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Fast Computation of Projection Image Based on the Repeated Patterns of Intersection
between Ray and Voxel
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Abstract - Ray-tracing based method for computing projection image calculates the exact amounts of the intersection between
voxels and a ray. Among several different implementations of the ray tracing based methods, Siddon's method is the earliest
one. Later faster implementation such as Jacobs's method, Zhao's method, were investigated. To our knowledge, Zhao's method
is the fastest one among these. We improve the speed of the Zhao's method by predicting the number of the same
intersection length between voxel and a ray. In our experiment, the proposed method showed significantly faster computation

speed than Zhao's method.
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LA 2 C}. Siddon BHE rayQl ZF voxel? wWxb ZolE Asts] et
T Tl ray7t Alubs A9 index & TollA] voxeld] ghe &
AL EEes 29 ¢+ e APE CT(Computed ot gte Foote WEg Sd Z=AA die AMsitiT].
Tomography)9l 1185 d& EAE floiAle viEd A& 54 Siddon H'He F|FE9 AFZA & YHIE AU JASH voxel
o] "Aoltt [1]. viEa J4RY 7IHe FBP (Filtered Back 9 index & Tol= WEO] WAl HO|E ot WEo|=o T

Projection) 7ol Ha| QA B0 S R4EIK|UF QAR Al HFEY = redundancy £ 7K1 QTHS].
7ol Bol £2QuE EAIZF Atk 5§51 ZEAME (projection) 1t Arte ZHsHA Sk Jacobs B [8]0] AQMERIOH, O

Hi I 2 A H (back projection) @I4t0] BHEFORE AlFEHE O]
Aol J1gshs e £Q8 AT FRloItH5] [6].

Z2AMN g dyde st doR:=
pixel-driven[2], ray-driven[3], distance-driven[4], separable
footprint [5]2F &2 7IHE0] Utt TE 7IHE1 Hlus) &
HEg VHGIA Kotr] wE

=

ray-tracing[7],

o, ray-tracing B2 detector9)

of Hzz=dHe 3% i 5 Xots do7l= BAEE 7
1 Tk T, thE IS0 HISHA rayet voxelQ] wAb O]
S DA fol ofd deletA e = (e FHol RA0iA]

detector®] HHO] e Aol 240 dsg HY + rh
E3] dental CTQ] BL0l= detector? resolution 0] =7] W&
of, Z2AMH W WaZEME ALt Al FESHA ASE 4 JATh
[6]. Ray-tracingE AMEsI0] ZZAMNE HEs| AlLlels HH
OZE Siddon BHO| [7] FZXZ AIEIQICH, O] 7|HeZ
&5 J)ASH Jacobs BIH [8], Zhao HIH[9] S0] Mo &
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WAt Zhao W [9]0] THAl AFEIRICE Zhao WHE ray’t &
e o] SYSH AT, yFE B2 ARE JHKIE voxel E1F

AR HEE Qe US K= B olgsiol Lol

Oft 0 M2

voxel index & A4tsto] A4t SEE SFAAIZITE 24 O]
T rayZ} E3leH= voxel? index WSS it v GANS
aff EQlsh= EQSIAl £ dite Hhe 485k HE0] QAT
2 =FolAE Zhao BHOIA EEQSH Hlul ¢ikg AATES
2R A Al O BE5E ¢ e gaEEs At 2
=9 82 e Zth WA, 280Ae AdA1E9 24
W Zhao HHE 7HIC= 510 HW =0 ALt AIFE
CIESH= QaiglEs Aersith 37olAl= MATLABSl Shepp-
Logan phantom @40 Fotele LaglEs AEoto] ZT2HM
Garg AEs ALt AIRE 29t Zhao R E HESHO LU A
AR ZIE vsk, 4804 AES

0

0

2. Metshe ¥aIElE

e Alteh=

ray-tracing B2 A1} ray9
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Fig. 1 Geometry for ray-tracing projection

Artste Zolot TS Jalo] Tske WHOILL 0B sl
rayoh FAO| WK Lol HaE Toks HEO ARk
Siddon 71HoICHT), 18 12 2 Ak GOl AEE AN
SlEs IO UNE UEMICh o I¥e 9y9 =
N, %N, D, ray®] 712717 |d,/d,| HOE e A9E U

=
it olgf d,.d = o« FI yF 7] S onjoit), B =F
oixE AlE HsHA ddstr] flot] 2xkd gdg TIECR
of

