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ON 2-GENERATING INDEX OF FINITE DIMENSIONAL
LEFT-SYMMETRIC ALGEBRAS

XIAOMEI YANG AND FUHAI ZHU

ABSTRACT. In this paper, we introduce the notion of generating index
T1(A) (2-generating index Z3(A), resp.) of a left-symmetric algebra A,
which is the maximum of the dimensions of the subalgebras generated by
any element (any two elements, resp.). We give a classification of left-
symmetric algebras with Z1(A) = 1 and Z2(A) = 2,3 resp., and show
that all such algebras can be constructed by linear and bilinear functions.
Such algebras can be regarded as a generalization of those relating to the
integrable (generalized) Burgers equation.

1. Introduction

Left-symmetric algebras form a class of important non-associative algebras.
This kind of algebras were first introduced by Cayley in [6], where they were
used to describe some properties of rooted tree algebras. However, only very lit-
tle attention had been paid to this subject until Vinberg applied them to study
convex homogeneous cones in [20] and Koszul exploited them to investigate
affine manifolds in [14]. Later, they were used by Gerstenhaber to solve the
problem of deformation of associative rings in [11]. From that time they have
appeared in many different fields of mathematics and mathematical physics and
hence they are known under many different names, such as pre-Lie algebras,
Vinberg algebras, Koszul algebras, Gerstenhaber algebras, or quasi-associative
algebras. In [5], Burde gave a survey of the fields in which left-symmetric al-
gebras play an important role, such as vector fields, vertex algebras, operad
theory and so on. Also they have strong relation with classical Yang-Baxter
equations ([7], [8], [12]) and Rota-Baxter operators ([15], [16]).

Meanwhile, a great deal of mathematical effort has been made to study-
ing the relationship between integrable evolution multicomponent PDE’s and
ODE’s and some special kinds of non-associative algebras ([13], [17], [18],
[19]). It turned out that left-symmetric algebras are closely related to multi-
component Burgers equations. In [1], Bai constructed a class of left-symmetric
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algebras using linear functions and symmetric bilinear functions:

(1.1) rxy = f(x)y+9(y)r+h(zr,y)e, Vr,yeg,

where c¢ is a fixed nonzero element, f, g are linear functions and h is a non-zero
symmetric bilinear function. Such algebras can be regraded as a generalization
of a class of left-symmetric algebras relating to the integrable (generalized)
Burgers equation (see [18], [19]):

(1.2) Ut =Ugp +2U U, + (U (UxU)) — (UxU) *U).

Note that the above mentioned left-symmetric algebras share the same prop-
erty that any two elements generate a subalgebra (containing a fixed element
¢) of dimension no more than 3. Therefore, it is natural to consider what
kinds of left-symmetric algebras can be generated by two elements. More gen-
erally, if a left-symmetric algebra is not generated by two elements, what is the
maximal subalgebra generated by two elements. Thus for a finite-dimensional
left-symmetric algebra A, we call the maximum of the dimensions of the subal-
gebras generated by any two elements in A the 2-generating index, and denote
it as Zy(A). Similarly, we call the maximum of the dimensions of the subal-
gebras generated by any element in A the generating index, and denote it as
Z(A) =Z;(A). In fact, Bai constructed some special left-symmetric structures
with 2-generating index 2 or 3 under some additional conditions. We are inter-
ested in a more general class of left-symmetric algebras of 2-generating index
2 or 3, that is, left-symmetric algebras with Zo(A) < 3.

In this paper, we assume that dimA > 4. The reason is that Bai has
classified left-symmetric algebras with dim A < 3 in [2] and [3]. The problem
will be divided into two cases (see Theorem 5.1): either Z;(A) = 1; or Z;(A) =
2, and there exists an element ¢, , such that (x,y) C span{z,y,c,,} for any
x,y € A. The former case is a special case of those with Zo(A) < 3. If A is a
left-symmetric algebra with Z; (A) = 1, then it is natural to assume

?i=zxx=f(x)x, VacA,
where f : A — F is a function with f(0) = 0. The function f must be linear
and the classification of such left-symmetric algebras follows by investigating
the properties of the function f (Section 3). Note that the set of left-symmetric
algebras with Z5(A) = 2 are included in that of left-symmetric algebras with
7:(A) = 1. In this case, we have

rxy= f(z,y)r+ g(z,y)y,

where f, g are functions on A x A. In [1], Bai classified such left-symmetric
algebras with the additional assumption that f,g are linear functions on A,
which is redundant as we will see in Theorem 4.1. For the reader’s convenience,
we reproduce the result of classification of this case in Theorem 4.2.

