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Abstract

Statistics are often used to test two samples if they have been drawn from the same underlying distribution.
In this paper, we introduce several well-known distribution-free tests to compare distributions and conduct
an extensive Monte-Carlo simulation to specify their behaviors. We consider various circumstances of when
two distributions vary in (1) location, (2) scale, (3) symmetry, (4) kurtosis, (5) tail weight. A practical
guideline for two-sample goodness-of-fit test is presented based on the simulation result.
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Table 3.1. Power of Kolmogorov-Smirnov test in different sample sizes

Significance level (critical value)

m 0.1 0.05 0.01
20 0.081 (0.35) 0.030 (0.40) 0.004 (0.50)
40 0.098 (0.25) 0.029 (0.30) 0.007 (0.35)
n=m 60 0.077 (0.22) 0.047 (0.23) 0.009 (0.28)
80 0.081 (0.19) 0.034 (0.21) 0.008 (0.25)
100 0.078 (0.17) 0.036 (0.19) 0.010 (0.22)
20 0.098 (0.38) 0.049 (0.4) 0.010 (0.49)
40 0.100 (0.26) 0.049 (0.29) 0.010 (0.35)
n=m—1 60 0.100 (0.21) 0.049 (0.24) 0.010 (0.29)
80 0.100 (0.19) 0.050 (0.21) 0.010 (0.25)
100 0.100 (0.17) 0.050 (0.19) 0.010 (0.23)
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Table 4.1. Underlying Distribution for each group

Case Distributions X Y
Equal N(0,2) N(0,2)
1 Different locations N(0,2) N(1,2)
2 Different scales N(0,2) N(0,4)
3 Different skewnesses N(2,2) G(2,1)
4 Different kurtosises N(0,2) C(0,1)
5 Different tail weights N(0,2) C(0,2)
case 1 case 2 case 3
0.15 \ 0.15-
< 0.2- \
Ziiaod det, | dist 5, \ dist
z / X Fo10- i x % \ 2
© Y8 e v 8 f iy
0.05- . 0.1 .
0.05-
0.00 - —= N . P
] ) | | i 0.00- * 0.0~
0 5 0 5 10 | ‘ ‘ | |
value 10 5 o 5 10
value
case 4
0.3~
0.15-
0.0 dist >, i dist
3 Iy 8 Y
0.1- ',\ 0.05- 5
0.0- -
0 5 0 5 10 0 5 0 5 10
value value

Figure 4.1. Underlying distribution for each group; case 1: different locations, case 2: different scales, case3:

different skewnesses, case 4: different kurtosises, case 5: different tail weights.

Table 4.2. Power of test und

er the null assumption

Test (16, 15) (32,31) (64, 63) (64, 64)
KS 0.047 0.060 0.054 0.031
AD 0.054 0.059 0.053 0.036

cvM 0.055 0.056 0.054 0.037
ES 0.055 0.064 0.063 0.054
MW 0.054 0.056 0.059 0.036

KS = Kolmogorov-Smirnov; AD = Anderson-Darling; CVM = Cramér-von-Mises; ES = Epps-Singleton;

MW = Mann-Whitney.
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Table 4.3. Power of test when two distributions differ in location

(m,n)
Test
(16, 15) (32,31) (64,63) (64,64)

KS 0.200 0.402 0.680 0.603
AD 0.249 0.472 0.771 0.766
CVM 0.247 0.485 0.764 0.763

ES 0.071 0.165 0.230 0.274
MW 0.253 0.486 0.789 0.776

KS = Kolmogorov-Smirnov; AD = Anderson-Darling; CVM = Cramér-von-Mises; ES = Epps-Singleton;
MW = Mann-Whitney.

Table 4.4. Power of test when two distributions differ in scale

(m,n)
Test
(16, 15) (32,31) (64,63) (64,64)

KS 0.100 0.197 0.577 0.518
AD 0.147 0.427 0.890 0.897
CVM 0.193 0.487 0.900 0.909

ES 0.150 0.226 0.128 0.135
MW 0.056 0.059 0.040 0.055

KS = Kolmogorov-Smirnov; AD = Anderson-Darling; CVM = Cramér-von-Mises; ES = Epps-Singleton;
MW = Mann-Whitney.
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Table 4.5. Power of test when two distributions differ in skewness

(m,n)
Test
(16, 15) (32,31) (64,63) (64,64)

KS 0.075 0.161 0.426 0.300
AD 0.096 0.198 0.581 0.599
CVM 0.100 0.210 0.555 0.545

ES 0.165 0.570 0.888 0.902
MW 0.052 0.044 0.058 0.053

KS = Kolmogorov-Smirnov; AD = Anderson-Darling; CVM = Cramér-von-Mises; ES = Epps-Singleton;
MW = Mann-Whitney.

