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BIRATIONALLY RIGID COMPLETE INTERSECTIONS
OF CODIMENSION TWO

DANIEL EVANS AND ALEKSANDR PUKHLIKOV

ABSTRACT. We prove that in the parameter space of M-dimensional Fano
complete intersections of index one and codimension two the locus of
varieties that are not birationally superrigid has codimension at least
L(M —9)(M —10) — 1.

Introduction

0.1. Statement of the main result. Birational (super) rigidity is known for
almost all families of Fano complete intersections of index one in the projective
space, see [21-23]. Typically birational superrigidity was shown for a generic (in
particular, non-singular) variety in the family. Now the improved techniques
make it possible to obtain more precise results, covering complete intersections
with certain simple types of singularities and estimating the codimension of the
subset of non-rigid varieties in the parameter space of the family. The first work
of this type for a family of Fano varieties was done in [6] for Fano hypersurfaces
of index 1. Here we do it for complete intersections of codimension two.

In this paper, the symbol P stands for the complex projective space PM+2,
where M > 13. Fix two integers dy > d; > 2, such that d; +dy = M + 2 and
consider the space

P =Pay,m+3 X Pay,m+3
of pairs of homogeneous polynomials (f1, f2) on P (that is to say, in M + 3 vari-
ables xo,...,xp42) of degrees dy and ds, respectively. The symbol V(f1, f2)
denotes the set of common zeros of f; and f5. The following claim is the main
result of this paper.

Theorem 0.1. There exists a Zariski open subset Preg C P such that:

(1) for every pair (fi, f2) € Preg the closed set V- =V (f1, f2) is irreducible,
reduced and of codimension 2 in P with the singular locus Sing V' of codimen-
sion at least 10 in 'V, so that V is a factorial projective algebraic variety; the
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singularities of V' are terminal, so that V is a primitive Fano variety of index
1 and dimension M,

(ii) the estimate

codim((P\Preg) C P) > =(M —9)(M —10) — 1

DN =

holds;

(iil) for every pair (fi, f2) € Preg the Fano variety V. = V(f1, f2) is bira-
tionally superrigid.

See [21, Chapter 2] for the definitions of birational rigidity and superrigid-
ity as well as for the standard implications of these properties: Theorem 0.1
implies that for every pair (f1, f2) € Preg the corresponding Fano complete
intersection V' = V (1, f2) C P admits no structures of a rationally connected
fibre space, that is to say, there exists no rational dominant map ¢: V --» §
onto a positive dimensional base S such that the fibre of general position is
rationally connected. In particular, V' is non-rational. Another well known
implication is that the groups of birational and biregular self-maps of V are
the same: BirV = Aut V.

Now we describe the set Prcs by explicit conditions (some of them are global
but most of them are local) and outline the proof of Theorem 0.1.

0.2. Regular complete intersections. Consider a pair of homogeneous
polynomials (f1, f2) € P, both non-zero. Below we list the conditions that
these polynomials are supposed to satisfy for a regular pair.

(RO.1) The polynomial f; is irreducible and the hypersurface {f; = 0} = F}
has at most quadratic singularities of rank 5.

Remark 0.1. This condition ensures that F} is a factorial variety so that Cl F} =
Pic F; is generated by the class of a hyperplane section and every effective
divisor on F} is cut out by a hypersurface in P.

(RO.2) f2|r, # 0 and moreover the closed set {f2|r, = 0} is irreducible and
reduced.

(R0.3) Every point 0 € V = V(fy, fa) is

e either non-singular,
e or a quadratic singularity,
e or a biquadratic singularity.

For each of the three types the local regularity conditions will be stated sep-
arately. Given a point o € V| we fix a system of affine coordinates z1,..., 2542
on an affine subset 0 € AM*2 ¢ PM+2 with the origin at o, and write down
the expansions of the polynomials f;:

fi=qi1+q 2+ +qd
fo=aq1+q2+ - +qa + -+ a4,
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where ¢; ; are homogeneous of degree j. We list the homogeneous polynomials
in the standard order as follows:

q1,1,492,1,91,2,92,25 - - - ,q1,dy,92,dy 5 - - - 5 42,d2 >

so that polynomials of smaller degrees precede the polynomials of higher degrees
and for j < d; the form ¢ ; precedes g ;.

Every non-singular point o € V' is assumed to satisfy the regularity condition

(R1) the polynomials ¢; ; in the standard order with the last two of them
removed form a regular sequence in O, p.

Every quadratic point o € V is assumed to satisfy a number of regularity
conditions. Note that in this case at least one of the linear forms ¢y 1, ¢z, is
non-zero and the other one is proportional to it. We denote a non-zero form
in the set {g1.1,¢2,1} by the symbol ¢, 1.

(R2.1) The rank of the quadratic point o € V is at least 9.

Remark 0.2. When we cut V' by a general linear subspace P C P of dimension
10, containing the point o, we get a complete intersection Vp C P = P'0 of
dimension 8 with the point o an isolated singularity resolved by one blow up
Vlj — Vp, the exceptional divisor of which, @ p, is a non-singular 7-dimensional
quadric.

Apart from (R2.1), the quadratic point o is assumed to satisfy the condition
(R2.2) the polynomials

qx,1,91,2,42,2, - - -, 42,dy

in the standard order with go 4, removed, form a regular sequence in O, p.

Now let us consider the biquadratic points, that is, the points o € V for
which ¢11 =¢21 =0.

(R3.1) For a general linear subspace P C P of dimension 12, containing the
point o, the intersection Vp = V N P is a complete intersection of codimension
2 in P = P2 with the point o € Vp an isolated singularity resolved by one blow
up V}f — Vp with the exceptional divisor Q) p which is a non-singular complete
intersection of two quadrics in P!, dimQp = 9.

Apart from (R3.1), the biquadratic point o is assumed to satisfy the condi-
tion (R3.2) the polynomials

q1,2,492,2,---,42,d>

form a regular sequence in O, p.

The subset Pycg consists of the pairs (fi, f2) such that the conditions (RO0.1-
R0.3) are satisfied and the conditions (R1), (R2.1) and (R2.2), (R3.1) and
(R3.2) are satisfied for every non-singular, quadratic and biquadratic point,
respectively.
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0.3. The structure of the proof of Theorem 0.1. By the well known
Grothendieck’s theorem [2] for every pair (f1, f2) € Preg the variety V(f1, fa)
satisfies the conditions of part (i) of Theorem 0.1. Therefore, Theorem 0.1 is
implied by the following two claims.

Theorem 0.2. The estimate

codim((P\Preg) C P) > =(M —9)(M —10) — 1

DN =

holds.

Theorem 0.3. For every pair (fi, f2) € Preg the variety V.= V(f1, f2) is
birationally superrigid.

The two claims are independent of each other and for that reason will be
shown separately: Theorem 0.2 in Section 3 and Theorem 0.3 in Sections 1 and
2.

