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POSITIVE SOLUTIONS FOR NONLINEAR m-POINT BVP
WITH SIGN CHANGING NONLINEARITY ON TIME
SCALES'

WEI HAN* AND DENGYUN REN

ABSTRACT. In this paper, by using fixed point theorems in cones, the ex-
istence of positive solutions is considered for nonlinear m-point boundary
value problem for the following second-order dynamic equations on time
scales
uAV (@) + a(t) f(t,u(t)) =0, te(0,T),
m—2
Bu(0) —yu(0) =0, u(T)= 3 aju(&), m>3,

i=1
where a(t) € C1q((0,T), [0,400)), f € C([0,T] x [0, 4+00), (—o0,+00)),
the nonlinear term f is allowed to change sign. We obtain several existence
theorems of positive solutions for the above boundary value problems. In
particular, our criteria generalize and improve some known results [15] and
the obtained conditions are different from related literature [14]. As an
application, an example to demonstrate our results is given.

AMS Mathematics Subject Classification : 39A10, 34B15, 34B18. Key
words and phrases : Time scale, Positive solutions, Boundary value prob-
lem, Fixed point theorems, Cone.

1. Introduction

A time scale T is a nonempty closed subset of R. We make the blanket
assumption that 0, T are points in T. By an interval (0, T), we always mean
the intersection of the real interval (0, T) with the given time scale, that is (0,
T)NT.
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In this paper, we will be concerned with the existence of positive solutions
for the following dynamic equations on time scales:

uBV (1) +a(t) f(t,u(t) =0, te(0,T), (1.1)

Bu(0) —yu?(0) =0, w(T) = z_: a;u(&;), m >3, (1.2)

we will assume that the following conditions are satisfied throughout this paper:
(Hl) 0< 51 << fm—2 < p(T)a 5,7 > 07 B"i',y > 07 a; € [07—1_00)’ i =

m—2 m—2
1,2,---,m =3, am_2 >0, satisfy 0 < > ;& <T,and d=8(T - > a;&)+
i=1 i=1

m—2
’y(l — Z G,i) > 0;
i=1

(H2) a(t) € C1q((0,T), [0,+400)) and there exists tg € [€n—_2,T), such that
a(tog) > 0;

(H3) feC(0,T] x[0,400), (—00,+00)), f(t,0) >0 and f(t,0) #0. (The
A-derivative and the V-derivative in (1.1), (1.2) and the Cjq space in (Hs) are
defined in Section 2.)

Recently, there has been much attention paid to the existence of positive
solutions for second-order nonlinear boundary value problems on time scales, for
examples, see [3, 8, 10, 14, 15] and references therein. But to the best of our
knowledge, few people considered the second-order dynamic equations with sign
changing nonlinear term on time scales.

In [3], Anderson discussed the following dynamic equation on time scales:

u?Y (t) + a(t) f(u(t)) = 0,t € (0,T), (1.3)

u(0) =0, au(n) = u(T). (1.4)

He obtained some results for the existence of one positive solution of the problem
(1.3) and (1.4) based on the limits fy = ulirg+ @ and foo = ili% %u)

In [8], Kaufmann studied the problem (1.3) and (1.4) and obtained the ex-
istence results of finitely many positive solutions and countably many positive
solutions.

In [10], Jian-Ping Sun and Wan-Tong Li considered the following system on
time scale T:

uBA () + filur(t),us(t), - ,un(t)) =0, te(0,T), (1.5)

uf(0) =0 = u;(0*(T)) i=1,2,--- ,n. (1.6)

2
By using the theory of the fixed point index, the authors investigate the effect
of o%(T) on the existence and nonexistence of positive solution for the system
(1.5) and (1.6) in sublinear cases.



Positive solutions for nonlinear m-point BVP 553

In [12], Luo and Ma discussed the following dynamic equation on time scales:
utV () +alt) f(u(t)) = 0,t € (0,T), (1.7)

u(0) = Bu(n), w(T) = au(n). (1.8)
They obtained some results for the existence of one positive solution and of at
least three positive solutions of the problem (1.7) and (1.8) by using a fixed point
theorem and Leggett-Williams fixed point theorem, respectively.
Su et. al. [13] investigated the following singular m-point p-Laplacian bound-
ary value problem on time scales with the sign changing nonlinearity:

(p((®)))Y +a(t) f(t.u(t)) =0, te(0,T), (1.9)
m—2
a(0) =0, (1) = 3 wi(u(&) =0, (1.10)

where p,(u) = [ulP72u, p > 1,0 < & < -+ < &noa < p(T), a(t) € Cla((0,T),
(0,40)), f € C1a((0,T) x (0,400),(—00,400)). They presented some new
existence criteria for positive solutions of the problem (1.9) and (1.10) by using
the well-known Schauder fixed point theorem and upper and lower solutions
method.