For the later case, we have

zxy=f(x)y+g9(y)z+ h(z,y)cpy, Vax,ye A
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It turns out that ¢, , is independent of the choice of z,y € A (Theorem 5.1).
This implies that f, g are linear functions on A and h is a bilinear function on
A x A (Theorem 5.2), which is an essential step towards our classification of
such algebras (Theorem 5.3). Our main results are summarized as follows:

Theorem 1.1. Let A be a finite dimensional left-symmetric algebra with Z; (A)
= 1. Then A is isomorphic to one of the following algebras.

(1) A is a two-step nilpotent algebra, i.e., (x *xy)*xz = x* (y* 2) =
0, V x,y,z € A. Furthermore, such algebras are defined by two-step
nilpotent Lie algebras with the bracket x x y = %[:p, yl.

(2) There exists a basis {e1,...,e,} in A such that A = (e1) D {ea,...,en),
where (ea,...,en) is an ideal of A. Furthermore, we have ey x e; = ey,
eixer=0,4,k=2,...,n, and there exists 2 < j < n, such that

erxep =€k, epxxe; =0 for 2<k <y,
erxe =0, exepr=¢ for j<l<n.

Theorem 1.2. Let A be a finite-dimensional left-symmetric algebra with To(A)
=3 and Iy (A) = 2. Then A is isomorphic to one of the following left-symmetric
algebras in Table 1.

Table 1: The classification of Zy(A) = 3 and Z;(A4) = 2

f g h Characteristic matrix
Aq 0 0 Enn Coet
0o -~ 0 0
0 -+ 0 e,
Ao (H) 0 0 T 0 He, 0
(H € Fin—bx(n—1)) 00 0.0
00 -+ 0 ey
0 0 0 0
As o |o E1n oo
o0 -~ 0 0
el 0 - 0 e,
e 0 0 0
Bl 0 g1 Eln + Enn : A :
ep—1 0 -+~ 0 O
en 0 - 0 ey
By(a, H) 0 0 -1 ey 0 —én
(a € F"72) 0 g1 a H 0 ei+ae, He, 0
(H € Fin=2x(n-2) 0 0 0 en 0 0
er 0 0 e,
Bs(\) 0 \E e 0 0 0
1 in .
(A #0) g :
e, 0 0 0
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e 0 e, -+ 0
es 0 0o --- 0
en 0 oo 0 0 0
By(k) 0 E (k> 1)
(k<mn) g1 1k erte, 0 -
€2 0 0
(z.n 0 - 0
(k=1)
“FErp— By i 00 e
Bs(r) 0 . oo e endy 00
(I<r<n) +> Eu en-1 000
i=2 0 0 0 0
et+e, 0 -+ 0 ey
E + E es o -~ 0 0
B 0 g1 11 n : :
nl eni 0 - 0 0
0 0 0 0
el 0 0 /\ﬁn
eo 0 0 0
B7(\) 0 g1 | AEw — En : Co
eno1 O 0 0
0 0 0 0
ey en-1 0
0 0 0
C fi 0 —FE1n + By o : :
0 - 0 0
0 - 0 en
Coa, H) 0 0 1 e o 2en
(a € ]Fn_z) fl 0 a H 0 ae, He, 0
(H c F(an)X(an)) 0O 0 0 0 0
er o ep—1 (L4 Nep
C3(N) f 0 \B 0 0 0
(A#0,1) ! tn :
0 0 0
el er+ e en
0 0 0
0 0 0
04 k k>1
(k) fi 0 Eny k>
(k<n) erten e en
0 0 ... 0
(k=1)
05(7") f 0 Elnj‘ Enl €1 o0 en_1 2en
1 0 ey 0 0
(1<r<n) +_Z2En‘ e 00 0
i=
e1+e, e - e 0
Ei1+ FEyn 0 0 - 0 0
Ce b5l 0 " , L
—F1, o : :
€n 0 0 0
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. ()\) er -+ en—1 (1L+MNen
2 0 .- 0 0
€n 0 0
OS(T) - e, - -0
n 0 Eii + Enn : :

(7’ < n) f zgl 6’1 en;l 22n
Co(N) I 0 AE,., 0 0 0
(A#£0,1) e o enn (14 N)en
D ()\) 0 e 0 ey

1 : - : :
()\ # 0) f g 0 . 0 €n—1
—Xep o+ —Aep—1 €p
€] - ep—1 €1
0 0 €2
D, fit o] gn| —Ein— Enn Co
0 €n—1

Remark 1.3. In the above tables, f; and g; are the linear functions defined by
file;) = giej) = 04

Remark 1.4. In the above tables, there are some relations between different
types of left-symmetric algebras, which can be described as follows:
o Ay(H;) = As(Ho) if and only if there exists an invertible (n—1) x (n—1)
matrix 7" such that THyT' = H;.
o By(ar,H1) = By(ag,Hs) if and only if there exists an invertible
(n —2) x (n —2) matrix T such that THoT' = Hy and Tas = ag.
o Oh(ay, Hl) Ca(ae, Hy) if and only if there exists an invertible
(n —2) x (n —2) matrix T such that THyT' = Hy and Tas = a;.