Table 4.6. Power of test when two distributions differ in kurtosis

(m,n)
Test
(16, 15) (32,31) (64,63) (64,64)
KS 0.146 0.329 0.702 0.577
AD 0.062 0.291 0.689 0.692
CVM 0.122 0.283 0.598 0.599
ES 0.245 0.394 0.416 0.398
MW 0.054 0.060 0.058 0.062

KS = Kolmogorov-Smirnov; AD = Anderson-Darling; CVM = Cramér-von-Mises; ES = Epps-Singleton;
MW = Mann-Whitney.
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EE F7)9AE= CVM AAo] LA =& B I7)04= AD AAo] LA 83t &8 377}
64 w] KS A9 AAEL2 FE 7|7} 5YA| oJHo HFeFof, 27 77t 5LE FL 011% AD
A 2D CVM ZAAL AAZHN vSS5IA, n=m — 12] 27 SlolA= 7P e AAHS Bt
MW A2 HAE Zo|& AHE 4 gl Ao= Bt

_g

=

4.2.6. & 2¥0| Wg| R20| U2 A2 & dAFo|A+x Epps9} Singleton (1986)°] 4@ =7
ol & ESS| A5S AR Y 3 FMHor G £2E Cauchy(0,1)o4 Cauchy(0,2)2
Adtol ABE WANAT o] A%, G2 REL P9l REY v A0 o) $RU FHE L 0

o7 Bt} (Figure 4.1). A3 A3= Table 4.70] AAE O] itk CVM 7739 AA= ) 713 A3}
o
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Table 4.7. Power of test when two distributions differ in tail weight

(m,n)
Test
(16, 15) (32,31) (64,63) (64,64)

KS 0.059 0.078 0.194 0.162
AD 0.084 0.199 0.523 0.535
CVM 0.062 0.237 0.627 0.621

ES 0.059 0.119 0.082 0.065
MW 0.053 0.059 0.050 0.057

KS = Kolmogorov-Smirnov; AD = Anderson-Darling; CVM = Cramér-von-Mises; ES = Epps-Singleton;
MW = Mann-Whitney.

Table 5.1. Quartile-based descriptive statistics

Statistics
Location F~1(0.5)
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Table 5.2. Salivation data

1 —0.15 2.55
2 8.60 12.07
3 5.00 0.46
4 3.71 0.35
5 4.29 2.69
6 7.74 —0.94
7 2.48 1.73
8 3.25 0.73
9 —1.15 —0.35
10 8.38 —-0.37
QQ-plot of Salivation Data
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Figure 5.1. Q-Q plot of salivation data.
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Table 5.3. Quartile-based descriptive statistics on salivation data

Variable Location Scale Skewness Kurtosis
X 4.000 4.382 —0.040 1.740
Y 0.595 2.520 0.739 3.630

Table 5.4. Reported p-values of two-sample goodness-of-fit tests on salivation data

KS AD CVM ES MW
Original data 0.05244 0.0607 0.0669 0.0044 0.0892
A random Y; removed 0.04460 0.0913 0.0749 0.0068 0.0892

KS = Kolmogorov-Smirnov; AD = Anderson-Darling; CVM = Cramér-von-Mises; ES = Epps-Singleton;
MW = Mann-Whitney.

Table 5.5. Bleeding time data (seconds)

i X; Y;

1 270 525
2 150 575
3 270 190
4 420 395
5 202 370
6 255 210
7 165 490
8 220 250
9 305 360
10 210 285
11 240 630
12 300 385
13 300 195
14 70 295
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Table 5.6. Quartile-based descriptive statistics on bleeding time data

525

Variable Location Scale Skewness Kurtosis
X 257.5 88.5 —0.0571 5.4081
Y 370.0 240.0 0.1510 3.3479
QQ-plot of Bleeding Time Data
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Figure 5.2. Q-Q plot of bleeding time data.
Table 5.7. Reported p-values of two-sample goodness-of-fit tests on bleeding time data
KS AD CVM ES MW
0.0370358 0.024767 0.007992008 0.1654718 0.03266888

KS = Kolmogorov-Smirnov; AD = Anderson-Darling; CVM = Cramér-von-Mises; ES = Epps-Singleton;
MW = Mann-Whitney.
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