%; ¢*%) oo

Q% 3 L0, ¢% 4% ¢D)oo(q'3, ¢
6
B (0.4, 0% 4% oo (@2, %%, % %) o
(3‘31) 48q 6 ,12 ,12. .12
(43,4%,45% ¢%)oc (4%, 4%, ¢*2; ¢'%) o
(3.32)
R 10{ (¢, 4% @% 4o (@, 0%, *% %) o }8
QS (q37q67q6;q6)oo(q67q12,q12 q12)oo
<P16+916> :1{(q,q2,q2;q2)ooR(3,3,1,1,1,2)R(6,6,1,1,1,2)}16
pi ) g% (4%, 4", 0" 4"%)sc (0%, 4%, ¢%%: %) o
16
(3 33) + 916q28 <q67 q127 q12; q12)00(q187 q367 q36; q36)oo
' (2,42, ¢% ¢*)R(3,3,1,1,1,2)R(6,6,1,1,1,2)
12
38 2284@12 312 _38X2284 (q3 ,q 7 )Oo(q6aq127q12;q12)oo +
Q) ¢ (q, 2 4%50%) 00 (%%, ¢3¢, 430 ¢35) o
12
(3 34) +320 15 (Q7 q2 2)00( 187q367q36;q36)oo
: q 6 12 ,12. 412
(43,45 4% ¢%) o0 (4%, ¢*2, 125 ¢1%) o
310(3896Qs_61965>:31°><3896{(q3,q6,q6;q) oo (4° q ¢'?) }8
Q8 q'° (4,6% 4% 4*) o (q'8, q
2 ,2.,.2 . 36
3.35 _310X61965q10{(q3qaQ7Q)oo(q 7q 7q 7q ) }
( ) (qS’q67q6;qG)m(q67q12’q12;q12)
312<149Q4 19062) _ 312><149{(q3,q6,q6;q) (a0 }4
Q4 q° (4,42, 4%:4%) 0 (¢'8, q
2 2. .2 36
3.36 — 312 % 19062 5{(” 0550 oo (q 04750 ) }
(3.36) TV 65 65 %) (g ,12)
1 (q3,qu)(qq 7)o
—Q* 4 2322Q%° + 367497Q* = { +
0 | (g,4% ¢% 2) (¢'® ) o
+2322{(q3 7% ¢%) (q q ,q q2) }2°+
7*® | (2,42 6% ¢?)oo(¢*® q)
367497 [ (¢, 4%, 4% ¢%) oo ( 12, 41 )00}16
3.37 . {
(3:37) q?° (q,q,q,q)oo(q @36, ¢3 ;q36)oo

(3.3)- (3.37) into (2.1),by little algebra and moving negative terms to
the right hand side we obtain (3.1).
Further, we attempt to prove our second identity (3.2), to establish it



398 M.P. Chaudhary™ Ahmed Buseri Ashine and Feyissa Kaba Wakene

applying the identity(1.8)-(1.9), and further using (1.20) - (1.22), we
obtain the following identities:

(3.38)
97 PR? — 27(0, 0% %) oo (—0* —0°1¢%) R(1,1,1,1,1,2)\”
R(271a1a152a2)R( 7271a 7272>(q »q aq6)oo R<3a3a151a172)
2 2 _ 9R(6,6,1,1,1,2) (2, 4%:4*)oo(=0", 4" a5 ’
PR QT = R(3,3,1,1,1,2) { ,1,1,2,2)R(2,2,1,1,2,2)(q3,q6;q6) %
(3 39) R 1715131a172 ( q187iq36;q36)00 :
' R 3 37 17 11 172 18) ( q67q12§q12)°0
P3R6T2Q4 — (67671517172)(q7q) ( 7_q6;q6)00 ’ {R(17171715172)}2 3)(
R(2,1,1,1,2,2)R(2, ,1,17272) R(3,3,3,1,1,1,2)
(3.40)
y 1 y (_q18’ _q36§q36)oo 4 y (q6§q12)oo
{(¢% %)= R(3,3,1,1,1,2)}* | (¢"%¢"%)ee(—4% ¢"% ¢") oo (4'%¢"%) oo
(3.41)
3 6
QST3 — { R(6,6,1,1,1,2) } { (4% 4" 4o (—4"%, =™ ¢ }
R(187 187 17 1? 17 2) (_q67 q12; qlz)oo(q18> q36; q36)oo

using (3.38)-(3.41) into (2.2), arranging the terms, we obtain (3.2). This
completes the proof of our theorem.
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