Our paper is organized as follows. In Section 2, we present some definitions
and notation. In Section 3, we classify left-symmetric algebras with Z; (4) = 1.
In Section 4, we study left-symmetric algebras with Zo(A) = 2. In Section 5,
we consider left-symmetric algebras with Z; (A) = 2 and Zy(A) = 3.

2. Preliminaries

In this section, we recall the definition of left-symmetric algebras and intro-
duce the notions of generating index of a left-symmetric algebra.
Let A be a vector space over an algebraically closed field F of characteristic

0 with a bilinear product (x,y) — z *y. Then A is said to be a left-symmetric
algebra, if

(2.1) (xxy)xz—axx(y*xz)=(y*xx)*xz—y*(x*2),
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or equivalently,

(2'2) (x7y, Z) = (y7 x? Z)
for any x,y,z € A, where (z,y,2) = (xxy) *x 2 — x * (y * 2).
If A is a left-symmetric algebra, then the operation

(2.3) [yl =a*xy —yxx
is skew-symmetric and satisfies the Jacobi identity. Thus every left-symmetric
algebra has an underlying Lie algebra structure. Conversely, if g is a Lie algebra
over F, then a left-symmetric operation satisfying (2.1) and (2.3) will be called
a compatible left-symmetric algebra structure on g.

Inspired by the work of Fang [9] and Bai [4], where the authors introduced
the notion of generating index of finite-dimensional Lie algebras and n-Lie
algebras, it is natural to give the following definition.

Definition 2.1. Let A be a finite-dimensional left-symmetric algebra. The
2-generating index Ty(A) of A is the maximum of the dimensions of the subal-
gebras generated by any two elements in A.

The generating index of a left-symmetric algebra defined by (1.1) is no more
than 3, which is a key point for our further study. For further discussion, the
following notion is useful.

Definition 2.2. Let A be a finite dimensional left-symmetric algebra. The
generating index T(A) = Z;(A) of A is the maximum of the dimensions of the
subalgebras generated by any element in A.

The algebras that we consider in this paper are finite dimensional and over
an algebraically closed field [F of characteristic 0, and we will use the following
notation frequently throughout this paper.

(1) {e1,...,em): the subalgebra of A generated by eq,...,epn.

(2) span{es,...,en}: the linear subspace of A spanned by e, ..., en.
(3) Ly, Ry: the left and right multiplications, i.e., L,y = xy, Ryy = yz for
all z,y, € A.

(4) E;;: n x n matrix with 1 in the (4, j) position and zero elsewhere.
(5) Let {e1,...,en—1,€n} be a basis of left-symmetric algebra A. Then A
is determined by its characteristic matrix

e1*ep erxey -+ e xe,
ea k€] ex%€y -+ Eg%key,
€n k€1 €pkey - ep*en

3. Left-symmetric algebras with Z; (A) =1

In this section, we classify left-symmetric algebras with generating index 1.
Let A be a left-symmetric algebra over F with Z;(A) = 1. Then for any « € A,
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2% is a multiple of . We may assume that

2? = f(z)z, Vo €A,

where f: A — F is a function with f(0) = 0.
The rest of the proof of Theorem 1.1 consists of several lemmas.

Lemma 3.1. The function f is linear.
Proof. For any k € F, we have
fkx)kx = (kx)? = k*2? = k? f(2)x,
which implies that
(3.1) f(k2) = kf ().
Since dim A > 4, for any linearly independent elements x,y € A, we have
(z+y)? = flz+y)(z+y),
and
@y =a?+y’ £ (@xxy+y*a)=fl@)e+ fyly£ (@ +y+yx*a)
It follows that
flety)@+y)+ f@—y)(e-y) =2(f(@)z+ f(y)y)
This immediately implies that
2f(z) = flz+y) + flz—y), 2f(y) = f(z+y) — flz—y)
Hence,

flx+y) = f(x)+ fly).

By (3.1), the above assertion is also true when z,y are linearly dependent.
Therefore f is linear. ([

Lemma 3.2. For any x,y,z € A, we have

(3-2) ry+yxz=fly)z+ fl@)y,

(3.3) (xxy)xxz = f(y*x)z.
Proof. Since f is linear, for any x,y € A we have
zrxytyxz=(x+y)*s(r+y —z*xTr—y=xy
=flz+y)@+y) - f(@)z— f(y)y
= f(y)z + f(z)y.
By (2.1) and (3.2), we have
(xxy)sx=xx(y*xx)+ (y*xz)*xx —yx*(x*2x)
— fly o). -



1544 X. YANG AND F. ZHU

Lemma 3.3. If f = 0, then we have (x xy) xz = x x (y x z) = 0 for any
x,y,z € A.

