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Abstract

The multivariate empirical distribution function could be defined when its distribution function can be
estimated. It is known that bivariate empirical distribution functions could be visualized by using Step
plot and Quantile plot. In this paper, the multivariate empirical distribution plot is proposed to represent
the multivariate empirical distribution function on the unit square. Based on many kinds of empirical
distribution plots corresponding to various multivariate normal distributions and other specific distributions,
it is found that the empirical distribution plot also depends sensitively on its distribution function and
correlation coefficients. Hence, we could suggest five goodness-of-fit test statistics. These critical values are
obtained by Monte Carlo simulation. We explore that these critical values are not much different from those
in text books. Therefore, we may conclude that the proposed test statistics in this work would be used with
known critical values with ease.
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1. M2

W FERE X = (X1,..., Xn)dAe Xu9 X9 Z7IeAE A 5 Qo] g BAR=T
<= (empirical distribution function)& |4 Aolg 4 Qrk. T} o]k o]AFel ko] SERR
X = (Xf, .. Xp)elAE X = (X, Xpa) 9 XS = (Xay,. 00, Xig) S €918 2R3 494 &
Oh ThT HERENAL 2/ ¢AE BRAGLE T R gl G 2D LS Anos
Hong 5 (2017)2 Chi SERRe] S43 REP5E FAEA (A% APRTFSE 4950
EX3E ATt 53] oW FExA FH3 FETS St BRREFTE Fotd

A o] & A Zssh=s Al 1™ (step plot) 3 9 18 (quantile plot)S

(Rl a=
2 AFoME ol o] Fe HAYREZTTE oA HHo| HHT £ = AP E X1 (empirical
distribution plot)& AIFst AL AW Ert AP LxTH2 vF] 5o Bxdgo uet othgst
FHE 23 AL AT - glong B A APEXIEE i AP EX T vig
o] B Bx3re] 4ol AFAAE AR £ v A= AES Adett
o= Fxsheo A AAdd Hst BF FoA o Zol Al ERY WHeE TR £
Atk A WAz FEHSEY APYETS o|§3le] dWFHF FEHsE WIele ES ARSI
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(D’ Agostino®} Stephens, 1986; Kim, 2005; Kim, 2006; Roy, 1953; Royston, 1983; Thode, 2002;
Zhu 5, 1997), 7 AA 2 HPHUSS o] g3te] FLRER WEeto] ARSI} (Justel 5, 1997; Mein-
tanis?} Hldvka, 2010; Rosenblatt, 1952). 22|31 npx|u} v o 2= g 23lE FEW4o A|F3k 7}
oAl FEEE o]R3It} (Gnanadesikan®} Kettenring, 1972; Gnanadesikan %5, 1977; Kim, 2004;
Koziol, 1982; Malkovich@} Afifi, 1973; Moore$} Stubblebine, 1981; Singh, 1993). & 9o+ t}
e APRZTToA F43 FEREY Fxr] A AL 2 AFolA Ats APEx13
2 o= Hu, QUY BEPsel Ba BEA oA 79 AFE 249 Kolmogorov-Smirnov
A7 (Kolmogorov, 1933; Smirnov, 1933), Kuiper A% (Kuiper, 1960), Cramer-Von Mises
AA (Anderson, 1962), Watson ZAAW (Watson, 1961), 12|32 Anderson-Daring 7 A%
Anderson3} Darling, 1952, 1954)2 AR&-3tt}.