D~

dglEe dgsitt. ddsk= SuelEe 3 Ak gaof
M AEE st F716to] HeotA &4 7Hsofth

Siddon 71§ rayet J&9 gileg sk AALAED o
e Asksto] dolg Fot= WHolth olF QIslAl source?!
& SO|AEE detector A0 St & EZIA] HEdH= ray & A
DI A (29} Zo] Aoz HEsITh

X(OL) = Sz: +(M(E; - Sz:) (1)

Ya) :Sy-i-a(Ey—Sy) 2

O7IA o= A SOIA 09 ghe, & EolAl 19] G2 7HKIAL o7} 0
a1 AtojollA] HAECEN ZLM] Qo9 Fe UERd & QL
Ch Q& wWAkeh= raye] Wel= I8 19 geometryOlAl rayQt
G0l Hg Mie o, 0 TRYORZ e o, E 01&510]
TEIT) o] e o] Adl ray7t 2 =0, 2 =N, Fi} T ©f9
a B a,(0),0,(V)E Al QI A (D} ZO] FIHTIC

T T

o, (0) = (=8,)/(E - S,) 3
o, (V) = N, —-9)/(E ~8,) @)

st WHOR o (0),q,(N)S Folal

s G A1 (B9} Al (©)O= THITHS).

Ol 0]&dlo]

Q. = minfa, (V,),a, (V)] 6)

Ray2t Voxel WXt Zo| BrEA 7|8F 11 Projection P&k MA 7|

ol ray AAIA a ;. . a,, 2 WO TAO| 2% index= THS
Al (Mt Al @2 T8 4 Lk

imin = ‘/Vx - [)(plane (]vx) T Onip (E;r 7Sx) - Sx]/dt (7)

imax =1+ [)(1 + amax (E; - Sﬁ) - ‘X;zlavzu (1)]/dl (8)

OI7Id X, (V) == N9 planeg 90jatal SUst WEo
2y T index? iy dnas O Z2EE HAES] index
WOl olgstH ZE WHAMY o FES

2 Zug - Atk

Q. = {(Xz(imin)’am(imin+1)""7(Xar(imax)} (9)

a, = {a, Gin )@, Ui + 100, G )} (10)

AT ray7t wARSHE HE Aol WAKEEY o Fe ot
i ol HEE a,, FH a,, 7R 2EARECE Fdstal LH
o|2stes T 79 o #9 AOIE 0|85t WAkst= HOIE F
g &+ rh

WA= TAEY index & Fol7] ol HES o E 018
sto] rayZt m WA WAg Adtia g o, HA9] indexE T
g A ana A 122 g <+ Jrtel.

ilm) =1+ 11)
X, + ((alm) + alm—1)/2)(E, = S,) — X,,,,..(1)]/d

P (12)
[¥; +((alm) + alm—1))/2)(E,—S,) -

QhA TS rayet WAkSH: WASY wALoIE A (DT A
(122 7ot JHE] indexQ Hoto] FA&H= }EE Sl
Siddon W olg%t ZEx|Mo] FHEL] SR 0] F 7K
WES e $dsts ARt WA rayQ] ZolE JLEHHAl 1
LAo) index B HIZ Folo] FEIN WA WA} Wz}
H o YES ST FEiE H7] wiRol o WE Z2aMo] 7}
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SotA ETH8][9].
olofl Z]EIgt Jacobs 7IHe ZOIE FIHA index & 3
A B2 Fohs UHORE Siddon 7IHE @HEAIFLE Jacobs B
€ 0,9 0,9 Hl AthS Sof index E YEIOIE 51 ray
oF FMO] WALOIE Fotal sAlol A Fhe Hoto] F&5h=
WEe Sl ALNZte BFate Zoltt8].

Zhao 718 rayQt A9 wAME olg e uf 449 =
d ol Lol o7t sYsith= AKE ol83at] Y4t A
Zhe Jacobs ZIHETE TEAIZCL I8 104 £ 4 AR =5
2 AoJAY] rayel Lol £, 2t stal, SY HollAl9l raydl 4
Olg £, 2t ¥ £, Lt &2 EOl RL 1O Hlul At &5
AR Zo)9t ZA9] index & F& 4 Tk

J% 1004 rayZt HAE SISt 4ojol Fo] L7t E
index7} HHAAl ETh metA 7,014 rayQt Zldo] wAbeh o]
g wa g o] rat £ 9 thd: HIWE oFH rayZt GA9
O Al Walety JA=AE & 4= JAA Hot & o] RrL
O] 4o] £, Hr} IrHH rayZt o]l M1} wxlstal = A
13, £, Kot 2t 59 o] obd f]9] o] mAlul wAlst

