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BOUNDS OF SOLUTIONS OF AN INTEGRO-DIFFERENTIAL
EQUATION INVOLVING IMPULSES

Young JIiN KiMm

ABSTRACT. In this paper we obtain some integral inequalities involving impulses
and apply our results to a certain integro-differential equation with impulses. First,
we obtain a bound of the equation, and we use the bound to study some qualitative
properties of the equation.

1. INTRODUCTION

Differential equations with impulses arise in various real world phenomena in
mathematical physics, mechanics, engineering, biology and so on(see, e.g., [6]). And
integral inequalities are very useful tools in global existence, uniqueness, stability
and other properties of the solutions of various nonlinear differential equations, see,
e.g., [4, 5].

In this paper, we discuss some integral inequalities involving impulses and apply
the inequalities to the study of some qualitative properties of a certain integro-

differential equation involving impulses.

2. PRELIMINARIES

In this section we state some materials that are needed in this paper.
Let R,RT,N be the set of all real numbers, the set of all nonnegative real
numbers, and the set of all positive integers, respectively, and let
GR"Y) ={f:R" = R| Vt € (0,00), f(t+), f(t—) and f(0+) exist}, and
G(la,b]) = {f : [a,b] — R V¢ € [a,b], f(t+) and f(t—) exist},
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where for ¢ € (0,50) U (a,b), £(t=) = lim f(s). f(a+) = lim_f(s). f(a-) = f(a).
and f(b-) = L f(s). f(b+) = F(B). F(04) = lim f(s). If f € G(RY) or f €
G([a,b]), then we say that the function f is regulated on their domains, respectively.

Throughout this paper we define
D=A{tr,ke N:0<tg1 <to<- <ty <---},Dyp={t1,te, - ,tn}.

Then we define PC(R') = {f: RT — R : f is continuous at every ¢t ¢ D and left-
continuous at every ¢t € D}. It is obvious that if f € PC(R™), then f is regulated on
[0, 7] for every T' > 0. Throughout this paper we use the Kurzweil-Stieltjes integrals
and the Stieltjes derivatives. For the integrals and derivatives, and various properties
and notations that are used here, see, e.g., [1, 2, 3, 7, 8, 9] and the references cited
there.

A neighborhood of t in [a,b] is an open interval in [a,b] that contains t. Let a
function « : [a,b] — R be nondecreasing. Then we say that « is locally constant
at t, if there exists a neighborhood of ¢ in [a, b], where « is constant. Otherwise, we

say that the function « is not locally constant at t.

Definition 2.1 ([1]). Let f,g: [a,b] — R. If a is not locally constant at t € (a, b),

we define

W) Sk J(E-0)

= lim ,
da(t)  ns—0+ alt+n) — alt —9)
provided that the limit exists. And for t = a or t = b we define

dft@) _ o flatn) = fla) — df(b) _ .~ f(b) = f(b—9)

da(a) oot a(a+7) — al@)  dad)  s—o+ ab) — alb—0)’

respectively, provided that the limits exist.

If both f and « are constant on some neighborhood of ¢ in [a,b], we define

gi ((?) = 0. Frequently we use f7,(t) instead of 3£ 8

We use the following results frequently.

Theorem 2.2 ([9, Theorem 2.15]). Assume that f € G([a,b]) and o € BV ([a,]).
Then both fda and adf are Kurzweil-Stieltjes integrable on [a, b].

Theorem 2.3 ([1]). Assume that f € G([a,b]) and a function « : [a,b] — R is
nondecreasing, and that if « is constant on some neighborhood of t in |a,b], then

there exists a neighborhood of t in [a,b] such that both f and « are constant there.
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Suppose that ! (t) exists at every t € [a,b] — {c1,c,...}, where f is continuous at

every t € {c1,c2,...} C [a,b]. Then we have
(") [12(5)dats) = £6) - f(@).

Now we define a function ¢ : RT™ — R™ as
¢, if t €0,
(21) (1) = treln)
t+k, ifte (tk,tre1], tx € D,k € N.

For the function ¢ we have the following result.