In order to prove Theorem 0.3, we fix a mobile linear system 3 C |[nH| on
V', where H is the class of a hyperplane section. All we need to show is that
¥ has no maximal singularities. (For all definitions and standard facts and
constructions of the method of maximal singularities we refer the reader to
[21, Chapters 2 and 3].)

Therefore, we consider the following four options:

e Y has a maximal subvariety,

e Y has an infinitely near maximal singularity, the centre of which on V'
is not contained in the singular locus Sing V',

e ¥ has an infinitely near maximal singularity, the centre of which on V
is contained in Sing V' but not in the locus of biquadratic points,

e 3 has an infinitely near maximal singularity, the centre of which on V'
is contained in the locus of biquadratic points.

The first two options are excluded in Section 1 (this is fairly straightforward),
where we also prove a useful technical claim strengthening the 4n2-inequality
in the non-singular case. The two remaining options are excluded in Section 2
(which is much harder and requires some additional work).

Theorem 0.2 is shown in Section 3, which completes the proof of Theorem
0.1.

0.4. Historical remarks. The first complete intersection (which was not a
hypersurface in the projective space) that was shown to be birationally rigid was
the complete intersection of a quadric and cubic Va.3 C P5, see [10,15] and for a
modern exposition [21, Chapter 2]. Higher-dimensional complete intersections
were studied in [19,22,23]; as a result of that work, birational superrigidity
is now proven for all non-singular generic complete intersections of index 1 in
the projective space, except for three infinite series 2-----2,2-----2-3 and
2. 2 - 4 and finitely many particular families.
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Three-dimensional complete intersections of type 2 - 3 with a double point
were studied in [5]. Birational superrigidity of one particular family (complete
intersections of type 2-4) of four-folds was proved in [3]. Recently a considerable
progress was made in the study of birational geometry of weighted complete
intersections and more complicated subvarieties [1,12-14]. Note that Fano dou-
ble hypersurfaces and cyclic covers [4,18,20] are also complete intersections of
index two in the weighted projective space. Finally, there is a recent paper [24]
claiming birational superrigidity of certain families of complete intersections
of index one, but it is based on the ideas of [7], which later turned out to be
faulty [8] and even in the corrected version some parts are hard to follow. The
classical techniques of the method of maximal singularities remains the only
reliable approach to showing birational rigidity.

The authors thank the referee for a number of helpful suggestions.

1. Exclusion of maximal singularities. I.
Maximal subvarieties and non-singular points

In this section we exclude maximal subvarieties of the mobile linear system
Y (Subsection 1.1) and infinitely near maximal singularities of ¥, the centre of
which is not contained in the singular locus of V' (Subsection 1.2). After that
we show an improvement of the 4n?-inequality (Subsection 1.3), which will be
used in Section 2 in the cases where the usual 4n2-inequality is insufficient.

1.1. Exclusion of maximal subvarieties. We start with the following
claim.

Proposition 1.1. The linear system 3 has no maximal subvarieties.

Proof. Assume that B C V is a maximal subvariety for 3. Let us consider
first the case codim(B C V) = 2. For a general linear subspace P C P of
dimension 7 the intersection Vp = VNP is a non-singular complete intersection
of codimension 2 in P”, hence for the numerical Chow group of classes of cycles
of codimension 2 on Vp we have

A*Vp = ZH?,
where Hp is the class of a hyperplane section of Vp. Now the standard argu-
ments [21, Chapter 2, Section 2] give the inequality

multpnp Xp < n,

where X p is the restriction of ¥ onto Vp, a mobile subsystem of [nHp|. There-
fore, multg > < n and B is not a maximal subvariety — a contradiction.

Now let us consider the case codim(B C V) > 3, B ¢ Sing V. In this case
we have the inequality

multp Z > 4n?,
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where Z = (D 0D5) is the self-intersection of the system 3, D; € ¥ are general
divisors. As deg Z = n?degV = n?d,dy, we use the inequality
multoY < 4 ’
deg ~ dids
which holds for any smooth point 0 € V and any irreducible subvariety Y C V'
of codimension 2 (see Proposition 1.3 below) to obtain a contradiction. Finally,
assume that B C Sing V. In this case codim(B C V') > 10, so that

multg ¥ > on,
where § > 7. Therefore, we have the inequality
multp Z > 98n?,

which is impossible as for any singular point o € V' and subvariety Y of codi-
mension 2 the inequality

multoY < 9
deg ~ dids
holds, see Propositions 2.1 and 2.2.
We have excluded all options for B. O

1.2. Exclusion of maximal singularities, the centre of which is not
contained in the singular locus. Our next step is the following.

Proposition 1.2. The centre B of mazimal singularity E is contained in the
singular locus Sing V.

Proof. Assume the converse: B ¢ Sing V. Since B is not a maximal subvariety
of ¥, we see that codim(B C V) > 3 and the 4n%-inequality holds:
(1) multp Z > 4n?.

Now let us show the opposite inequality.

Proposition 1.3. For any non-singular point o € V. and any irreducible sub-
variety Y of codimension 2 the inequality
mult, 4
<
deg - d1d2

holds.

Proof. We consider the general case when d;+2 < ds; the obvious modifications
for the two remaining cases do = dy + 1 and dy = d; are left to the reader.

Our proof is identical to the proof of Theorem 2.1 on birational superrigidity
of Fano complete intersections in [21, Chapter 3, Section 2], except for the only
point of difference: due to the slightly weaker regularity condition (R1) for
smooth points, the procedure of constructing intersections with hypertangent
divisors has to terminate one step sooner than in the cited argument. In other
words, we use hypertangent divisors

/ 1" ! 1 / 1!
D13D27D37D3v"'7Di7Di 7"'7Dd1—17Dd1—1a
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followed by
Dg,y...,Dg,—3
(as usual, D; € A; or D}, D! € A; are generic divisors in the i-th hypertangent
linear system, A; C |iH|, mult, A; > i+1), but not Dy, as in [21, Chapter 3,
Section 2], since the weaker regularity condition does not allow to make that
last step.
Assuming that for Y 3 o the claim of Proposition 1.3 does not hold, we

apply the technique of hypertangents divisors as outlined above, and obtain an
irreducible surface S 3 o, satisfying the inequality

mult, o (multy N 2 3 (4 di \* di+1 dy — 2
deg - deg 1 2 3 dy —1 dq dy — 3
multo d2 -2 4(d2 — 2)
= Y| -d- > >1
< deg ) ! 3 3de T
(the last inequality in this sequence holds as da > 8). Therefore, mult, S >
deg S, which is impossible. Proposition 1.3 is shown. O

Therefore, the inequality (1) is impossible. Proof of Proposition 1.2 is com-
plete. (I

1.3. An improvement of the 4n2-inequality. Let us consider the following
general situation: X is a smooth affine variety, B C X a smooth subvariety of
codimension at least 3, ¥ x a mobile linear system on X such that

multg Xx = an < 2n
for some a € (1,2] and positive n € Q, but the pair (X, %LEX) has a non-
canonical singularity with the centre B. In other words, for some birational

morphism ¢: X — X of smooth varieties and a ¢-exceptional divisor E C X ,
such that p(F) = B, the Noether-Fano inequality

ordg p*Xx > na(FE, X)
holds. By the symbol Zx = (D; o D3) we denote the self-intersection of the
mobile linear system X x.