1 BS & 4 Ak olF A0 AWM Cigl 2Tk ¥
[e)

-1 O

i= |17./d, | (13

Ag ArtsHe DAL rayd] WA LoIE 75 Ok A W
S 2ol me A (109 4] (192 TSI,
Uisjinin) = TS (14)

RL=1I, — T8, (15)

ge do| rzol Zo| L, Wr} ALk rayoh WA A 2
LOl%, ATHA raye} At o] ol rrol HCk

jmm
(m, i) = oy 18)
Witm, j..,) = RL. RL=<1L 6
4ol7t RO HW rayet wAlsh= The A 59 &, e
glo] Qe Aoy Jmol WAt ol Al 1NE F& 4+ 9
al, o] HHFen®E T9| index7t Al (18)1t ZTh
7S, =1, — RL am
1§y, +1) = 75, 18)

21
rlo
el
Mz

9 j index7} j,, 7t B 7K 54

WS TH2 pseudo IT&Z LIERY 4 ot
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1: procedure INTERSECTION PIXEL(l)

2 Determine jmiy »jmax & For the range

3 J = Jmin

4 1G,/))=TS > The intersection of the ray with first pixel
5: RL=1L, - TS > The remaining uncalculated length

6 While ()< jna)

7 if (RL = L)

8 i=i+1 > update i index

9: 1G,)) = Ly; > update [ and index

10: RL =RL — L, ®update first length of next pixel
11: else (RL<Ly)

12: i=i+1 > update i index

13: l(i.j) =RL &> update [ and index

14: RL=1L, —RL  © update first length of next pixel
15: j=j+1 > update j index

16: end if

17: end while

18: end procedure

I3 2 Zhao 71H9] pseudo TE
Fig. 2 Pseudo code of Zhao method

Zhao 7Ie €L €Ol mrrat Yot gt £, Lt L9 HwEh
OF raye} TAO| WARISH=E Z0I9} index & 71 & A7) m
70l Jacobs HHHETH O wiEA Z2AMH A4 A40] 7155
Ch SR o] RLOl e A% FobHAl L-s gt Hiw ¢
Atete WPEE QA source®@t detector®] geometryS QHCHH
49 & A= TFoIth. B =Rox= olgst Hol =etstod
Zhao 79Ol A4t £ € U Jidsks EH e At

2.2 F¢teh= W

52 LA ray7t AUzt
= W40l WOIS ZEMT. 17 18 ol S ravh 341
WAsH= A WA O] index?! j,;, I DIRIHCE This &

index j,. S O Al 192 A Q0OCE & & ATHE].

Inin = N, [(‘Nudt/i(Squamm(EyiSu)))/dUJ (19

Jmax = LS, + o (B, —8,))/d, ] (20)

71 | | &= floor ¥4 7SO0}

olmf rayol @A ZolQl I, , 01LFt »F Ato] Zo| I,
o)2st yF Ato] o] L= Al QDRE A (2302 Feizch
[8].

‘LSE = \/(E; - SI? )2 + (E;/ - Sy)2 (21)
L, = Lgd, (23)
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I8 1004 B & AR0] T index7t o, RE a7t
A M= O]st = AloJoflA JETH WAl Hopvt vy af
He 717t Zhao 7IHEe 2 gdnict 4ol gzt 4o] L, 9
9] Hinl ¢tk Sall wAHE Zolet sfEHAQ] indexE AAS
Ll J2u Z284 geometryE Ed 0] £,€ 7IKE ZA9)
M5 nig] ALk = JODE O] AME &8st QLRI
s £9 4 Atk

2.2.1 Regular pattern

1Y 32 I¥ 1004 WA} R BRe sl 1
=3 1 ki
juu]

goltt. gddo 59 oAl £, Hoh &2 A

=1
gt g 1, LEO A2 1, 9 TS 2o

‘reg

Ch O] &7 4] (24)9] dAA|0] JESH.