Lemma 2.4 ([2]). Assume that a function f € G(R") is differentiable at t # ty, €
D,k € N. Then we have

fo@t) = f'(t), filte) = ftr+) — fltp—),
and

t t
L/f ) do(s ::/j ds+ Y flte), VteRF.
0 0

O<trp<t
3. SOME INTEGRAL INEQUALITIES INVOLVING IMPULSES

Throughout this section, unless otherwise specified, we always assume the follow-
ing conditions:
(H1) Every one variable function belongs to PC(R") and is nonnegative.
(H2) A function w : R — R is nondecreasing, continuous on R, and positive
n (0,00). We define

w(s)

and E~! represents the inverse of the function E, and Dom(E~!) represents the

t
ﬂﬂ:/)ﬁ,WERﬂ
1

domain of the function E~1.
(H3) ag,br, >0, and 0 < 7y, s < tg,,k € N.
Throughout this paper, for every n,k € N, we define
. t), té D, 1, t¢ D, 1, t=t
Ju = {{( ) t i D,, Anlt) = {0, t i D,, Bi(t) = {0, t t:
And f o g denotes the composite of f and g.

In order to obtain some integral inequalities, we need the following result.
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Lemma 3.1 ([3]). Let a function o : RT — R be strictly increasing. Assume
that a positive left-continuous function z is nondecreasing on RV. If z is continuous

at t and z!,(t) exists, then we have

z(t)
d B(a(t)) = d / ds _ za(t))'
1

da(t)

If « is not continuous at t, then we have

z(t)
d _d ds 2! (t)
da(n 20 = / )

IN

The following result is an Ou-Yang-type integral inequality.

Theorem 3.2. Let k(t,s) : RT x Rt — R, and ¢,¥, ¢ : R" — R™, where
c is nondecreasing, ¥ is strictly increasing, continuous, and @ is nondecreasing,
continuous on R and positive on (0,00). Assume that k(-,s) is nondecreasing for
each fized s € RT. Suppose that k(t,-) € PC(R") for each fized t € RT and
¥(0) = 0,9(00) = oo. If a function u satisfies

t

vu(t) < e®)+ [ Kt.s)elu()ds+ Y avplutn)), ¥R,

d 0<tp<t

then fort € [0, M] we have

(3.1) u(t) <9~ o BTy (1)),

where w = po ™! and
¢

7(t)zE(c(t))+/k(t,s)ds+ S

0 O<tr<t

and the number M is chosen so that, for all t € [0, M],~(t) € Dom(E~1).

Proof. Let 0 <t <T < M, where the number T is fixed, and let
t

2(t) = o(T) + /k(T,s)go(u(s))ds—{— > arp(ulry)).

0 O<tp<t
Then since ¥(u(t)) < z(t) implies u(t) < ¥~1(2(t)), by Lemma 2.4, for every t €
([0,T) — D) U{T}, we have

25(t) = k(T 1) p(u(t)) < k(T,t) p o™ (2(t)) = k(T t)yw(z(t)),
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and, since 0 < 1y < tg, by Lemma 2.4, for every t, € DN[0,T), we get

25 (tk) = ap e(u(ry)) < app o p™ (2(rk)) = apw(z(ry)) < arw(z(tr)).
Now assume that DN[0,7) = D,,. Then by Lemma 3.1, for every ¢ € [0,T], we have
24()
w(z(t))

By Theorem 2.3, Lemma 2.4, and since E(z(0)) = E(c¢(T)), the above inequality

implies

(Eoz)h(t) < < An(DE(T,t) + ) Bi(t)ax.
k=1

&

o

3

_l_
o _

K(T,s)ds+ ) ak],Vte[O,T].

O<trp<t

Thus we get, for all ¢ € [0, T],

ut) <y ltoz(t) <y loE™?

0<trp<t

t

E(c(T)) + / K(T,s)ds+ > ak].
0

So this implies

w(T) < toE!