Theorem 1.1. The following inequality holds:

2

n2

multg Zx >
a—1

Remark 1.1. Tt is easy to see that the minimum of the real function % on the
interval (1,2] is attained at ¢ = 2, so that the theorem improves the very well
known 4n2-inequality [21, Chapter 2, Theorem 2.1]. The proof given below is

based on the idea that was first used in [15] and later in several other papers.

Proof of Theorem 1.1. We follow the arguments given in [21, Chapter 2, Sec-
tion 2], using the notations of the proof of the 4n%-inequality given there.
Repeating those arguments word for word, we
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e resolve the singularity F,

e consider the oriented graph I' of the resolution,

e divide the set of vertices of I" into the lower part (codim B;_; > 3) and
the upper part (codim B;_1 = 2),

e employ the technique of counting multiplicities,

e use the optimization procedure for the quadratic function 21111 piv?

and obtain the inequality
(221 + Eu)Q n2
2l(zl + Eu) ’

see Subsection 2.2 in [21, Chapter 2]. Now set m = - multg Z, so that the
equality just above can be re-written as

(4—m)Z 4+ (4 —m)% 3, + X2 <0.

multg Z >

As the elementary multiplicities v; = multp, Eg(_l are non-increasing, we get
the inequalities
QN =V] 2V 2 - 2V 2 Vi1 2,
so that the Noether-Fano inequality implies the estimate
a(El + Eu) > 2% + X,

As 1 < a < 2 by assumption, we conclude that

2 -«

Yo > —.

a—1
Now the quadratic function () = t* + (4 —m)t+ (4 —m) attains the minimum
at t = 2(m —4) > 0 and is negative at ¢t = 0. Therefore, if v(tg) < 0 for some

. 2—«a
0 a_17
then )
2—-«a 22—« 22—«
()= (222) o (222 s <o
which easily transforms to the required inequality m > o?/(a — 1). d

The following elementary fact will be useful in Section 2 when maximal
singularities, the centre of which is contained in the singular locus of V', are
excluded.

Proposition 1.4. The function of real argument
t3
t =
5t) =
and increasing for t > %, so that it attains its
, which is equal to %.

is decreasing for 1 < t <
minimum on (1,00) at t =

N

Proof. Obvious calculations. (I
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2. Exclusion of maximal singularities. II.
Quadratic and biquadratic points.

In this section we exclude infinitely near maximal singularities of the linear
system X, the centre of which is contained in the singular locus of V. We
start with using the technique of hypertangent divisors to obtain estimates
for the multiplicities mult, ¥ and mult, Z, where o is a general point in the
centre of the maximal singularity and Z is the self-intersection of the mobile
system 3 (Subsection 2.1). After that, we consider separately the cases when
the centre is contained in the locus of the quadratic singularities (Subsections
2.2 and 2.3) and biquadratic singularities (Subsections 2.4 and 2.5). We make
use of the inversion of adjunction and the connectedness principle, similarly
to the arguments of Section 4 in [Book,Chapter 2], with (quite non-trivial)
modifications due to the exceptional divisor of the blow up of the point o being
either a quadric or a complete intersection of two quadrics.

2.1. The technique of hypertangent divisors. Let o € SingV be a
singularity (either a quadratic or a biquadratic point), o: VT — V its blow up
with the exceptional divisor @ C V. We consider o as the resriction of the
blow up op: PT — P of the same point o on the projective space P with the
exceptional divisor Ep = o 1(0)7 so that @ is either a quadric in a hyperplane
in Ep =2 PM*! or a complete intersection of two quadrics in Fp. For a generic
divisor D € ¥ set

Dt ~o*D —vQ

for some v € Z4; thus mult,D = 2v in the quadratic and 4r in biquadratic
case. In the singular case Proposition 1.3 has to be replaced by the following
facts. Let Y C V be an irreducible subvariety.

Proposition 2.1. Assume that mult, V' =2.

(i) If codim(Y C V) = 2, then the inequality

mult,, 7
deg ~ dids
holds.
(ii) If codim(Y C V) = 3, then the inequality
mult,, v < 72
deg - 7d1d2

holds.
(iii) The inequality v < \/gn holds.
Similarly, for the biquadratic case we have:

Proposition 2.2. Assume that mult, V = 4.
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(1) If codim(Y C V) = 2, then the inequality
multoY < 9
deg ~ dids

holds.
(i) The inequality v < 3n holds.

Proof of Proposition 2.1. The claim (iii) follows from (i): for the self-intersec-
tion Z of the mobile system ¥ we have the inequality mult, Z > 2v2. As
deg Z = n?dydy, we get the inequality of part (iii), assuming (i).

In order to show the claim (i), we apply the technique of hypertangent divi-
sors in the same way as in the proof of Proposition 1.3, but starting with the
second hypertangent divisor and completing the procedure with the hypertan-
gent divisor Dg,_o — one more than in the proof of Proposition 1.3, so that
now we use the hypertangent divisors

/ 1! / 1
Dy, Dy, DY,..., Dy 1, D4 1, Day,..., Day_o.

If the claim (i) is not true, we obtain an irreducible surface S > o, satisfying
the inequality

multy o (multy N 3 (4 d \* di+1  dy-1
deg deg 2 3 di —1 dq dy — 2
multo dl(dQ — 1) 7(d2 — 1)
= Y- > > 1
( deg ) 6 6ds

which is impossible. The contradiction proves the claim (i).

Finally, to show the claim (ii), we argue in exactly the same way as above,
starting with the hypertangent divisors D}, DY (removing D5), so that if the
claim (ii) does not hold, we obtain an irreducible surface S > o, satisfying the
inequality

mult, o 72 (4 d \? di+1 dy — 1
deg 7d1d2 3 dl -1 d1 dg - 2
The right hand side simplifies to
72(dy — 1) 51
63dy
for do > 8 which gives the desired contradiction and completes the proof of
Proposition 2.1. O

Proof of Proposition 2.2. Proof of Proposition 2.2 is very similar. First, we
note that part (i) implies part (ii) via looking at the multiplicity of the self-
intersection Z at the point o. In order to show the claim (i), we use the
hypertangent divisors

/ " / "
D37D37'-'7Dd1—17Dd1—1ﬂDd17---aDdz—l
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to obtain the required estimate. Il

2.2. Exclusion of the quadratic case, part I. In this subsection and in
the next one we assume that the centre of the maximal singularity is contained
in the singular locus Sing V' but not in the locus of biquadratic points. We
will show that this assumption leads to a contradiction. To begin with, fix a
general point o € V in the centre of the maximal singularity.

