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MOBIUS FUNCTIONS OF ORDER k IN FUNCTION
FIELDS

HwaNYUP JUNG*

ABSTRACT. We introduce the Mobius functions g of order k and
give the asymptotic formula for the summatory function associated
to theses functions in function field case.

1. Introduction

In [1], Apostol introduced the following generalization of the Mdbius
function p(n). Let k denote a fixed positive integer. The Mobius func-
tions jy, of order k is defined by ug(1) = 1, ux(n) = 0 if p*Tln for
some prime p, ju(n) = (—1)" if n = phpk - -pE [T, p%, 0 < a; < k.
pr(n) = 1 otherwise. When k = 1, pg(n) is the usual Mobius function,
u1(n) = w(n). Apostol established the following asymptotic formula
([1, Theorem 1]) for the summatory function My(z) =", -, pu(n): for
k>2and x> 2, B

(1.1) Zuk(n) = A+ O (:Ul/klogx> ,

n<x

where Ay is the constant given by Ay = [[,(1 - 1% + Iﬁ), the p runs
over all primes. Suryanarayana [3] improved the O-estimate of the error
term in (1.1) on the assumption of the Riemann hypothesis by proving
the following: For x > 3,

Z pur(n) = Agz + O (w4k/(4k2+1) exp (Alog z(loglog 5L‘>_1)> ,

n<x
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where A being an absolute positive constant. In this paper we introduce
the Mobius functions of order k& and give the asymptotic formula for
the summatory function associated to theses functions in function field
case. Let A = IF,[t] denote the polynomial ring over the finite field
F,, where ¢ is a power of an odd prime, and let A™ denote the set of
monic polynomials in A. For any integer n > 0, let At = {f € AT :
deg(f) = n}. In §2 we introduce the Mobius functions ug of order
k in AT and give the asymptotic formula for the summatory function
My (n) = ZfeAi pr(f) by using the analogue of Perron’s formula in
function fields. In §3 we discuss on the relation between the M&bius
functions of order k and k-free polynomials.
We fix the following notations throughout the paper.

e P := the set of monic irreducible polynomials in A.
e (als) = ﬁ, the zeta function of A.

o Z(u) = =, that is, Z(¢7*) = Ca(s).

1—qu’

o |f| =q8) for 0 £ f € A.

2. Mobius function of order &

We define an arithmetical function uy, the Mdébius function of order
k, as follows: For any f € AT,

1 ifF=1,
if PE*1|f for some P € P,

(1) =1"
PRI (o it f= PR PRI, PYL 0 < ap <k
1

r

otherwise.

When k = 1, ug(f) is the usual Mébius function p(f) on AT, ie.,
w1(f) = p(f). It is easy to see that py is a multiplicative function,

that is, pr(fg) = pr(f)pr(g) whenever (f,g) = 1. Let Mg(n) =
> fead ux(f) denote the summatory function associated to pg. When

k =1, the exact formula for Mj(n) is given by (see [4, page 20])

1 if n=20,
(2.1) Mi(n)=< —q ifn=1,
0 if n > 2.

For k > 2, we have the following asymptotic formula for the summatory
function My (n), which is a function field analogue of Apostol’s Theorem
(see [1, Theorem 1], [3, (3)]).
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THEOREM 2.1. Let k > 2 be an integer. For any € > 0, we have that
asn — oo,

My (n) = Axq" + O(q"™),

2 1
Ay = 1— = —— .
¢ H< rPr“\Pfo)

pPeP

where

Proof. Consider the generating function of My (n):

Mi(w) =Y My(n)u™ = Y pp(futs.
n=0

feAt

By manipulating the Euler product, we have
_ Gi(u)
1—qu’

Mi(u) = Z(u)Gg(u)

where
Gk(u) _ H (1 N Qukdeg(P) + u(k+1) deg(P)) '
Pep
Note that Gg(u) converges absolutely in the region |u| < 1, so that
M, (u) converges absolutely in the region |u| < ¢~!. Using the Perron’s
formula, we have

Mk(u) . fl_ o — ( Gk(U)

" 2mi 1 — qu)untl u.
We enlarge the contour |u| = ¢~ to |u| = ¢~¢, and we encounter only
one simple pole at u = ¢~ . Hence, we have
(2.2)
1 Gr(u) Gr(u) 1
./\/lku:‘j{ —————~—du—Res | ——————;u=¢q .
() 270 Jiuj=g—< (1 — qu)unt! (1 — qu)unt!
Since G (u) converges absolutely in the region |u| < 1, we have
1 Gr(u)

2. — ———d e,
(23) 210 Jjyj=g—< (1 — qu)un*! neq
The residue of % at u = ¢~ is given by

Gk’(u) — n

By inserting (2.3) and (2.4) into (2.2), we get the result. O
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3. k-free polynomials

Let k > 2 be an integer. A polynomial f € AT is said to be k-free if
P* 4 f for any P € P. Let Qj denote the set of k-free polynomials in
AT, and let )\, denote the characteristic function of Qy: for any f € AT,

0 otherwise.

It is easy to see that )\ is a multiplicative function, that is, Ax(fg) =
Ak(f)Ae(g) whenever (f,g) = 1. Let Ng(n) = 3 ;cp+ Ak(f) be the
summatory function associated to Ay. When k = 2, we have (see [4,
Proposition 2.3])

n ifn=0or1,

if n>2.

q
(3.1) No(n) = { "

a(2)
We have the following exact formula for the summatory function Ni(n)
for any k& > 2, which is a generalization of (3.1) and a function field
analogue of Gegenbauer’s theorem (see [2, page 47]).

THEOREM 3.1. Let k > 2 be an integer. We have

Ni(n) {q” fo<n<k-1,
k\n) = q" .

Proof. Consider the generating function of Ny (n):

Z Ak (fudesth),

n =
feAt

o0
Ni(u) = ZNk(n)u
n=0
By manipulating the Euler product, we have

(1) — 1—ykdee®))  Z(w) 1 quF
k(u) = Pl;[P 1 — ydeg(P) | — Z(uk) T 1= qu’

Now by comparing the coefficients, we get the result. O

From the definition of sy it follows that Ap1(f) = |uk(f)]- By (3.1),
we have that for n > 2,

(3.2) > = o

read G (2
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and, by Theorem 3.1, we have that for k > 2 and n > k + 1,

_ q
(33) EA; (1= oy

Let Xk;n = {f S Az : ,uk(f) = 1} and Yk;n = {f S Art : Nk(f) = _1}'
By (2.1) and (3.2), we have that for n > 2,
qn
ﬁXl,'rL ﬁYI,n 2<A(2) .
Hence, the square-free polynomials with py = 1 occur with the same
frequency as those with p(f) = —1. By Theorem 2.1 and (3.3), we have
that for & > 2,

n

1 1 n ne
8 X pen = 5 (Q\(k—i-l) +Ak> q" +0(q"™)

and

E+1

Hence, we see that among the (k + 1)-free polynomials, & > 1, those
for which px(f) = 1 occur asymptotically more frequently than those
for which pg(f) = —1; in particular, these sets of polynomials have,
respectively, the densities

1 1 1 1
H(garn ) = 5 (Gorg )
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