T
E(c(T))+/k(T,s)ds+ 3 ak].
0

0<tr<T

Since T' was arbitrary the inequalities (3.1) is true for all ¢ € [0, M]. O

Corollary 3.3. In Theorem 3.2, if a function u satisfies

(3.2) u(t) < et) + /f(S)w(U(S))d8+ Y apw(ulry)),
0

0<tp<t

then for t € [0, M] we have

where
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The following result is a Pachpatte-type integral inequality.

Theorem 3.4. Let a function ¢ be as in Theorem 3.2, and c is a nonnegative

constant, and let

If for every t € RT a function u satisfies

(83)  u(t)<c+ / 7(s) lu<s>+ / 9()[uls) + o(u(0))] da] ds
0

0+ 0;<t[aku(m> + i p(ulsi)],
then we have for every t € [0, M] k
(3.4) u(t) < e+ O/t F(s)A(s)ds + ngjq[akx(tk) + b o (A ()],
where
M) = B (), E() = / s () = max{s, ()}, and
t

O<tr<t

A(t) = B(e) + / [F(s)als) +29(s)]ds + 3 ati)(ar + br),
0

and the number M is chosen so that, for all t € [0, M], v(t) € Dom(E™1!).

Proof. Let t € [0, M]. Denote a function v(t) by

s

v(t) =c+ /f(s) {u(s) + /g(a) [u(s) + ¢(u(0))] do| ds
0

0

+ ) lawu(rs) + b p(u(se))].

0<trp<t

Then, v(0) = c,u(t) < wv(t), Vt € [0, M]. By Lemma 2.4, for t € ([0, M)—D)U{M},

we have
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T i — . Tt

g(a)[v(t) + ¢(v(0))] dU] ;

and since 0 < sp,7r < t; and v is nondecreasing, by Lemma 2.4, for every t; €
[0, M) N D, we have

vg(t) = apu(ry) + by p(u(sy)) < ago(ry) + b p(v(sk)) < ago(ty) + b p(v(tr)).

Now assume that D N[0, M) = D,,. Then for every ¢ € [0, M] we have

(3.5) v(t) < falt)

AA@Q@%+/mamﬁ»+Mwammﬂ
0

n

+ > By(t)[arv(ty) + b w(v(tk))]] :
=1

Define a function m(t) by

k=1
then m(0) = v(0) = ¢, and
(3.6) ol(t) < Fultym(t)
Let
(3.7) z(t) =v(t) + /g(a)[v(t) + ¢(v(0))]do, Vt € [0, M].

0

Then, by (3.6) and (3.7), we have

(3.8) Vt e [0, M],v(t) < 2(t), and Vt € [0, M] — Dy, v4(t) < Fu®)m(t) = f(£)z(t),
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and so for every ¢t € [0, M| — D,,, by Lemma 2.4 we get

(3.9) zqg(t) ( )+ g(t )+ v¢ /g )do + v(
0

< f(t)z(t) +g(t) /g Jdo + 2(t

0
<! /g da+g] 2(1))
0
— [£(t) alt) + 2g(8)]w(=(1)).

And for every t € D,, by (3.5), (3.7), (3.8), and by Lemma 2.4, we have

(3.10) Z(z/)(tk) = Z(tk—i-) — Z(tk—) = Z(tk—i-) - Z(tk)

= <1 + /9(0) dU) vg(te) < a(ty)larv(te) + by p(v(ty))]
0
< alty)[arz(tr) + be p(2(tr))] < alte)(ar + be)w(z(tx)).
Thus by (3.9) and (3.10), we get
2g(t) SAn(t)[f(t) a(t) + 2g(8)]w(=(t))

+ZBk ak—i—bk) ( (tk))

So by Theorem 2.3, Lemma 2.4, and z(0) = v(0) = ¢, this implies that

c+/ s) +2g(s)]Jw(z(s))ds

0
+ > altk)(ak + be)w((t).