Let I C P be a general 6-plane in a 10-plane in P through the point o.
Denote by Vi1 and Vp the intersections V NII and V N P, respectively. By
our assumptions about the singularities of V', the varieties Vi1 and Vp are non-
singular outside o. Let

Vi C Vg c Vv*
(2) om 1 op 4 l o
Vo C Vp C %4

be the blow ups of the point 0 on Vi1, Vp and V. The varieties Vﬁ" and Vlj' are
non-singular. Denote the exceptional divisors of o, 0p and o by Qrr, Qp and
Q, respectively. The quadrics Q@ and Qp are non-singular. The hyperplane
sections of Vi1 and Vp will be written as Hyy and Hp. Obviously, for a general
divisor D € ¥ we have

Dfi ~nHy —vQn, D} ~nHp—vQp,

where Dy = D|y, Dp = Dl|v, (abusing our notations, we write Hp for o} Hp
etc.) and the upper index + means the strict transform. By inversion of
adjunction the pairs (Vir, +Dp) and (Vp, -Dp) are not log canonical at the
point o. As by Proposition 2.1(iii) we have v < 2n, whereas a(Qr, Vi1) = 2,
the pair
1 v—2n

(3) (Vl{, EDﬂ + (n)QH>
is not log canonical, and the centre of any of its non-log canonical singularities
is contained in the exceptional quadric Qm (see Lemma 4.1 in [21, Chapter 2]).
The union of all centres of non-log canonical singularities of the pair (3) is a
connected closed set by the Connectedness Principle [11,25]. Therefore,

e either it is a point,

e or it is a connected 1-cycle,

e or it contains a surface on the quadric Q.

As the union of all centres of non-log canonical singularities of the pair (3)
is a section of the union of all centres of non-log canonical singularities of the
pair

1 (v —2n)
+ +
(4) (Vp ) ﬁDP + nQP)
by Vif N Qp (which is a section of the non-singular quadric Qp by a general
4-plane in (Qp)), we see that the first option is impossible, as the smooth
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7-dimensional quadric Qp can not contain a linear subspace of dimension 4.
Therefore, we conclude that the pair (4) is not log canonical at an irreducible
subvariety A C @Qp of codimension either 1 or 2.

Proposition 2.3. The case codim(A C Qp) = 1 is impossible.

Proof. Assume that A is a divisor on @ p. Then by Proposition 4.1 in [21, Chap-
ter 2] we have the following estimate for the multiplicity of the self-intersection
Zp of the system Xp = Xy, at the point o:

mult, Zp 22y2—|—2-4(3—5) n?
n

(the factor 2 in the second component of the right hand side appears since we
have the inequality deg A > 2), and easy calculations give

mult, Z = mult, Zp > 16n2,
which contradicts Proposition 2.1(i). O

Therefore we assume that A C @p is an irreducible subvariety of codimen-
sion 2. That option will be shown to be impossible in the next subsection.

2.3. Exclusion of the quadratic case, part II. Our arguments are very
similar to those in [21, Chapter 2, Section 4]. Let D;,Ds € ¥ be general
divisors, Z = (D; o D5) the self-intersection of the system ¥. We can write

(D1lve)t o (Dalve)™) = Z} + Zpg,

where Zp ( is an effective divisor on the quadric @ p. By the standard rules of
the intersection theory [9],

mult, Z = mult, Zp = deg(Z;F 0 Qp) = 2v% 4 deg Zpq.

Let us consider the cases deg A = 2 (when A is a section of @p by a linear
subspace of codimension 2 in (Qp)) and deg A > 4 separately. Set o = 2 < 2.
Note that since mult Z; > n and EHQP ~ vHgq, where Hg is the hyperplane
section of the quadric @ p, we have the inequality v > n, so that « > 1. By

Theorem 1.1,

2

n?.

multA(Z; + ZRQ) > @ 1

o —

Assume now that deg A > 4. By Proposition 2.1(i) we have:
4multa Z?; < deg(Z; oQp) < n?,

so that

a? 7
lta Z —— | n%
multa P’Q><a—1 4)71

However, for [ € Z defined by the equivalence
Zpg ~lHg



BIRATIONALLY RIGID COMPLETE INTERSECTIONS OF CODIMENSION TWO 1639

we have the estimate [ > multa Zp g, so that

2

7
t,Z =202 +1)>2(a?+ -2 ) - Lp2
mu (v +1) > (a to g 1"

The right hand side simplifies as

a’ 7
2 — — | n? > 100
(a -1 4) n” 2 10n
by Proposition 1.4. Therefore, we obtained the inequality mult, Z > 10n2,
which contradicts Proposition 2.1(i). The case deg A > 4 is now excluded.

From now on, and until the end of this subsection, we assume that deg A = 2,
that is, A is cut out on @p by a linear subspace in (Qp) of codimension 2. By
construction, that means that there is a subvariety Ay C @ of codimension 2
and degree 2 (that is, Ay is cut out on the quadric @ by a linear subspace in
(@) of codimension 2), such that pair

(V+, lz+ + v— QnQ)
n n
is not log canonical at Ay and

A=AyNVE.

Let R be a general hyperplane section of V, such that R 3 o and the strict
transform RT contains Ay. Let Zr = (Z o R) be the self-intersection of the
mobile system Y r = X|g. Obviously,

mult, Zp = mult, Z + 2multa, zt.

Now set Zppr = (Zp o Zg). By generality of both P and R we have the
equalities

mult, Zp r = mult, Zr, multa Z; = multa,, zr.
Applying Proposition 2.1(iii) and taking into account the equalities above, we
get the estimate
+ 12 5
(5) mult, Zp + 2multa Z5 < 771 .
On the other hand, Qp is a non-singular (quadric) hypersurface, so that by
[21, Chapter 2, Proposition 2.3] we have the estimate
deg ZP,Q Z 2mu1tA ZP,Q

and for that reason

mult, Zp > 202 + 2multa Zpq,
so that by (5) we get:

72
7712 > 207 + 2(multa Zpg + multa Z3)
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2 3
>2(a®+ a n2:2a n?.
a—1 a—1

Now we apply Proposition 1.4 and obtain the inequality g > %, which is false.
This contradiction excludes the quadratic case completely.

2.4. Exclusion of the biquadratic case, part I. In this section and in the
next one we assume that the centre of the maximal singularity is contained in
the locus of biquadratic points. Again, we show that this assumption leads to
a contradiction. For a start, we fix a general point o € V in the centre of the
maximal singularity.

Now we take a general 7-plane II through the point o and a general 12-plane
P D II. The notations Vi, Vp etc. have the same meaning as in quadratic
case (Subsection 2.2), the same applies to the diagram (2) and the subsequent
introductory arguments. The only difference is that the exceptional divisors
Qn and @ p of the blow ups of the point 0 on Vi; on Vp are now non-singular
complete intersections of two quadrics. Instead of Proposition 2.1, we use
Proposition 2.2(ii) to obtain the inequality v < %n < 2n and, once again, to
conclude that the pair (3) is non-log canonical. Repeating the arguments of
Subsection 2.2, we obtain the following four options for the union of all centres
of non-log canonical singularities of the pair (3) in the biquadratic case:

e cither it is a point,

e or it is a connected 1-cycle,

e or it is a connected closed set of dimension 2,

e or it contains a divisor on the 4-dimensional complete intersection Q1.