Proof. Since f =0, we have x xy + y * x = 0 by (3.2). It follows that
[T,y =x*y —y*xx=2T*7y.
By the Jacobi identity and (2.1), we have
zx(y*x2)+y*(z*xx)+zx(xxy) =0,
and
(xxy)xz— (yxx)xz=x*(y*xz)—yx*(T*2)
=—(yxz)*z

which implies that (z * y) * z = 0. Similarly, we have z * (y x z) = 0 for any
x,y,z € A. O

Note that the left-symmetric algebra we considered in the above has two-step
nilpotent Lie algebra as its adjacent Lie algebra. And every two-step nilpotent
Lie algebra is the adjacent Lie algebra of a left-symmetric algebra of the above
case.

Remark 3.4. The classification of two-step nilpotent Lie algebras are obtained
in [10].

If f # 0, then there exists a basis {e1, ..., e, } in A, such that f(e;) = d;1,i =
1,...,n.
Lemma 3.5. The subspace ker f is an ideal of A.

Proof. Tt is easy to see that ker f C (ea,...,e,). If ker f # (ea,...,€,), then
we may assume that es x es = e7.
By (3.2) and Lemma 3.3, we have

ea =e1*keg+ea ke = (exxe3)keq —en* (e3*eg) =0,

which is a contradiction, thus ker f = (eq, ..., e,).

For any i = 2,...,n, we can write e; xe; = aje; +x for some z € (e, ..., e,)
and a1 € F. Since f(e; xe1) = f(are1) + f(x) = aq, it follows that e; x ey =
fleixer)er + .

By (3.2), we get e1 *x e; + e; x e = ¢;. Thus

(e;xe1) xe; = fle; xep)ep xe; +x xe;

= fle;xe1)(e; — f(e; xe1)er —x) + x *xe;.
On the other hand, by (3.3), we obtain
(3.5) (e;xe1)xe; = fler xe;)e; = —f(e; x e1)e;.
Combining (3.4) with (3.5), we get
(3.6) (f(e;xe1))?er = 2f(e; xe1)e; — f(esx e1)r +x % e; € ker f,

(3.4)
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which implies that

f(eixer)=0.
Thus e; xe1 € {ea,...,en), e1%e; =e; —e; xe1 € (ea,...,en). Therefore, ker f
is an ideal. O

Corollary 3.6. (e; xx)*e; =0 for any x € ker f.

Proof. Since ker f is an ideal, we have (e; xx) xe; € ker f for any = € ker f. By
(3.3), we have (eg xx)xeq = f(x+*eq)er, which implies that (e; xx)*e; =0. O

Lemma 3.7. If f # 0, then there exists a basis {e1,...,en} in A such that
A={e1) ®(ea,...,en), where (ea,...,en) is an ideal of A. More precisely,
(1) There exists 2 < j < n, such that e; xex = ep, e xe; =0, 2 <k < j,
erxer, =0, and ey xe; = e, j < k <mn;

(2) e1xex =e; and e; xe, =0 for any i,k =2,...,n.
Proof. By (3.2) and Corollary 3.6, we have
(3.7) (Ley + Rey)lker f = id [ker £,
and
(3.8) (Re, © Le, )|ker f = 0.
This implies that
(3.9) L2 =Le, R2 =Re,, Le, oR., =0.

Since both L., and R., are idempotent and commute with each other, (1)
follows easily.
Since f(e;) = d;1, we have e; * e; = d;1e; by (3.2). For i,k > 2, we have

(3.10) (er1xe;) ke — (e;xe1) xep =ep * (e; xep) — e; * (e1 x e).
Thus ey * (e; * e;) = 2e; * ey, for any 4,k < j. Then we obtain
eixep, =0, Vik<j.
Similarly, for any ¢,k > j, we have ey * (e; x ;) = —e; * e. Therefore
eixep =0, Vik>j.
On the other hand, for any i < j < k, we have ey * (e; * eg) = e; * e. Thus
eixep € (e2,...,e5), Vi<j<k.

Similarly, for any i > j > k, we have e; * (e; x e;) = 0. Therefore

eixep € (€j41,...,6n), Vi>j>k
By the observation above, we see that e, x e; € (e2,...,e;) and e; xes €
(€j41,...,6n) forany 1 < s < j <t. Since es *xe; = —ey * e for any s,¢ > 1, it

is sufficient to show

es % e € <€2,...,€j>ﬂ<€j+1a---aen> :{0}'
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Summarizing what we have proved, we have
(3.11) eixe,=0,Vi,k=2,...,n.
Now one can easily check that
(e;xej)ker — (ejxe;)xer =e; (e ker) —ej* (e *ex)

for any e;, e;, e, € A. O

4. Left-symmetric algebras with Zo(A) = 2

Since dim A > 4, it is clear that if Zo(A) = 2, then Z;(A) = 1 and (z,y) =
span {z, y} for any x,y € A. Thus it is natural to assume that xxy = f(z,y)z+
g(x,y)y, where f, g are two functions on A x A. In [1], Bai classified such
algebras under the condition that f, g are linear functions, which is redundant
as we show in this section.