L]/ = l[)’!‘P + k[/,zr + lpost (24)
olmj M= [L,/L |2t FoJeH 4] (25)9] Z=0] HYsitt.
0 élm +lpost <2L, (25)

ot Al @49 ke M FE M-19 g2 TPE $ L
= A (26)1 Zo] LERHTE

"post > LI
‘/I/ZL"’ lm‘u +lpust = L

‘o ‘o

M-1)L, 1 _+1
= 0L o

reg

A =171 FHOME rayet nxHE Zolt £,017]

Bo uAE Z0|S mE AN Qobz BTk Jeln AR
z)0] o] 1,917 1, XIS BRG] 95 M- 18R 7] A
A

V5 raydl e 2ol B3} L9} HII QRS R,
Z0] R0l L,ET} 2AL 2T i WA S TR 2
o7} 011, Arid wWAE ol 1o,

¢

ost

I,
lzu(in/v j) = {l

‘post?

RL>1,

P @0

Trof a7 wim) o] wxpet doprt 7, Ak a1 WA 2l

Ray2t Voxel WXt Zo| BrEA 7|8F 11 Projection P&k MA 7|
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© Al (28)1} Ztt.

Lyer lagern3) = Lyost (28)

20 1,8 T 5 20| 1, 9 1,8 o8] 1, US
A 9% Zol 7 = ATk

! L—1i,, -l (29)

‘post = y pre reg

a7 30jA] GO Tl y & index?t 4, @ Al SOl
rayet Ag WAk WA ray oI 1, = Al (303 ZO]

2t

lm‘u (7’7-]min ) = L

T

N

14,
=14, %

N

O7IN L= | 7/d, | S SANB) T M2 A & D] A

A g, ol dol 1,9 1, & olgdll Al GDR 78

% rk 2ol L= EY FolNgl mAlshs ravel WA Zols
Z =

A 2= el Zol 1, A (202 Tt
Lo (i) = L, — 1, (0.5) (31

Ol&H regular patternollA]9] ray@t T/ WilsH= Zol= I
MOl y = index7t iy, FE G P B W L, Ly B
Ol tH=Ex08 FotHA SAlo] A9 index & AAISHH
regular pattern QOIA9] ZZAHo] LHIEITY,

2.2.2 Pre-pattern and post-pattern

I 10014 2 4 AXO| regular pattern®] F=of ABE
OF pre-patterni} post-pattern0] ERYSIC}. O] FIHE rayet
WA ZAE9 o9 Fgol ruh L HTH Ao} regular
patternd| AAE &40l gl= FIoICh

PLN E(ExBy)
dyI Post-datt I e

| Inax

Reqular |pattern

o

Jmin

- Prre-patterr
S(SxSy)

I3 4 39 geometry
Fig. 4 Pattern geometry

08 4= JR Jae Al 79 sfgeZ verd d4olt 1
ZollAl pre-patterne ray?} wWASh=E TAO ¢ = index’}
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- 1€ 7K& Y4AET Q= F7H0]4l, post-patterne rayQt
wWAkshE A9 y F index7t j,,, +12 7= AST A=
JEZYOICE Q] AWSE HEQF Z0] regular pattern QAN ray7t
WA= Ao dol7t £,9 A HEl & £ e Fg olg
Sto] BHEL= dHHO 2 wiE Zo] ALl Zhsst oIt

WA pre-patterng A|Lh= ray@Qt nxlshe HAEQ| ray HA|
4olE R, t} o, o] dol= Tha Al (32)9F 20| ok

Jmin

(jmindg/ 7Sy
E,=5

Y

R, = Lo

pre

— Qpip ) (32)

O71A 4ol L= A @DOIM 8t FO=E source®} detector
7R ray9l A Lol 9Jujsitt 4ol g ¢t 4ol £,9 tha
HE SoiA rayet wafsks =9 7i+E & 4 il O
R, 7V 40| 1, HCt #obd mi7bx] dHesto] DAshA L.

SARE BHHOR post-patternS AlLH= rayet wxlsH=s A
S9 ray TA|l 4ol R = Al (33)3F LT

(jmax + Udy — SL/

£ -5, ) (33

‘Hpnst = ‘LSE(amax -

ES 4ol B9 40l L9 4 HIWE SallA rayet wxtst
= 4o AeE & = Ad 4ol R, 7t ol I, HI} Zo}
2 of 74x] BHEsto] ReshH Eh

o oAl AWt regular pattern REOIAQ] ZTEAM QA
HE0] 0]0] pre-pattern, post-pattern BREO] ZZAAH

A<
T
AE]E5E FEls pseudo TEOITH

1: procedure INTERSECTION PIXEL(!)