—

2 mge) PAS Thew 2Tk 2oL o olge] FRREFEE o) Ad Wulo] AT 4 9
£ AREEIAS AP SAS AETh 94 ABAST} F5oh 249 F SR olwer 4
REPSE TET )8 vl this AYREINS TR TR ABASE 2 olwe 4
TSt 5T FAY] EAFEA E e ste WY AEE 28 AqEdEEE nEs &
FE S APR2IYS BN EAS BT o AEREIYL AFRE TS vt
o] He B3l wet ohyd JElE 2dHER oh Y AL Tt BETTY 54
= e 5 ok webd AR EIHES ol AT BT AdE AAUHS 3 olA Al e
o dE2A o SR I 22l A% AASATe ARSetaL, o iEk o) 1 v
o SR B RAEE S 7K BxdaEol gt o 7Y AASAZY 7149e 7 2
AFollA 3 Z-7ke] ARSAZY 717497 It BANA A 7 5 A 7174 S HlastEA A
S BT 4ol ol F o] B waEs AS AdAE Fot] & AFelA At
o ARExIHe s o] & vier AAHS Fx3] Ae A st A9t a2x
ARt 25 57golA fredit
2. CHIE Faiez 2
2.1. O|HEF HPR ol AR=E
HOI’lg % (2017)% 3%37] ’I’Lg/] 2 EE‘.‘E— {(Xli,X2i7. .. ,X}W‘), Z = 1, e ,’IL}Q/] %‘—@—EE@?—%
B(,...,) 0% 24304 chis 29 RE948 the v 2ol AlLstarh

1 n

Fn:Fn(-lex27 737]@)—7 I(F1<f>7 (21)
n 1=1
3 14}0]9] Aol F(an,...,z)@telth. o

olWeF g o) thete] AFPRZILE T3 Table 2.1 AFHA. FE o = 207]E Table 2.1

Zrzro] 29 (z,y)2 Aelstgch 4 A5 REAAAFE 283 o|Hg REGTEEE JMEE

D(a1, 22,7 = —0.61)2F B(x1, 2057 = 0.69)2 T37 0o]2 &, Z7]80] 30l z+zt YT, ;9]
?_5 ]

Hl

B ke 22 9/20 = 0.459} 16/20 = 0.80°] T}
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Table 2.1. Two bivariate random samples from normal distributions (r = —0.61, 0.69)
(%10 5 w2:) @5 (i) Fo(z1i,72:) (w15 5 72:) @, (i) Fo(zii,72:)
1 (—0.67, 0.69) 0.117 9 0.45 1 (0.92, 0.62) 0.678 16 0.80
2 (1.50, 0.42) 0.598 20 1.00 2 (1.45, 0.40) 0.648 15 0.75
3 (0.45, 0.30) 0.333 18 0.90 3 (0.26, 0.30) 0.485 12 0.60
4 (2.27, —1.65)  0.044 5 0.25 4 (—0.15, 0.21) 0.371 10 0.50
5 (-=1.51, —0.21)  0.003 2 0.10 5 (0.84, 0.87) 0.717 17 0.85
6 (0.40, —0.46)  0.122 11 0.55 6 (—0.90, —0.63) 0.125 4 0.20
7 (0.09, 0.29) 0.232 15 0.75 7 (1.07, 1.62) 0.841 18 0.90
8 (1.74, —0.24)  0.368 19 0.95 8 (0.61, —1.16)  0.122 3 0.15
9 (—0.85, 1.09) 0.121 10 0.50 9 (0.08, 0.94) 0.512 13 0.65
10 (0.33, —1.25)  0.020 3 0.15 10 (—1.08, —1.02) 0.075 2 0.10
11 (—0.55, 0.33) 0.095 8 0.40 11 (0.07, —0.74)  0.206 8 0.40
12 (—0.28, 0.37) 0.156 12 0.60 12 (-0.76, —0.26)  0.179 7 0.35
13 (—0.52, 1.37) 0.237 16 0.80 13 (1.44, 1.20) 0.852 19 0.95
14 (0.25, 1.21) 0.308 17 0.85 14 (—0.49, 0.35) 0.288 9 0.45
15 (0.42, —0.03)  0.229 14 0.70 15 (0.39, 0.88) 0.609 14 0.70
16 (—2.41, 0.98) 0.002 1 0.05 16  (—1.20, —1.82) 0.023 1 0.05
17 (0.60, —0.98)  0.058 7 0.35 17 (0.11, 0.33) 0.456 11 0.55
18 (0.98, —0.45)  0.210 13 0.65 18 (0.25, —1.00)  0.150 6 0.30
19 (—0.81, 0.03) 0.035 4 0.20 19  (—-0.92, —0.36)  0.142 5 0.25
20 (0.97, —1.22)  0.052 6 0.30 20 (1.93, 1.29) 0.892 20 1.00
r=-0.61, n=20 r=0.69, n=20
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Figure 2.2. Various empirical distribution plots (p = —0.9, 0, 0.9).
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Figure 2.3. Tri-variate empirical distribution plots (p = —0.6,0,0.6).
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F) = Fo(x1,...,05) = %ZI(FJQ < f), (3.1)