Theorem 4.1. Let A be a finite-dimensional left-symmetric algebra of dimen-
sion n > 3. If Io(A) = 2, then there exist linear functions f,g € A* such
that

rxy=flylr+gx)y, VayecA
Proof. Since (z,y) = span {x,y} for any x,y € A, for z,y linearly independent,
we have
(4.1) rxy = f(z,y)z+9(z,9)y,
where f(z,y) and g(z,y) are functions on

S ={(z,y) € Ax A|x,y are linearly independent}.

For z1,2z9 € A such that (x;,y) € S, choose z € A such that both z1,y, z and
Z2,Y, z are linearly independent. From (z; + z) * y = x; xy + 2z * y, we see that
itz y)(@i+2) + g(@i+ 2,9)y = fl@i,y)zi + 9(zi, y)y + f(2,9)2 + 9(2, )y
It implies that

(2) g(zi+2y) =gz, y) + 9(2,9)

By (4.2)-(1), we have f(z1,y) = f(z,y) = f(x2,y). Thus we may define a
function f : A — F such that f(0) = 0 and f(y) = f(x,y) for any (z,y) € S.
Similarly, we may define a function g such that ¢(0) = 0 and g(z) = g(z,y) for
any (x,y) € S. By (4.2)-(2), we have g(z+y) = g(x) + g(y) for (z,y) € S. The
same identity also holds for f.

Therefore, for (z,y) € S, we have

xy = f(y)z +g(x)y.
Now, since for any k € F, (z,y) € S, (kx) *y = k(x x y) = = * (ky), we have
fkz + g(kx)y = k(f(y)x + g(x)y) = f(ky)z + g(x)ky.
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This shows that
flkz) =kf(z), g(kz)=kg(z).
For z,y € A linearly dependent, say x = ky for some k € F', we have

fle+y)=f(k+1)y) =(k+1)f(y) =kf(y)+ fy) = f(z) + fy).
Thus f € A*. Similarly, g is a linear function. O

Therefore, left-symmetric algebras with Zo(A) = 2 are all defined by linear
functions. Furthermore, one may easily show that (4.1) defines a left-symmetric
algebra if and only if f = 0 or ¢ = 0. Thus we have the classification of such
left-symmetric algebras as described by Bai in [1].

Theorem 4.2 ([1, P. 4, Corollary 2.2]). Let A be a left-symmetric algebra. If
T2(A) = 2, then A is isomorphic to one of the followings.
(1) There exists a basis {e1,...,en} in A such that L., =1d, L., =0, i =

2,3,...,n, where Id is the identity transformation.
(2) There exists a basis {e1,...,en} in A such that Re, =1d, R, =0, i =
2,3,...,n.

(3) A is a trivial algebra, that is, all products are zero.

5. Left-symmetric algebras with Z,(A) = 3

In this section, we investigate left-symmetric algebras of dimension > 4 with
Z,(A) = 3. In general, we can assume that zxy = f(z, y)z+g(z, y)y+h(z,y)csy
for any z,y € A, where f,g,h are three functions on A x A and ¢, € A is
dependent of the choice of z,y. In [1], Bai classified some of these algebras by
assuming that c; 4 is a fixed element for any x,y € A, f, g are linear functions
and h(z,y) is a symmetric bilinear function. But we can prove that ¢, , is
a fixed element for any x,y € A and f,g are linear functions, h is a bilinear
function as long as dim A > 4.

Set

L={zxcA|2* cspan{z}}, L' ={xcA|zx¢L}.

Theorem 5.1. Let A be a finite-dimensional left-symmetric algebra of dimen-
sion > 4 with To(A) < 3. Then one of the following assertions holds:
(1) Zy(A) = 1;
(2) Z1(A) = 2 and there exists an element ¢ in A such that (z,y) C
span{z,y,c} for any x,y € A.

Proof. Since Zo(A) < 3, we have 7;(A4) < 2. If Z;(A) =1, it is easy to check,
by Theorem 1.1, that Zo(A) < 3.