In [14], Sun and Li considered the existence of positive solutions of the fol-
lowing dynamic equations on time scales:

u®Y (t) + a(t) f(t,u(t)) = 0,t € (0,T), (1.11)

Bu(0) — yu2 (0) = 0, auln) = u(T). (112)
They obtained the existence of single and multiple positive solutions of the prob-
lem (1.11) and (1.12) by using fixed point theorem and Leggett-Williams fixed
point theorem, respectively.

In [16], Wang and Agarwal considered a general type of delay neural networks
on time scales, by contraction principle and Gronwall-Bellman’s inequality, they
obtained some existence results of almost periodic solution for the problem.

The key conditions used in the above papers is that the nonlinearity is non-
negative, so the solution is concave down. If the nonlinear term is negative
somewhere, then the solution needs no longer be concave down. As a result,
it is difficult to find positive solutions for the dynamical equation when the
nonlinearity change sign.

The present work is moviated by recent papers [13-16]. To date few paper has
appeared in the literature which discusses the multipoint boundary value prob-
lem for second-order dynamic equations on time scales when nonlinear term may
change sign. This paper attempts to fill this gap in the literature. In this paper,
on the one hand, our work concentrates on the case when the nonlinear term
may change sign, we will use the property of the solutions of the BVP (1.1) and
(1.2) to overcome the difficulty. On the other hand, we will establish the key
conditions in Theorem 3.1 and Theorem 3.2 to show the existence of positive
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solutions of the BVP (1.1) and (1.2).

The rest of the paper is arranged as follows. We state some basic time scale
definitions and prove several preliminary results in Section 2, Section 3 is devoted
to the existence of positive solution of (1.1) and (1.2), the main tool being
the fixed point theorem in cone. At the end of the paper, we will give an
example which illustrates that our work is true. We also point out that when
feC(0,T] x[0,400), [0,400)), i.e., the nonlinear term f is positive, (1.1) and
(1.2) becomes a boundary value problem on time scales just considered in [15].
Our main results extend and include the main results of [14, 15].

2. Preliminaries and some Lemmas

For convenience, we list the following definitions which can be found in [1, 4,
6, 7].

Definition 2.1. A time scale T is a nonempty closed subset of real numbers R.
For t < sup T and r > inf T, define the forward jump operator o and backward
jump operator p, respectively, by
ot)=inf{reT |7 >t} €T,
plry=sup{r €T |r<r}eT.
for all t,r € T. If o(t) > t, t is said to be right scattered, and if p(r) < r,
r is said to be left scattered; if o(t) = ¢, t is said to be right dense, and if
p(r) =r, r is said to be left dense. If T has a right scattered minimum m, define
Ty = T — {m}; otherwise set T, = T. If T has a left scattered maximum M,
define T* = T — {M}; otherwise set T* = T.

Definition 2.2. For f : T — R and t € T*, the delta derivative of f at the
point ¢ is defined to be the number f2(t), (provided it exists), with the property
that for each € > 0, there is a neighborhood U of ¢ such that

[f(@(t) = f(s) = FA () (o (t) = 8)| < elo(t) — sl
for all s € U.
For f : T — R and t € Ty, the nabla derivative of f at ¢ is the number

Y (t), (provided it exists), with the property that for each ¢ > 0, there is a
neighborhood U of ¢ such that

[F(p(1)) = f(s) = FY()(p(t) = 5)| < elp(t) — s,

forall s e U.

Definition 2.3. A function f is left-dense continuous (i.e. {d-continuous), if f
is continuous at each left-dense point in T and its right-sided limit exists at each
right-dense point in T.
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Definition 2.4. If GA(t) = f(t), then we define the delta integral by

/f G(b) - Gla).

If FV(t) = f(t), then we define the nabla integral by

b
/ f()Vt = F(b) — F(a).