Passing over to the pair (4) in exactly the same way as we did it in the
quadratic case, we see that the first option is impossible as a non-singular 9-
fold @Qp can not contain a linear subspace of dimension 5. Therefore, the pair
(4) is not log canonical at an irreducible subvariety A C Qp of codimension 1,2
or 3. The divisorial case (codim(A C @p) = 1) is excluded by the arguments
of the proof of Proposition 2.3 — in fact, we get a stronger estimate in this
case:

mult, Zp 241/2+4~4<375) n?
n

(as mult, Vp = 4 and deg A > 4), so that
mult, Z = mult, Zp > 32n2,

which contradicts Proposition 2.2(i).

The case codim(A C @Qp) = 2 is excluded by the arguments of Subsection 2.3
as deg A > 4 and the resulting estimate mult, Z > 10n? contradicts Proposition
2.2(i).

It remains to exclude the last option, when codim(A C @Qp) = 3, for which
there is no analog in the quadratic case.
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2.5. Exclusion of the biquadratic case, part II. From now on, and until
the end of this section, A C @Qp is an irreducible subvariety of codimension 3.
Slightly abusing our notations, which should not generate any misunderstand-
ing, we show first the following claim.

Proposition 2.4. Let Q = Gi1NGy C PN, N > 11, be a non-singular complete
intersection of two quadrics G1 and Go, W C Q an irreducible subvariety of

codimension 2 and A C @Q an irreducible subvariety of codimension 3. Let
l € Z4 be defined by the relation

2
W ~ lHQ,
where Hq is the class of a hyperplane section of Q. Then the inequality
multa W <1
holds.

Proof. Assume the converse. For a point p € @ we denote by the symbol
|Hg — 2p| the pencil of tangent hyperplane sections at that point.

Lemma 2.1. LetY C Q be an irreducible subvariety of codimension 2, contain-
ing the subvariety A. For a general point p € A and any divisor T € |Hg — 2p|
we haveY ¢ T.

Proof of Lemma 2.1. Assume the converse. Then for general points p,q € A
and some hyperplane sections T, € |Hg — 2p| and T, € |Hg — 2¢| we have
Y Cc T,NT,, so that Y = T, N1, is a section of @) by a linear subspace of
codimension 2. Since Sing(T}, NT,) is at most 1-dimensional (see, for instance,
[17]) and codim(A C @) = 3, we obtain a contradiction, varying the points
P q- U

We conclude that for a general point p € A and an arbitrary hyperplane
section T}, € |[Hg —2p| the cycle W, = (WoT,) is well defined. It is an effective
cycle of codimension 3 on @ and 2 on T, (the latter variety is a complete
intersection of two quadrics in PNV ~! with at most 0-dimensional singularities).
Let H, € PicT, be the class of a hyperplane section. Then we can write
Wy ~ ZHE. Set

Ap=ANT,.
Obviously, for a general point p the closed set A, is of codimension 3 on 7.
For any point ¢ € A, the inequality

mult, W), > 1

holds. Besides, by construction mult, W, > 21.

Now let us consider a point ¢ € A, of general position. Repeating the
proof of Lemma 2.1 word for word (and taking into account that the complete
intersection of two quadrics T}, has zero-dimensional singularities), we see that
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for any divisor T, € |Hg — 2¢| none of the components of the effective cycle
Wy, is contained in Ty, so that

Wyg = (Wp o Ty)

is well defined effective cycle of codimension 2 on T}, N Tj, of codimension 3
on T, and 4 on Q. Since T} is an arbitrary hyperplane section in the pencil
|Hg — 2¢|, we can choose it to be the one containing the point p. Now W, is
an effective cycle of codimension 6 on PV of degree deg W, = 4, satisfying the
inequalities
mult, Wpq > 20 and mult, Wy, > 21.

Taking a general projection onto PN~6 we conclude that the line [p,q] C
PV | joining the points p and ¢, is contained in the support of the cycle Whq-
Therefore, for any point ¢ € A, we have [p, q] C W and so for any point ¢ € A
we have [p,q] C W. Since A is not a linear subspace in P (Q cannot contain
linear subspaces of dimension N —5) and dimW = N — 4, we conclude that
A is a hypersurface in a linear subspace of dimension N — 4 and W is that
linear subspace, which is again impossible. The proof of Proposition 2.4 is now
complete. (I

Now coming back to the biquadratic case and using the notations of that
case, we write for general divisors Dy, Dy € X:

((D1lvi)™ o (Delve)¥) = Z} + Zpg,

where again Zp g is an effective divisor on the exceptional divisor of the blow
up op of the point o, which is a non-singular complete intersection of two
quadrics. Again,

(6) mult, Z = mult, Zp = deg(Z} 0 Qp) = 4v* + deg Zp .
We set a = £ < % By Theorem 1.1,

n

2

multA(Z;fon)—i—multA Zpq > n-.

a—1
By Proposition 2.4,

1
multa(Z5 o Qp) < 1 deg(Z} o Qp) = mult, Zp.
As deg Qp = 4, we also have the estimate
1
multA ZP,Q S 1 deg Zpr,

so that
2

n?.

mult, Zp +degZp7Q >4 @ 1
a—

Using (6), we get finally:

2 3
2mult, Z > 4 | o® + a n?=4 a nZ.
a—1 a—1



BIRATIONALLY RIGID COMPLETE INTERSECTIONS OF CODIMENSION TWO 1643

Applying Proposition 1.4, we conclude that
27
mult, Z > ?n2,
which contradicts Proposition 2.2(i).

Proof of Theorem 0.3 is now complete.

3. Regularity conditions

In this section we will prove Theorem 0.2 in several steps. We first notice
that

codim((P\Preg) C P) = ming,egy{codim((P\P«) C P)},
where S = {(R0.1),(R0.2),...,(R3.2)} and
P. = {(f1, f2) € P| the pair satifies the regularity condition x}.

We first deal with the global conditions (R0.1-R0.3) (Subsection 3.1). Then
move onto estimating the codimension of the bad set for the condition (R1)
(that is, the set of pairs (f1, f2) that do not satisfy that condition) and show
that the same estimates work for the conditions (R2.2) and (R3.2) (Subsections
3.2 and 3.3). Lastly, we deal with the conditions (R2.1) and (R3.1) to get our
total estimate (Subsection 3.4).