O<tp<t

Thus by Corollary 3.3, for all ¢ € [0, M|, we get

t
+/ s)+2g(s)lds+ Y alty)(ar + by)
0

0<trp<t

()] = A®)-
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So we have
(3.11) Vt € [0, M] — Dy, m(t) = z(t) < A(t),
and by (3.8) we get

(3.12) m(ty) = apv(ty) + b p(v(tr)) < apz(tr) + br p(2(tk))

Thus by (3.6), (3.11) and (3.12) we have
) <

vg(t) < faltym(t)
< fa(®) [ +ZBk laA(tk) + bk (A(tk))]
< A +ZBk YarA(tk) + b p(A(tr))]-

Since v(0) = ¢, using Theorem 2.3 and Lemma 2.4, for all t € [0, M], we get

u(t) < v(t) < e+ / FAS) s+ 3 TarA(t) + br (At))]-

0<tp<t

This completes the proof. O

4. SOME APPLICATIONS

There are many applications of the inequalities obtained in the previous section.
Here we shall apply an integral inequality that was obtained in the previous
section to obtain a bound of solutions of the following integro-differential equation

with impulses:

z'(t) = F(wa(t),f\w(t)), t¢ D,
(4.1) Ax(t) = /K(t, o,2(t),2( o)) do,
0

Az(ty) = Ix(x(rk)) + Jr(z(sk)), k€ N,
where t € R and x(0) = x.
In this section we assume the following conditions.
(C1) Functions z, f,g € PC(R™), where f and g are all nonnegative.
(C2) A continuous function I, J : R — R satisfies

[T (2)] + |Jp(2)] < aglz] + by ¢(|x|), ag, b >0, k€N,
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where a function ¢ : RT — R is continuous, nondecreasing on R, and positive
n (0, 00).
(C3) Continuous functions F: R x R2 — R, K : (R")? x R? satisfy
[F(t,u,v)| < f(8)|ul + [v],
(K (s, u,0)] < f(£)g(s)[Jul + @(lv])].

Now we obtain a bounded for the equation (4.1).

Theorem 4.1. Let |xo| = ¢, |z(t)| = u(t), M* > 0. Assume that, in Theorem 3.4,
y(t) < M* € Dom(E™'), vVt € RY.

Then, there exists a nonnegative number M such that for any solution x of the

equation (4.1),

(4.2) sup |z(t)| < M.
teRT

Proof. If x is a solution of the equation (4.1), then we have

:x0+/F Dds+ S [Lle(r) + Jila(si))-
0

O<tr<t

So we get

|[z(t)] < faol + /IF s,a(s), Ax(s))[ds + Y [Lk(a(ri)] + k(e (sk)]]

O<tp<t
t

Slon/[f(S)lx( 4+ M) ds+ 3 M) + ela(si)]

0 0<trp<t

t
SIOCOH-/ f(s
0

)z (s)| + /K(s, o,x(s).x(0))] do] ds
0

+ Y arl(re)] + br o2 (si)])]
0<tr<t

< IOCOH-/

0

f(s)lz(s)| + /f(S)g(U)[Ix(S)I + (|jz(o)])] dU] ds

0

+ Y larlz(ra)| + b (|2 (si)])]

0<tp<t
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S

< |zo| + /f(S) !lw(S)l + /g(a)nx(s)\ + ¢(jz(o)])]do| ds
0

0

+ Y larlz(re)] + b o(lz(s0)))].

0<trp<t

Since Vt € R, v(t) < M* < oo, a(t) > 1 implies that

/f d3+ (ak+bk)<oo
0

0<ty<oo

by Theorem 3.4, we have

2 |<mm+/f ()ds++ 3 larAlte) + b p(M(t))]

0<tp<t

< fwol + ETUM] [ f(s)ds++ Y [ax B M)+ by o(E7 M)

O<trp<t

< lzol + E7NM™] [ f(s)ds +w(ET M) Y (ax+be) =M < oo

0<tp<oo

S g O —..