To prove the main results in this paper, we will employ several lemmas. These
lemmas are based on the linear BVP

AV(t) 4+ h(t) =0, te(0,7T), (2.1)
Bu(0) —yu?(0) =0, w(T)= Z_: a;u(&;), m > 3. (2.2)

Lemma 2.5. (see [15]). If d # 0 , then for h € C14[0,T] the BVP (2.1) and
(2.2) has the unique solution

t T
u(t):f/O (t—s)h(s)Vs+Bt;7/ (T — 5)h(s)Vs

0

m—2 &i
7 z_; ai/o (& — s)h(s)Vs. (2.3)

Lemma 2.6. (see [15]). Assume (Hy) holds, For h € Ci4[0,T] and h > 0, then
the unique solution uw of (2.1) and (2.2) satisfies

u(t) >0, for tel0,T].

Lemma 2.7. (see [15]). Let Z ;& >T, d#0. If he Cy[0,T] and h >0,
then (2.1) and (2.2) has no posztwe solution.

Lemma 2.8. (see [15]). Assume (Hy) holds, For h € Cy4[0,T] and h > 0, then
the unique solution uw of (2.1) and (2.2) satisfies

inf  w(t) > r|ul,

t€[§m,2,T]
where
. Ay —2 (T - fm—2) am—2§m—2 frn—Z }
r = min y s , ||w]| = sup u(t)|.
(it tncsfuct Sotd up = s uth)

Let E = Ci4([0,T], R) be the set of all 1d-continuous functions from [0, T
to R, and Let the norm on Cj4([0,7], R) be the maximum norm. Then the
C14([0,T], R) is a Banach space. We define two cones by

P={u: vuekE, ult)>0,tel0,T]}
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and
K = {u|u € E,u(t) is nonnegative on [0, 7], inf  w(@)>r|wul},
t€[£m72vT]
where r is the same as in Lemma 2.8.

It is easy to see that the BVP (1.1) and (1.2) has a solution u = w(t) if and
only if u solves the equation

t T
u(t) = — / (t—s)a(s)f(s,u(s))Vs+ i+ (T — s)a(s)f(s,u(s))Vs
0 d 0

m=Z
7%37 ; a,;/o (Ez — S)G(S)f(57u(5))V5_

We define the operators G: P — E and H: K — E as follows

t T
(Gu)(t) = —/0 (t—s)a(s)f(s,u(s))Vs+ 5t;r’)//0 (T — s)a(s)f(s,u(s))Vs

Bt mg / " (6~ )a(s) (5, u() V5,
(2.4)
0= - [ (1~ s)a(s)f* (5,u(s)) Vs
ft / ' (T a(s) £ (s, u(s)) Vs (2.5)
e o
TN, /0 (& — s)a(s)F* (s,u(s)) Vs,

where f*(t,u(t)) = max{f(t,u(t)), 0}, te[0,T].

It is obvious that K is a cone in E. By Lemma 2.3, H(K) C K. So by
applying Arzela-Ascoli theorem on time scales [2], we can obtain that H(K) is
relatively compact. In view of Lebesgue’s dominated convergence theorem on
time scales [6], it is easy to prove that H is continuous. Hence, H : K — K is
completely continuous.

Lemma 2.9. (see [9]) Let K be a cone in a Banach space X. Let D be an
open bounded subset of X with D = DN K # ¢ and D # K. Assume that
A: Dg — K is a completely continuous map such that x # Az for x € ODx.
Then the following results hold:

(1) If |Az|| < ||z||, = € 0Dk, then i(A, Dk, K) =1;

(2) If there exists xg € K\{0} such that v # Ax + A\xg, for all x € 0Dk and all
A >0, then i(A, Dk, K) = 0;
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(3) Let Ug be open in X such that Ux C Di. If i(A,Dk,K) = 1 and
i(A, Uk, K) =0, then A has a fized point in D \U .

The same results holds, if (A4, Dg, K) =0 and (A, Uk, K) = 1.
We define

Ky ={ult) € K : Jull <p}. @, = {ult) € K: _ min__ u(t) <rp}.

Lemma 2.10. (see [11]) Q, defined above has the following properties:
(a) K, CQ, C Kp;

(b) 2, is open relative to K;

(c) z € 09, if and only if 5m_n;ggT:r(t) =rp;

(d) If x € 09, then rp < z(t) <pforte [Em—2,T).