3.1. Global conditions. We first start by splitting the condition (R0.1) up
into two conditions. The first is the irreducibility condition for the hypersurface
{f1 = 0}; the set of pairs (f1, fo) with f; irreducible is denoted by Pjyreqa. The
second condition is that the hypersurface {fi = 0} has at most quadratic
singularities of rank at least 5; the corresponding subset of P is denoted by
quingZEy

Proposition 3.1. The codimension of P\ Pirea in P is at least w

Proof. This is independent of the choice of f5, hence it reduces to looking at
f € Pa, m+3 such that f = g1 - g2 with deggs = a and degge = di — a,
a=1,2,...,dy — 1. Then we define
Fi = Piv+3 X Pay—im+3-
Obviously, we have
dim P \ Pipred < max{dim F; |i =1,2,...,d; — 1}.
We calculate:
dim 7. i+ M+2 di—i+M+2
m J-; = .
M +2 M+2
By assumption d; < % + 1. We see that this gives the maximum dimension
occurring at ¢t =1, or i =dy — 1 as F; = Fy4,—;. Then
di + M + 1)

dim]—"lz(M+3)+( M2
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which immediately estimates the codimension of P\ Piyeq in P from below by

("557) - (orem (L) = () - are

The minimal value occurs at d; = 2 to get the estimate claimed by our propo-
sition. (]

Proposition 3.2. The codimension of P\ Pysing>5 in P is at least (Mgl) +1.

Proof. This is essentially a calculation about the rank of quadratic forms which
has been done in many places, see [6]. O

As P(ro.1) = Pirred N Pysing>5, We get that the codimension of P\ P 1) in

P is at least (Mgl) + 1.

Now we consider P(rg.2) C P consisting of pairs (f1, f2) satisfying the reg-
ularity condition (R0.2). We have two cases to consider: the first is if the
hypersurfaces contains a common component; the second is if the intersection
is non-reduced or reducible. The second case is the only one which needs
considering as the first one gives a much higher codimension of the bad set.
Fixing f1 we consider the set H C Py, 43 such that F; N F; is reducible or
non-reduced.

M-‘r2) _9.

Proposition 3.3. The codimension of H in Pg, pm+3 1s at least ( g

Proof. Taking into account Remark 0.1, we see that if fo € H, then:

folm € Pivits|lr X Pay—ivi+3|my

for some 7 = 1,2,...,ds — 1. Arguing like in the proof of Proposition 3.1, we
get: the codimension of H in Py, a3 is greater or equal than

do+ M + 2 do+ M +1 do —di + M+ 2
—((M+3
( da ) (( +)+( dy —1 >+( dy —dy ))
1 M +2)(de + M + 1)! do —di + M + 2)!
( )( 2 ) _ ( 2 1 ) _ (M+3)
(M +2)! ds! (do — dy)!
Using the substitution s = dy — dy, we see that for a fixed s the minimum of
the above expression occurs for do = s+ 2 and is equal to

1 M+2)(s+ M +3)! s+ M +2)!
(M +2)( o N ares
(M +2)! ds! s!
An easy check shows that this is an increasing function of s, so that the mini-
mum occurs at s = 0 to give us the required estimate. O

3.2. Regularity conditions for smooth points. Recall that a smooth
point satisfies the regularity condition (R1) if the homogeneous components
¢i; in the standard order with the last two terms (that is, the two terms of
highest degree) removed, form a regular sequence. If d; < da, then we need

W = {Q1,1 =q12="""=(q1,dy = 42,1 =422 =" =(2dy,—2 = 0}
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to be a finite set of surfaces in AM+2. If d; = ds, then we need

W= {Q1,1 =q12=""=4q1,dy-1=4G2,1 =422 = """ =(2,d,—1 = 0}
to be a finite set of surfaces in AM+2,

The linear forms ¢; ;1 and gz,; define the tangent space T,V at the point p,
so in the case do > dj

W= {Q1,2|Tpv == q1,d1|TpV = Q2,2|Tpv == q2,d272|TpV = 0} c AM
and similarly for the case di = dy. Finally as all the terms above are homo-
geneous we can consider the projective variety defined by the same equations
in the projectivized tangent space. Denote this by W c PM-1. We have
now redefined the regularity condition under consideration to be codim(W C
PM=1y = M — 2, that is, W is a finite set of curves.

Proposition 3.4. The codimension of P\ P(gyy in P is at least

AM) = (M—5)2(M—6)

Proof. We follow the methods given in [16,19] to estimate the codimension of
the space of varieties which violate the regularity conditions. The scheme of
these methods will be briefly outlined here, firstly we introduce the necessary
definitions.

— (M +1).

We say a sequence of polynomials p1,ps, ..., p; is k-regular, with k < [ if the
subsequence p1, pa, - . ., Pk is regular.

We re-label our polynomials in their standard ordering by hi = g1.2, ho =
g2,2, etc. Also define deg h; = m; to get our sequence hi,...,hy—2, with
m; < m;y1 in the space

M—2
L= H ,Pm,-,M-
i=1
We further look at the partial products defined by:
k
Ly =[] Pm.m-
i=1

We also define
Yi(p) = {(hs) € L | (hi) is a nonregular sequence at the point p},

emphasising the choice of fixing the point p as our origin of affine coordinates.
We will now consider £ =1,2,..., M — 2 and denote

M—-2
Y(p)= | Y,
k=1

the set of sequences which are not regular at some stage. Clearly, it is sufficient
to check that the codimension of Yy, in Ly, is at least A\(M)+ M. Now we outline
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the two methods of estimating the codimension of the bad set, with the most
important cases considered explicitly.

Method 1. We will use this method to get estimates for all cases but the
one when the regularity fails at the last stage, this method is given in [16].

Case 1. For a start, let us consider the trivial case &k = 1. Here

Yi(p) ={h1 =0 € P i},
so that

M+1
COdim(Yl (1‘) C ,Cl) = dim ’P27M = ( 2+ )
Case 2. Now assume that k = 2. This is the first non-trivial case and all

the following cases follow this method. We have that

Y2(p) = {(h1,h2) € Poyr X P | codim{hy = hy = 0} < 2}
Now we have @ = {hy = 0} = JQ; € P!, the decomposition into its
irreducible components and we assume that hy; #Z 0. Pick a general point
r € PM~1 not on Q; and consider the projection from this point to get the map
m: PM=1 5 PM=2 4o that restricting this projection onto each Q; we get a
finite map 7, , see the figure 1 below. Now take some g € H?(PM =2 Opn-2(2))

FIGURE 1

and look at w7, (g9): as the map is finite, we get that (), 18 injective. Therefore,
for the closed subset

Wo =1 H(PY 72, Opi-2(2)) C Par—1
we have WoNY3(x) = {0}. Now we know dim W5 = (1\24) so that codim Ya(z) >
(M

5 ) Therefore in the case kK = 2 we obtain the estimate

codim(Ya(p) C Ls) > (Aj >
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The remaining cases. We follow this method for the other values of
k=3,...,M — 3; we deal with the case k = M — 2 separately (and by means
of a different technique) later. Using this method we obtain for £k > 2 (k =1
is a special case) the inequality

e
codim(Yx(p) C Lg) > ( k),
Bre
where the values of o, and By are listed in the following table (k is changing
from 1 to k=M — 3:
ap: M+1, M, M, M—1, M—1, - do, da, dy, -~ dy;
B 2, 2, 3, 3, 4, -+ dy, di+1, di+2, -+ do—3.