Now consider the case of Z;(A) = 2. Obviously, there exists an element
x € A such that 22 ¢ span {z} and we can choose an element y € L’ such that
y ¢ (x). Furthermore, we can also find an element z € L’ such that z ¢ (x,y)
(such z exists since there exist infinite many ¢ € F such that z + ¢tz € L' for
any z € L' and z € L). Now, it is easy to see that (z,22), (y,y?), (z,2%)
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are 2-dimensional subalgebras and we have (x,y) = (x,2% y,9y%), (z,2) =
(w,22%,2,2%), and (y,z) = (y,y? 2,2%). Since Zo(A) = 3, there exists an
element ¢, , such that (z,z%) N (y,y?) = span{c;,}. Similarly, we have

(z,2?) N (2,2%) = span{c, .} and (y,y?) N (z,2%) = span{c, .} for some
C,z, Cy,2 € A.

Claim: dim(span{cgy,ce z,Cy,-}) = 1.

First we assume that dim(span{cg y,Cs 2, ¢y,2}) = 3. Then it is easily
seen that (z,2%) = span{csy, ¢z}, (y,y?) = span{cyy, ¢y}, and (z,22%) =
span{cy ;, ¢y~ }. This implies that

(51) <:Ea :E2a Y, y2a 2, 22> = span {cm,ya Ca,zs Cy,z}a

which is absurd since the dimension of the left-hand side is greater than 3.
Now assume that dim(span {cz y, ¢z, ¢y,-}) = 2, where ¢; 4, ¢ . are linearly
independent. Then ¢, . € span{cyy, ..} C (x,2%), and we have

<ya y2> N <Za 22> = Span {Cy,z} - <:C7$2> n <Zv Z2> = Span {Cm,z}'

Therefore, c; ., cy . are linearly dependent. Similarly, c; 4, ¢y, . are linearly
dependent, which is a contradiction. Thus we have dim(span{cy y, Cz 2, ¢y,2}) =
1, as claimed.

Hence there exists an element ¢ € A such that ¢ € (x) = span {x, 2%} for
any x € L'. Tt follows that (z,y) C span{x,y,c} for any x,y € L'.

For any x € L’,a € L, there exists some nonzero k € F such that z +
ka,x — ka € L'. Then (z + ka)? € span{z + ka,c} and 2% + (ka)? is a linear
combination of z,a,c. It implies that a * x + x * a € span {z, a,c}. Moreover,
since (x + ka) * (x — ka) is a linear combination of (x + ka), (x — ka), ¢, we can
also get axx—x*a € span {z,a,c}. This implies that axx, x*a € span{a, z, c}.
Therefore, (a,z) C span{a, z, c}.

Now assume that a,b € L. For any x € L', there exists some nonzero
k € F such that a + kx,a — kz € L'. Then a*b = (22 4 22k2) p  Thus
‘”2’” xb € span{‘“;’” ,b,c} C span{a,z,b,c} and a;’” xb € span{a;’” ,b,c} C
span{a, z,b, c}. Since axb is independent of the choice of z € L’ and Zo(A) = 3,
we have a b € span {a, b, ¢} for any a,b € L. Hence (a,z) C span{a,z,c}. O

In the following, we only need to explore finite-dimensional left-symmetric
algebras with Zo(A) = 3 and Z; (A) = 2.

Theorem 5.2. Let A be a finite-dimensional left-symmetric algebra with Ty(A)
=3 and T, (A) = 2. Then there exist linear functions f(x),g(x) and a bilinear
function h(z,y) such that

(5.2) zxy = f(x)y+ gz + h(z,y)c
for any x,y € A.

Proof. Since (x,y) C span{z,y, c} for z,y, ¢ linearly independent, we have

(5.3) rxy= f(x,y)r + g(z,y)y + h(z,y)c,
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where f(z,v),g(z,y) and h(z,y) are functions on
S ={(z,y)|x,y € A, x,y,c are linearly independent}.

Let (x1,y), (x2,y) € S. Then we can choose z such that z;, z, y, ¢ are linearly
independent. From (z; + 2) xy = 2; x y + 2z *x y, it follows that

cf(xi + z,y)(xi + 2) + g(w + 2,9)y + h(z; + 2,y)c

64 _ f(xi,y)oi + g(xi, y)y + h(zi, y)e + f(2,9)2 + 9(z, )y + h(z,y)c.
Therefore,
(5.5) (2) g(xi +z,9) = g(zi,y) +9(z,9),

(3)  h(xzi +z,y) = hz,y) + h(z,y).

By (5.5)-(1), we have f(x1,y) = f(z,y) = f(:ng,y). Then we may write
f(z,y) = f(y) for any (z,y) € S and define f(0)
Similarly, we have
(1) gy, wi +2) = gy, i) = 9(y, 2),
(2) f(y,(Ez-i-Z) (y,sz +f( ,Z),
3) Al ) = h(y,z:) + h(y, 2).
Thus we may also write g(z,y) = g(z) for any (x,y) € S and define g(0) = 0.
Therefore, for (z,y) € S, we have

rxy = f(y)r+g(x)y + hz,y)c.