2 Determine jpin » jmax > For the range

3:  Determine M — 1 & For the pre-computation length
& J = Jmin

5: While (j < jimax)

6 count = count +1 t Check for repeating
7 Process pre-length

8 Process Regular-pattern

9: if (count < M)

10: Process regular-length

11: elseif (count=M)

12: Process regular-length

13: Process post-length

14: count reset

15: else

16: Process post-length

17: count reset

18: end if

19: end while

20: end procedure

I8 5 Aerst 719 pseudo I=
Fig. 5 Pseudo code of the proposed method
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3. Ag ZEx

2 =RojA Aotele aglEe desg 71E e Hlu 8
7tst7] floto] Age st Agol AFEE HFH AL
TZAMA 2.7 GHz Intel Core i5, WXE] 8 GB 1600 MHz DDR3,
Max OS X(EI Capitan HZ 10.11.6) 0]11, MATLAB R2016a0lA]
S QIC

8] 62 MATLABOIA  Al&dl= Shepp-Logan phantom
256 <256 Faut AQkshk= WHOE O] phantom P9
sinogram& -8t 1OITh

J% 6 Shepp-Logan WHE I} AOHSH WhHe AL Z=AMH0)
A1} sinogram

Fig. 6 Shepp_Logan phantom and its sinogram using the
proposed method

=== Proposed algorithm 31.596
[ === Zhao algorithm 25.107

sec

1 .
64x64 128x128 256x256 512x512 1024x1024
image size

J¥ 7 Qe 3710 met ®Moet 71yt Zhao 7IHE Ol8SH =
ZAM AIZE Hlal (Shepp-Logan HH)

Fig. 7 Computation time of the proposed method and Zhao
method (Shepp-Logan phantom)

a8 72 mMotst B Zhao WS phantom Akl HEg
ot ZRAM A AIZE Hlnl Jzolch g0 7= 64x64
FE 1024x10242 5709] THE F718 71 Qo] H &8Ik
QLo 77 AIY AL 64 <6400k = A|QFS= BFHO] Zhao
diHol Hish OF 13% B Aol BEEAL, Fa9] A717F A
g ALARIY SEE 7 ARCE Q40] 10241024 A f
= 9F 20% B AlRMO] ©HEEE g1 ¢ Qrh meti] G
o] 717t 45 FQehs WHO| Zhao WHELE Z2AM A



S0 wHolct.,
a8 82 73 thstolA] AMlSoh= XCAT WE(512x512)1 A
S o] MYo] HE310] U sinogramO|TH10].

a8 8 XCAT #Y il =2 Z1Q] sinogram
Fig. 8 XCAT phantom and its sinogram using the proposed
method

A Aeat ThE 2ol Fekshe i 71E W ﬂ
Ol Eolsty] flall 17 89 XCAT HMES A8sIo] THE X
oM zZEAd dde ddste dde Jdsidith 1™ 7OﬂH
ASH AT AE719 SIS 28 O =01 w9 &l
Al 2d O =OIA O B2 ddol Qs Zol tishAl
Agle doIln. Ao Bordss Aekshs EHo] 7IE
HHED S9EQl e Sold 4 Utk & 10 o] 23E 3
9 A71ol wat FelstRALt.

-

B 194 I7o] mek Aot 71yt Zhao 71HE O1&E
ZEAM AIZE HII(XCAT HWH)

Table 1 Computation time of the proposed method and
Zhao method (XCAT phantom)

_ Image Image Image
B
XCAT ¥° 256x256 512x512 1024x1024
Proposed method 6.95 sec 23.82 sec 91.48 sec
Zhao method 8.32 sec 30.48 sec 116.04 sec
4.4 8

B =H9S rgy-tracing ‘ﬂ}t”% o TRAMHAS WE AR

o1&
B | flgt SIEIEE Aottt AMotsh= LglE
2, Z28M ge ometry E—.—Ei Aeg STtete rayQl WAk 4o
7t e gdo] g nEl & = A4, 0§ Ol8sH wAlst
= 4ol Akl *”%@E At SEE WEA T = JAti= Al
Al b Stk AlEEoldoA RIStehe EHe oA e
7V whE WOl Zhao WHELDH F|4& 10% Ol BAE 20%
Ao &% gte HArh

Ray2t Voxel WXt Zo| BrEA 7|8F 11 Projection P&k MA 7|
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o =2& 2014dk FRQsH7IE) Mz
St=lAee] Ads Eob +ddE A7 (NRF-
2014R1A2A1A11052512).
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