Now, for the convenience, we introduce the following notations. Let

: [t
7, = min {gmrrzl1<r%<T ; cu € rp,plp,

Op:max{ max M3ue [O,p]},

0<t<T  p
t,u t,u
f%¢ = lim sup max It ), o« = lim inf min it ), (a:=00 or 0F),
u— 0<t<T u U—a Em—2<t<T u

T —1
m:d<(ﬁT+v) / (T—s)a(sm) , (2.6)

M=d (min {6§m_2 + 7, f max {mi2 a;&y, am_gfm_g} + ’ymi2 ai}

i=1

T ~1 (2.7)
X / (T—s)a(s)Vs) .

E'm72
Lemma 2.11. If f satisfies the following conditions
1§ <mand u+# Hu, for ued K,, (2.8)
then i(H,K,, K) =1.

Proof. By (2.6) and (2.8), we have for Yu € 9 K,

BT+~ (T

) < 2 [ - a(s) (s, u(s) Vs
pm(BT +7) [T
S#/o (T — s)a(s)Vs
= p=Jul.
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This implies that ||Hu| < |Ju|| for v € 0 K,. By Lemma 2.5(1), we have
i(H,K,,K)=1.
Lemma 2.12. If f satisfies the following conditions

ff, > Mr and u# Hu for u € 09, (2.9)
then i(H,Q,, K) =0.

The Proof is similar to Lemma 3.3 in [15], here we omit it.

3. Existence theorems of positive solutions
Main results are here

Theorem 3.1. Assume (Hy),(Hs) and (H3) hold, and assume that one of the
following conditions hold:

(Hy4) There exist p1,p2 € (0,400) with p1 < rps such that
(1) f(tvu) > 07 te [5m72vT]7 u € [rplva];
(2) fo* <m, fr2, > Mr;

(Hs) There exist p1, p2 € (0,+00) with p1 < ps such that

(3) f5° <m;
(4) f(t,u) > Mrpy, t € [§n2,T], u€ [r?p1,po].
Then (1.1), (1.2) has a positive solution.

Proof. Assume that (Hy) holds. We show that H has a fixed point u; in
Q,,\K,,. By Lemma 2.11, we have that

i(H, K, K) = 1.
By Lemma 2.12, we have that
i(H, K, K) = 0.
By Lemma 2.10 (a) and p; < rp2, we have K, C K,,, C ,,. It follows from

Lemma 2.9(3) that A has a fixed point u; in ©,,\K ,,, The proof is similar when
Hs holds, and we omit it here. The proof is complete. O

Theorem 3.2. Assume (Hy),(Hsz) and (Hs) hold, and suppose that one of the

following conditions holds:

(Hg) There exist p1, pa2, ps € (0,400) with p1 < rpy and p2 < p3 such that

(1) f5* <m, fP2. > Mr, uw+# Hu,¥ uedf,,, and f* <m;

Tp2

(2) f(t,u) >0, t € [Em_2,T], u€ [rp1,ps]
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(Hy) There exist p1, pa, p3 € (0,400) with p1 < pa < rp3 such that

(1) f§? <m, fry, > Mr, u# Hu,¥Y u € 0K,,, and ff3 > Mr;

(2) f(t7u) Z O’ te [5m—27T}7 u < [7'02,,03], and f(t7u) Z Mrpla
le [EM—QaT]a u e [szl,pg].

Then (1.1), (1.2) has two positive solutions. Moreover, if (Hg)f§* < m is
replaced by f§' < m, then (1.1), (1.2) has a third positive solution us € K ,, .

Proof. Assume (Hg) holds, we show that H has a fixed point u; either in 0K,
or uy in Q,, \ K,,. If u # Hu, u € 0K,, |JOK,,, by Lemmas 2.11 and 2.12, we
have

i(H, K, K) =1, i(H,Q,,,K)=0, i(H K, K)=1.
By Lemma 2.10(a) and p; < rps, we have K, C K,,, C ©,,. By Lemma
2.9(3), we have H has a fixed point u; € Q,,\K,,. Similarly, H has a fixed

point us € K,,\Q,,. Clearly,

[usll > p1, te[gril_r}mm(t) = rlfurl] > rp1.
This implies that rpy < ui(t) < p2, t € [§m—2,T]. By (Hs)(2), we have
ftur(t)) >0, t € [En2,T], ie. fH(t,ui(t)) = f(t,u1(t)). Hence, we can get
Huy = Guq. That means u, is a fixed point of G. From uy € K,,\Q,,, p2 < p3
and Lemma 2.10(a) we have K,,, C ,, C K,,. Obviously, ||uz| > rps. This
implies that