Now, for any k € F,(z,y) € S, using the equation (kz) xy = k(z * y)
= x x (ky), we have

fWkz + g(kx)y + h(kz,y)c = k(f(y)x + g(x)y + h(z,y)c)
= f(ky)z + g(x)ky + h(z, ky)c.

(5.6)
h(y,z; + 2

It implies that

(1) flkx) = kf(z),
(5.7) (2) g(kz) = kg(z),
3)  h(kz,y) = kh(z,y) = h(z, ky).
For any (z,y) € S, we have (z 4 ¢,y) € S and hence define

fle) = f(@+c) = f(z),
9(c) = g(z + ) — g(x),
h(C, y) = ]’L(SC +¢c y) - h(l‘, y)v
h’(ya C) = h’(ya T+ C) - h(y,SC),

h(c,¢) = h(x + ¢, c) — h(x, ).

It is easy to check that the above definitions are independent of the choice of
(z,y) € S. Therefore, by (5.5), (5.6) and (5.7), f, g are linear functions, h(zx,y)
is a bilinear function, and

rxy= f(y)r+g(x)y + h(z,y)c
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for any x,y € S, or x € span {c}, or y € span {c}. Thus we only need to check
that the above equality holds for any z,y € A.
For x,y, c linearly dependent and z,y ¢ span {c}, choose an element z such
that (x,2), (z,y + z) € S. Then
zxy=xx(y+z)—c*z
= fy+2)z+g(@)(y+2)+hx,y+2)c— (f(2)z + g(x)z + h(z, 2)c)
= f)z +g(x)y + h(z,y)c,
which completes the proof of the theorem. O
Theorem 5.3. Let A be a finite-dimensional left-symmetric algebra with To(A)

=3 and I1(A) = 2. Then A is isomorphic to one of the left-symmetric algebras
in Table 1.

Proof. Note that h # 0, otherwise, Zo(A) = 2. We write h;; = h(e;, e;), where
{e1,...,e, = c} is a basis of A.

Now by (2.1), an easy calculation shows that (5.2) defines a left-symmetric
product on g if and only if f, g, h satisfy the following conditions:

(5.8) f(x)g(2) + glen)h(z,z) =0,
(5.9) f(@)g(y) — f(y)g(x) + (h(z,y) — h(y,z))f(en) =0,

h(z,2)(g(y) — f(y) + by, en)) — hly, 2)(g(x) — f(z) + h(z,en))
+ (h(z,y) — h(y,z))h(en, z) = 0.
Actually, the above equalities hold for

(5.10)

X ={(z,y,2) €g X g X g|z,v, z,c are linearly independent}.

Since the equalities are polynomials, it is easy to see that they hold for any
x,y, z. Furthermore, by (5.8) and (5.9), we have

(5.11) (h(x,y) = h(y,z))(f(en) = g(en)) = 0.

Case A: f = g =0. Then (5.8) and (5.9) hold, and (5.10) is reduced to the
following equation
Letting z = e,, and x = e,, respectively, we obtain

' (2) h(en,y)h(en,z) — h(y, 2)hnn = 0.

Case AI: h,, # 0. We may assume that h,, = 1. Then h is symmetric
and h(z,y) = h(en,y)h(z,e,) = h(en,y)h(en,x) for any x,y € A. Choosing a
basis {e1,...,e,} in A such that h,; = hi, = i, we have

Al . (hz]) = Enn
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Case AII: hyy, = 0. Then h(e,,z) = 0 for any € A by (5.13)-(2). Thus
(5.12) is reduced to the following

(5.14) h(z, z)h(y,en) — h(y, 2)h(z,e,) = 0.

It is clear that (5.14) holds if h(x,e,) = 0. This implies that e, is in the
center of A and = xy € span{e,} for any z,y € A. Therefore A is 2-step
nilpotent and we have

aalen) )= (0 )

where H € F(»=Dx(n=1) "and that A, (H;) is isomorphic to As(Hz) if and only
if H; = TH>T’ for some invertible matrix 7.

Now assume that h(x,e,) # 0 for some x € A. We can choose a basis
{e1,...,en} such that h;, = d;1. From (5.14), we obtain

h(x,y) = hler, y)h(z; en)

for any z,y € A, which implies that h(x,y) = 0 for any = € {ea,...,en}.
Replacing e; by e; — hyen, i =1,...,n — 1, we may assume hy; = J;,. Hence,
we obtain
Ag . (h”) = Eln-
Case B: f =0, g # 0. Then (5.9) holds. From (5.8) and h # 0, we get
g(en) = 0. Thus there is only one non-trivial equation
+ (h(.%',y) - h(ya x))h(ena Z) = 0.