This implies (4.2). The proof is complete. O

Theorem 4.2. Assume the same conditions as in Theorem 4.1. If x is a solution
of the equation (4.1), then there is a constant c(x) which satisfies that

lim z(t) = ¢(x).

t—o00

And

ds

M+/M®W+MMM0
0

+ > aM + b p(M)).

t<tjp<oco
Proof. Since Vt € Rt, y(t) < M*, 1 < «(t) implies /[f(s) + g(s)]ds < oo, by the

0
conditions that we assumed, we have
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/|F(S,JJ(S),AJJ(S))|dS
0

S

f(s) |x(s)\+/g(a)[|x(s)|+ p(lz(o)))]do | ds

0

g(o)[M + o(M)]do| ds

f(s) | M+

/

.
<{Of(8)-M+

/

g(o)[M + o(M)]do| ds < .

0\8 o,

This implies that /F(s, x(s), Az(s)) ds exists. And since Z (ar + bg) < 00, we
0 0<tr<oco

get

S (@) + k()] < > lakla(ri)] + b o(|x(si)])]

O<tp<t O<tp<t
< > [aM +bpp(M)] <w(M) D (ak +by) < oo,
O<tp<t 0<tr<oco

So there is a constant c¢(x) such that

Jim a(t) = lim :c0+/F Ds+ S (i) + Jeals ))]] — o(x).
4 0<t<t
And
|z(t) — c(z)|= |=(t)— 960+/F(S7 (s), Nds+ > [Ti(x(re)) + Jr(=z(s ))]”
0 0<t)<oo

/F(s z(s), Az(s))ds + Z (2 (r)) + Ji(2(s ))}'

S

< /f(S) [Iﬂf(S)! + /Q(G)Hx(S)I + sO(Iﬂf(U)DdU] ds

0

+ Y farlz(r)| + be |z (sk)])]

t<t)<oco
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< 7f(s)

This completes the proof. O

M+/g(0)[M+ o(M)]do| ds+ Z [ax M + b, p(M)].

t<tp<oo

Theorem 4.3. Assume the same conditions as in Theorem 4.1. Suppose that

|zol > 7f(5)
0

S

M+/g(o)[M+ e(M)]do| ds + Z [ar M + b p(M)].

0 0<tr<oco
If z is a solution of the equation (4.1), then we have
z(t) #£0, Vt € RT.
Proof. By the triangular inequality we get
t
o8] 2 foo] ~ | [ Fls.a(s),Aas)) ds 3 [ualr)) + Julals >>]|
0 O<tr<t
[e.e] S 00
> fz| - [ [ 16 / ()M + ¢(M)] do ds+§j[akM+w<M>}]
0 k=1
> 0.
This completes the proof. ]

Theorem 4.4. Assume the same conditions as in Theorem 4.1. Suppose that for

some positive number T
Vi € [0, T], w(t) = max{t, p(t)} = t.
Then, for all solutions x of the equation (4.1),

(4.3) sup |z(t)] — 0+ as |zo| — 0 +.
teR™T

1
Proof. Let L =In(T) + / (28) Then, since for all ¢t € (0,7, w(t) = t, we have
w(s

t T 1 1
ds ds ds ds
e / o) [/ N / a| = [po-me+ [
=In(t) — L, YVt € (0,T]
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This implies that
E7 () = exp(t+ L), Vt € (—oo,In(T) — LJ.

So, if |xg| is sufficiently small, then we have E(|xo|) = In(|z¢|) — L, and for some

nonnegative number C, and for all t € R™T,

At) = E7 ()]

t
E(|xol) +/ s)+2g(s)]ds+ D alty)(ax + bi)
0 O<tp<t
- t
= exp ln|:r0|—L—|—/[f() a(s) 4+ 2¢(s)] ds + Z k)(ag +bg) + L
L 0 O<trp<t
< exp ln]:):o|+/[f() (5)+20()ds+ 3 alte)(ax + bi)
L 0 0<tr<oo

SC"$0|<T.

Hence, for sufficiently small |xo|, since C|xg| < T implies ¢(C|zg|) < C|xo|, for all
te R, we get

(O < leol + / FEA) s+ 3 aeh(te) + b o(A(t))]

0<tr<oo

< \xo]—l—C]a:o]/f $ds+ 3 [axClao] + by 9(Claol)]
0

0<tp<oo

S\x0]+Clmo|/f(s)ds+C\x0] Z (a + bg).
0

0<tp<oo

This completes the proof. O
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