min  wo(t) > rllusll > r2p-.
te€[Em—2,T] 2(t) = 7luzll P2

Therefore,

2py < ua(t) < p3, t € [Ens,T].
By p1 < rps and (Hg)(2), we have f(t,ua(t)) > 0, t € [E_2,T],i.e. fT(t,us(t)) =
f(t,ua(t)). So uz is another fixed point of G. Thus, we have proved that (1.1)
and (1.2) has at least two positive solutions u; and uy. The proof is similar
when (Hg) holds and we omit it here. The proof is completed. O

Remark 3.1. If f € C([0,T] x [0,+00), [0,400)), i.e., the nonlinear term f is
positive. Theorem 3.1 and 3.2 improve Theorem 3.1 in [15]. When m = 3, the
BVP (1.1) and (1.2) becomes the problem considered in [14].

4. Example
In this section, we present a simple example to explain our results.

Let T = {(3)" : n € N}U{1}, T = 1. Consider the following BVP on time
scales

utV(t) + f(t,u(t) =0, te(0,7), (4.1)
1 1 1 1
5“(0) - gUA(O) =0, u(T)= Zu(g)v (4.2)
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where
1\3
(u—12> , ue[O,ﬁ];
1 . 6r ™ 1
§SIH(HU7E), U € [Evl}’
= = 1

1
T+ —(u—2)2 u€l2,24];

224

1+ ﬁ[l + (u—24)(30 —u)], wue€[24,+0).

It is easy to check that f: [0,1] X [0, +00) — (—00, +00) is continuous. In this
case, a(t) =1, = %, v = %, a; = i & = %7 and m = 3, it follows from a
direct calculation that

1
=<1
12

g =2 1 1.1, 1. 17
d:ﬂ<T_ Zai§i> +7<1_Zai> 25(1_E)+§(1_Z):ﬂ>0’
=1

i=1

> =
W =

0<ai&y =

we can easily find that (H;), (Hz) and (Hjs) hold, and

-1

mea(r e [[@suaes) = E (G h [a-aw) =2

M =d (min {5§m—2 + 7, Bmax {mz2 a;&, am—2§m—2} + mi2 ai}

i=1

X /T (T — s)a(s)Vs) h

m—2
1 —1
17 11+1 1 1+11 /(1 )d
= — | mmns - - = - - = - -
24 2’373 27127374 ), TV
51
= 5
r — min am72(T_£m72) am72€m72 £m72
T_a/m—2€m—2’ T ’ T
l( ,l) 1.1 1
_ 4 3 4 3 3
mm{l—}l';l»,’ 1,1}
1
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Choose p1 = 1, pa = 24, p3 = 30, it is easy to check that 1 = p; < rps =
— x24=2<py < ps, f(t,u) = f(u) >0, for t € [§,1] and u € [ - 1,30],
ioreover,

0<t<1 1 uelo, 1}}
1 17
=-<m=—
2= 10’
2 :min{ min f(tu) : [2 24}
Tp2 éﬁtﬁl 24
1.210 51 1
= ~ 21. 3333>M7‘—? E—2.12507
b =max {Org‘aécl f(;)bu) TS [0,30]}
o
7260 — 10
By (2.5), we have
(Hu)(®) =~ [ (= alo)f*(s,u(s) Vs
0
+ﬁt;—7/o (T — s)a(s)f*(s,u(s))Vs
ﬁt—f—’y Z / (s)f*(s,u(s))Vs
¢ 41 1
— = [ uo) s+ EpE [ 197 (s, u(s) Vs
0 51 Jo
L+l 1 31
S 1/ (5= ) *(5,u(s)) Vs
Since 485
Flt) = f() < o,
‘We have

te€0,1], u € [0,24], for u € IKay

1 1 1
=4+ 3 2425
|Hul| < i/ (1— 8)f*(s,u(s))
24

< — <24 =

ul|
This implies Hu # u, for u € Q4. Thus, (Hg) of Theorem 3.2 is satisfied
Then the BVP (4.1) and (4.2) has two positive solutions uy, us satisfying

Jua | < 24, [[ug|| > 24.
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Remark 4.1. We note that Theorem 3.1 in [14, 15] can not apply to our example.
Hence, we generalize the results[14, 15].
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