AN FY = FO(Xu,..., Xiy)olul, fi= 034 1 Apole] gro.s zsiet.
2730l A =93 27) no] FETE U AFREIPY AR (), F)old AR shollA EH
2o FExE gt 4F —tv"ila‘-J HuE (FY FA)olBg $329 Zx7F 43 u &
Z FAEE . B AFoA= 9uE £ ?:

o] AdT AAo| o] )\]~9~‘o‘]~— oAl 79 tix A< AAS A Kolmogorov-Smirnov K SEA
Z (Kolmogorov, 1933; Smirnov, 1933), Kuiper V &A% (Kuiper, 1960; Watson, 1961), Cramer-
Von Mises W2% 7% (Anderson, 1962), Watson U? 42 (Watson, 1961; Stephens, 1965), L&

1 Anderson-Daring A? 4% (Anderson®} Darling, 1952, 1954)2 thiigf Bz a0 Age AR
FAFLE thE} o] wEste] A ¢hsitt

|=t1

%> I

K-S = Max

when F‘Z = F]Q7

V = Max when F; = FY,

3 fFSl‘ +Max’F,%

o0 N 2 N
W2 = n/ (Fn - F,?L) dF°(z), when F; = F?,

oo oo 2
U? = n/ [ F - FO / (Fn - F,%) dFO(x)} dF°(z), when F; = F?,

Azzn/<>O ( ) dF°(x), when Fi:FJQ.
B (1-F)
AR Hostoll A2 tiER A7 m = 10,000708 523 F) ¢} Fp & 433,

A A

20, 30, 40 5)9] FEEENM] F3} F, 8 73T} :a F=F' o A88zds

F, — F2o tgdks oAl 2579 A= ARBASS Asith o] 4L 10,0008 Hk
a(= 0.01, 0.05, 0.10, 0.15)& #S+E F3td 24 %ﬂl%bl 71zt o g dAE 4 9l

3.2. O|HZ HR2E0IAMQ 2E WY

B 78 O3 B AIEAB A4S oo 2719k 5ol b 2 Hol) o}
ERUA] gkon], B3loll A AAISE AWz ARSAZ 712 (2 BA A A B9 critical val-
59] Aol 2 LiEhith. o] AE woz 318e0A AN AFE APPHL 93

tef A g olgA e 2 4 9

AN 774G e A 2 el Qo AT & 9L BAST Table 314 n =309 3¢
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Table 3.1. Critical value for bivariate normal distribution

Test statistic @
0.01 0.05 0.10 0.15

Critical values* 0.2700 0.2180 0.1900 -
K-S -0.3 0.2827 0.2290 0.2033 0.1880
p 0.0 0.2782 0.2287 0.2038 0.1886
0.3 0.2780 0.2280 0.2045 0.1879
Critical value* 0.3520 0.3070 0.2850 0.2690
v -0.3 0.3511 0.3057 0.2838 0.2691
p 0.0 0.3475 0.3059 0.2851 0.2711
0.3 0.3519 0.3084 0.2825 0.2667
Critical value* 0.7430 0.4610 0.3470 0.2840
W2 -0.3 0.7196 0.4444 0.3395 0.2789
p 0.0 0.7299 0.4611 0.3559 0.2842
0.3 0.7358 0.4627 0.3436 0.2793
Critical value* 0.2680 0.1870 0.1520 0.1310
U? -0.3 0.2663 0.1854 0.1488 0.1307
p 0.0 0.2534 0.1858 0.1538 0.1323
0.3 0.2603 0.1883 0.1479 0.1255
Critical value* 3.8800 2.4920 1.9330 1.6100
42 -0.3 3.7564 2.4226 1.9307 1.6083
p 0.0 3.8342 2.5464 1.9626 1.6172
0.3 3.7746 2.4709 1.9279 1.5909

* D’Agostino and Stephens (1986) p.105.