If d; = 2, then the smallest estimate is given by (%), so we assume d; > 3 and
the smallest estimate is given by (d;) Now as dy > % + 1 we get

<¢?> L M +j§(M -2)

which is better than what we need.

Method 2. It remains to consider the case k = M — 2. The previous
projection method outlined above in this case does not produce the estimate
we need and so we use a different method that was developed in [19]. We fix
Y* = Ypy—2(p). Note that for any (h.) € Y* the sequence hy,..., hps_3 is
regular.

If a sequence (h.) belongs to Y* this means there exists an irreducible com-
ponent B C Z(hy,...,hp—3) which is a surface with hyr_o|p = 0, where
Z(hi,...,har—3) € PM~1 g the set of common zeros of these polynomials
restricted to the projectivized tangent space.

We look at the linear span (B) of B and consider all possible values of:
b = codim((B) c PM~1).

Now we split Y* up into the union
M—2
vr= ] Y@,
b=0

where Y*(b) is the set of (M —3)-uples (h.) € Y* such that for some irreducible
curve B C Z(hy,...,hp—3) such that codim(B) = b, the polynomial hy;_o
vanishes on B.

To begin with, let us consider the case b = 0. This means that (B) = PM~1,
Notice that non-zero linear forms in zi,. ..z, the coordinates on PM~1, do

not vanish on B. As hjp;_o has degree do — 2 or dy — 1, we consider the worst
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case with the smaller degree, that is, the space:

do—2
W = { H (ai7121 + -+ al,MZM)} C Pdg—l,M—l'
i=1
W is a closed set with dim W = (M —1)(ds — 2) 4+ 1; as d» > & + 1 we have
dim W > W + 1. As Y*(0) N W = {0}, we have
(M —2)(M—1)
2

Now let us deal with the case 1 < b < M — 3. We use the technique of
good sequences and associated subvarieties, developed and described in detail
in [19].

Let us fix some linear subspace P C PM~! of codimension b. Let Y*(P)
be the set of all (M — 2)-uples (h.) € Y*(b) such that the closed subset
Z(hi,...,hp—3) contains an irreducible component B such that (B) = P and
hM72|B =0.

codim Y*(0) > + 1

Although our intuition may suggest that we could choose a subset

{hiw ce hiM—s—b}

of (M — 3 — b) distinct polynomials in the set {h1,...,hrp—3}, such that B is
an irreducible component of the zero set

{hi1|P == hiN1—3—b‘P = O}v

this is in general not true (see a simple example in [19]). Instead, we have to
choose a good sequence h;,, ..., hi, , , that admits a sequence of irreducible
subvarieties Ry, R1,..., Ry_3_p in P such that:
e Ry =P and codim(R; C P) =7,
e h|r, , # 0 and R, is an irreducible component of the closed set
hia |Ra71 =0,
e Ry 3 5 =08.
In this case we say that B is an associated subvariety of the good sequence
Pigyoooshing oy
We know [19] that good sequences form an open set in the space of tuples
of polynomials and that the number of associated subvarieties is bounded from
above by a constant, depending on their degrees. Therefore, we may assume
that some (M — 3 — b) polynomials from the set (hi|p,...,hp—3|p) form a
good sequence and B is one of its associated subvarieties. The worst estimate
corresponds to the case when the polynomials

hosilp, .. har—slp

of the highest possible degrees form a good sequence and B is one of its asso-
ciated subvarieties, and we will assume that this is the case.
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So we fix the polynomials hpiq, ..., ha—3 and estimate the number of in-
dependent conditions imposed on the polynomials hq, ..., hy, hpr—o by the re-
quirement that they vanish on B, arguing as in the case b = 0. Subtracting the
dimension of the Grassmannian of linear subspaces of codimension b in PM—1,
we get the estimate

b
codim(Y*(b) C £) > (M —1—b)- | Y degh; +deghno—b | +1.
j=1
Denote the right hand side of this inequality by 8.
Proposition 3.5. The following inequality
(M —2)(M — 1)

(7) Oy > 5

+1
holds for allb=1,2,..., M — 4.

Proof. 1t is easy to check that
b
’yb:9b+1—9b:(M—2—b)(deghb+1—1)— Zdeghj—b-l-deghM,g 5
j=1
and since for b > 2(d; — 1) we have deg hy+1 = deg hy + 1, for these values of b
the equality
Yo =Yo—1+ (M —2—b) — 2(deg hy — 1)
holds. From this equality we can see that the sequence 6, where b = 2(d; —
1),2dy — 1,..., M — 4, has one of the following three types of behaviour:

e cither it is non-decreasing,
e or it is first increasing for b = 2d; — 2, ..., a, and then decreasing,
e or it is decreasing.

Below it is checked that 657_4 satisfies the inequality (7). Therefore, in order
to show (7) for b=2(dy — 1),..., M — 4, we only need to show this inequality
for b = 2(dy — 1), which is a part of the computation that we start now.
Assume that b = 2[, where [ = 1,...,d; — 1. Here
1
Op=(M—1-0b)- (2 (j+1)+deghpy—2—b]| +1=uwl(l),

j=1
where
wi(t) = (M —1—=2)(t* +t+dy —2) + 1.
It is easy to check that w{(¢t) > 0 for 1 <t < ¢; for some ¢; > 1, and wi(t) <0
for ¢t > t1, so that the function of real argument ws (¢) is first increasing (on the
interval [1,¢1]) and then decreasing (on [t1,00)). It follows that
min{@zl ‘l = 1, PN ,d1 — 1} = min{92, 92(d171)}~

Now 0y = w1 (1) = (M — 3)ds +1 > 3(M + 2)(M — 3) + 1, which satisfies (7).
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Let us consider the second option: for t = d; — 1 we get
wi(dy —1) = (M —2d; +1)(d} — 2d, + M) + 1.

As 2d; — 2 < M — 4, we get the bound d; < % — 1. Looking at the derivative
of the function

wolt) = (M —2t +1)(t* — 2t + M) + 1,
we conclude that its minimum on the interval [2, 2 — 1] is attained at one of
the endpoints, so is equal to the minimum of the two numbers:

3
M(M —-3)+1 and 1(M2—4M+12)+1.

Clearly, both satisfy the inequality (7).

In order to complete the proof of our proposition, it remains to consider the
case B =20+ 1, where [ =0,...,d; — 2. Here 6§, = w3(l), where

wy(t) = (M —2—=2t)(t* + 2t +dy — 1) + 1.