RS AAGIAR, T 9] n = 10,20,40 SOIAE S SARE A3bob wbaen) olEe] ZokakA) o
Skt

7

Al 228004 AFEFREES A9 g JRREIYe thete] EEaTh ol7lolA

@ AFEPER AYE AR Aske] AT BEYSE 228014¢) FO(Xl,Xz,Xg) -

05@(1’1,'%2,%3;/)1721)+05¢($1,$2,$3,ﬂ2722) @Zé = *0.3,0,03 ol o—or* ]A‘]-/] n—30°1

FEREE 239 2 AAEAD A9 o A5 E Fo5Fadl ThgTHE 71702 AB5to] Table

3.2 ekt

Table 329 Table S15% A 12 R BUEAYS 7292 03 271t Rzl i

Ao)7k ehiA) shev), BHoIA AN A AREADE 712k (Table 310014 2 57

A 3FQl critical values) ¥} 5% 1|wke] x}o]E yERdT} Table 3.2004E n = 302 S AAF]

AT, 79 n = 10,20,40 SOIAE WS FAR A7} BAS) WEe] 2745 sk 3.29)
339 4 o S1AAN AUD AYE ARPUL AL il TR AAEAZ 13

< thF B2 met dxg 23 daglo] 718 FAAAA A 7149 E ARElE AR
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Table 3.2. Critical value for a certain normal mixture distribution

Test statistic P @

0.01 0.05 0.10 0.15
—0.3 0.2723 0.2328 0.2058 0.1910
K-S 0.0 0.2765 0.2309 0.2090 0.1944
0.3 0.2710 0.2242 0.2036 0.1900
—-0.3 0.3596 0.3113 0.2856 0.2713
\%4 0.0 0.3560 0.3120 0.2880 0.2726
0.3 0.3510 0.3066 0.2820 0.2690
—0.3 0.7470 0.4401 0.3466 0.2890
w? 0.0 0.7588 0.4767 0.3577 0.2930
0.3 0.6808 0.4407 0.3307 0.2811
—0.3 0.2702 0.1924 0.1583 0.1318
U? 0.0 0.2769 0.1979 0.1570 0.1338
0.3 0.2626 0.1857 0.1523 0.1306
—-0.3 3.9574 2.4427 1.9882 1.6787
A2 0.0 3.9691 2.5154 1.9965 1.6731
0.3 3.6936 2.4049 1.8745 1.6159

201613 8¢9 1932 E 99 29U7IA9] 40U7te] tiASd, 3Py, velolAyEe] FAE7) A8 S
o ER WS e A8 E ARRSIATE. &S AbAEF 218 ARA ARLS A A
Royston®] g+ A SARRE H = 7.77710] 1L oo th-g8h= p-7he 0.0528 24 A2 A
F3e), Mardia®) =9} =9 FAYZEN Hedhe p-ghES ZF 00580 G4 Aug A8
2o At AR 4= gt 28} Henze-Zirklerd] AFA A4 A= 32 HZ = 0.93260] 11
olof thSal p-ZE 0.03758 A BFEE Al gttt Al AR BA T oA F Z5(Royston,
Mardia) 7} Aol Agsta Um A vk 5%Hth 25 27 ujfeo AAgoz s A5
A5 7k ARz Ageicia dhd = ok o 2ol 2F3tE A A5 Bk R 34
< o] 83},

1 0.51 0.49
S=1(051 1 035
0.49 0.35 1
APEZFLE T3 o2 vpgo A FPYRIZ IS Figure 4.10] 33t} 181 $9F
BAFEAL FYE 2 Y BEAFEEANN A vl 2 B2l tF FPREIYE Figure
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