For dy > 3 it is easy to check that the function ws(t) behaves similarly to wy (%),
first increasing and then decreasing, so that it is sufficient ti show that w3(0)
and ws(dy — 2) satisfy the estimate (7). Indeed,

ws(0) = (M —2)(dy — 1) + 1
satisfies (7) as d> > & +1 and for t = d; — 2 we get ws(d1 —2) = wa4(dy), where
wa(t) = (M — 2t +2)(t> =3t + M — 1)

and easy computations show that (7) is satisfied here as well.

Finally, in the case d; = 2 we get the number
w3(0) = (M —2)(M —1)+ 1.
Now the only case to consider is b = M — 4. Here we get

codim(Y*(b) C £) > ~(M? —4M +6) + 1.

e~ w

Proof of Proposition 3.5 is complete. (|

In order to complete the proof of Proposition 3.4, we have to consider the
only remaining case b = M — 3. Here (B) = P2, which clearly implies B C
PM—1 itself is a plane. We do an easy dimension count, for a polynomial h to
satisfy h|p = 0 with degh = e we get a closed algebraic set of polynomials of

codimension (eJ2r2) in Pe ar. Therefore

M—2
codim(Y*(M —3) € £) > Z (mi; 2) — 3(M — 3).

The sum takes the minimum value when d; = dy and then we have the estimate
M(M+4)(M+2)

- 3M + 1.
24 +

codim(Y*(M —3) Cc £) >



BIRATIONALLY RIGID COMPLETE INTERSECTIONS OF CODIMENSION TWO 1651

Combining the results of both methods and simple calculation gives the esti-

mate

(M —5)(M —6)
2

Now Proposition 3.4 follows from a standard dimension count argument. [

codim(Y(p) C £) > + 1

Remark 3.3. This is clearly not the tightest bound possible; however, in Propo-
sition 3.8 we have a weaker estimate.

3.3. Regularity conditions for singular points. Recall that a point is
a quadratic singularity if g;,; and g¢2; are proportional and at least one of
the terms is non-zero. We say a point is a biquadratic singularity is ¢1,; =
g2,1 = 0. The regularity conditions (R2.2) and (R3.2) for both of these cases
are similar to the smooth case (R1). The arguments used for smooth points
(R1) follow in a similar way for the two cases (R2.2) and (R3.2). For quadratic
points we work in PM and for biquadratic points we work in PM+1 instead of
PM~1 and calculations are almost identical. We obtain larger estimates for the
codimension of non-regular sequences given below.

Proposition 3.6. The codimension of P\ P« in P is at least

M — 5)(M — 6)

Ay = ¢ : — (M +1)

for x = (R2.2) and (R3.2).

Proof. We will outline the proof for the quadratic case (R2.2) and the bi-
quadratic case is treated in the same way. Instead of restricting to the tangent
space we restrict to the Zariski tangent space {g;; = 0} (for ¢; 1 that is non-
zero: the other linear form is proportional to it) and work in P*. We now have
one extra polynomial to get our standard ordering to be given by hq,...,har—1
and our polynomials now belong to Py, ar+1. For the method 1, case 1 we get
the estimate:

M +2
codim(Yy(z) C £1) =dim Py pr41 = ( 2+ )

The remaining cases follow in the same way with the table given now

(67773 ]\/14-2, ]\4-‘1—17 ]\/[+1, ]\4, d2+1, d2+1, dz-‘rl, dz-‘rl,
619: 27 27 37 37 d17 d1+17 dl+27 d2_2

Note that we get an extra term as we have an extra polynomial h;_1. Again if
di; = 2, then the minimum is given by (MQH) and if dy > 3, then the minimum
is given by (d"‘;l). Now when using the method 2 for the last case k = M — 1,
we first get codim Y*(0) > 2M? + 1, so that in the notations of the proof of

Proposition 3.5 we have possible values b =1,..., M — 2. For b < M — 2 we
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consider good sequences and get that:

b
codim(Y*(b) C £) > (M —b)- | Y degh; +deghy—1 —b | + 1.
j=1
It follows easily that

b
codim(Y*(b) C £) > (M —1-1b)- | Y degh; +deghyo—b| +1

j=1
forb=1,...,M — 3. For b= M — 2 we now get
& mi 2
codim(Y*(M —2) C £) > ) ( ' ) —3(M —2),
i=1 2
and again see the estimate in the case (R1) works here also. ]

We are left with the remaining two cases to consider now, that is, (R2.1)
and (R3.1).

Proposition 3.7. The codimension of the set of complete intersections with
quadratic singularities of rank at most 8, that is, the set P\ P(r2.1) P s at

least (M2_5) + 1.

Proof. Without loss of generality assume ¢;,1 # 0 and ¢21 = Ag1,1 with A € C.
The rank of the quadratic point is then given by the rank of the quadratic
form (g2,2 — Aq1,2)|{4,.,=0}- The result is due now to well know results on the
codimension of quadrics of rank at most k (here k = 8), see, for instance, [6],
where a similar computation has been done for Fano hypersurfaces. O

Proposition 3.8. The codimension of the set violating the condition (R3.1),
that is the set P\ P(gs.1) in P is at least (Mgg) —1.

Proof. Here we work with the space

Q =Panry2 X Paart2

of pairs of quadratic forms on PM*! (the latter projective space interpreted as
the exceptional divisor of the blow up of a point o € PM*2). Let (g1,92) € Q
be a pair of forms. The codimension of the closed set of quadratic forms of rank
less than 5 is MM, so removing a closed set of that codimension we may
assume that rk g; > 5. This means that the quadric G; = {g; = 0} is factorial,
PicGy = C1Gy = ZHg,, where Hg, is the class of a hyperplane section. Now
for gs|G, to be non-reduced or reducible it has to split up into hyperplane

sections which gives dimension 2M + 4. This has codimension %

in Py pr—2. Therefore, removing a closed set of codimension W, we
obtain a set Q* C Q of pairs (g1, g2) such that the closed set {g1 = g = 0} is

an irreducible and reduced complete intersection of codimension 2.
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Let us consider the singular set of such a complete intersection, which we
denote by Sing(g1, g2). Note that Sing(g1, g2) is the set of the points p € {g1 =
g2 = 0} where the Jacobian matrix of g; and g has linearly dependent rows,
that is, there exists some [A; : \o] € P! with p € Sing{\1g1 + X292} (where
the symbol Sing(g) denotes the singular locus of the hypersurface {g = 0}).
Therefore,

Sing(g1, g2) C U Sing{A191 + X292},
[A1:A5]€P?
so that if

(8) codim(Sing(g1,92) C {g1 = g2 = 0}) <k,
then the line joining g; and g in P2 ar42 meets the closed set of quadratic
forms of rank at most (k4 2). We conclude that the set of pairs (g1,¢92) € Q*
satisfying the inequality (8), has codimension at least

(M—-k+1)(M-k)

2

in Q. Putting ¥ = 10 (and comparing the result with the codimension of the
complement Q\ Q* obtained at the previous step), we complete the proof. [

-1

Now the last thing to do is to compare the codimensions of the bad sets for
all regularity conditions and to find the minimum.

Proof of Theorem 0.2 is now complete.
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