By substituting z = e,, and y = e,, respectively, we obtain

(1) h(z,en)g(y) — by, en)g(@) + (h(@,y) — h(y, ) hnn =0,
(5.16) { (2)  hupnh(z,2) — h(en, 2)(g(x) + h(en, z)) = 0.

Case BI: h,, # 0. Then we may assume that h,, = 1 and hence we
conclude that h(z,y) = h(en,y)(g(z)+h(en, z)). Choosing a basis {e1,...,en}
such that g(e;) = d;1 and hy; = d;,,, we see that

Bl : (hz]) == Eln + Enn

(5.15)

It is easy to check that (5.15) holds.
Case BII: h,, = 0. Then (5.16) are reduced to the following ones:

(1) h(z,en)g(y) — h(y,en)g(x) =0,
(5.17) { 2) h(en )(g(x) + hlen.2)) = 0.

Therefore, we know that h(ey,, z) = 0 or g(x)+ h(e,,z) = 0 for any z, z € A.
Case BII-1: h(e,,z) = 0. Choosing a basis {ei, ..., e,} such that g(e;) =
i1, we get hip, = hing(e;).
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First assume that g(e1) + h1n, = 0, ie., h1, = —1. Then (5.15) holds.
Replacing e; by e; + hy;en,i =1,...,n — 1, we get
0 0 -1
Byl H): (hij)= | o H 0 |,
0 0o O

where o € F*~2 and H € F*=2*("=2) " and that By(ay, H;) is isomorphic to
Bs(ag, Ho) if and only if THoT' = Hy and Tas = «; for some invertible matrix
T.

Next assume that g(e1) + h1, # 0. Then, by (5.15),we have

h(e1,2)(g(x) + h(z, en))
gler) + hin

which immediately implies that h;; = 0 for any ¢ > 1. Choosing a suitable
basis, we have

h(z,z) =

)

By(k) (k < n): (hij) = Ei.

Case BII-2: h(e,, z) # 0. Then we get g(z) + h(en,z) = 0 by (5.17)-(2).
Choosing a basis {e1,...,e,} such that h,; = —g(e;) = —d;1, we see that
h(zx,e,) = hing(z) from (5.17)-(1). Substituting it into (5.15), we obtain
(5.18) (1 + han)(h(z, 2)g(y) — My, 2)g9(x)) + (h(z,y) — h(y,z))h(en, z) = 0.

If hy, = —1, then we can show that h(z,y) is a symmetric bilinear function
by taking z = e;. Choosing suitable ey, ..., e,_1, we get

Bs(T) (1 <r< n) : (hz]> = 7E1n — Enl + ZE”
1=2

If hy, # —1, then by (5.18), we have, for any z = e;, i > 1,
(5.19) h(z,ei)g(y) — h(y, e:)g(x) = 0.
Taking z = e, we have h(y,e;) = h(e1,e;)g(y) for any y € A, which implies
that h(y,z) = 0 for any y,z € {ea,...,en}. Using (5.18) again, we get that
hli = _hlnhil for ¢ Z 2.

If hi, = 1, then, replacing e; by e; + hji1e,, i =2,...,n — 1, we have

(hij) = h11E11 + Ev — Ena.

Now if hy1 # 0, replacing h by h—}lll and e, by hiie, if necessary, we then get
Be : (hij) = E11 + Eip — En1.

Otherwise,

Br(1) : (hij) = Evn — Ent.

If hi, # 1, then replacing e; by e; + 12;171, en and e; by e; + hj1ep, @ =

2,...,n— 1, we obtain
B7()\) ()\ 7& 1) : (hij) == )\Eln — Lini.




ON 2-GENERATING INDEX 1553

Case C: f # 0, g = 0. Then (5.8) holds and we immediately get the
following equations from (5.9) and (5.10):

(5.20) fen)(W(x,y) = h(y, x)) =0,

h(z, z)(h(y, en) — [(y)) — h(y, 2)(h(z, en) — f(z))
Hence f(en) =0 or h(z,y) = h(y,z) for any =,y € A.

Case CI: f(e,) = 0. Setting z = e,, and y = e, respectively, we have
(5 22) (1) h(ya €n)f($) - h(l‘, en)f(y) + (h(.%',y) - h(ya ‘r))hnn = Oa

' (2)  hanh(z,2) + hen, 2)(f(x) — hen, x)) = 0.

If hpp # 0, then we may assume that hy, = 1. Hence we have h(z,y) =
(h(en,z) — f(x))h(en,y). Choosing a basis {ey,...,e,} such that f(e;) = din
and hy; = d;,, we see that

(5.21)

C (hu) =—F,+ E,,.
If hyp = 0, then (5.22) are reduced to the following:

(2)  h(en,2)(f(x) = hlen, x)) = 0.
First assume that h(en,x) = 0. Choosing a basis {e1,...,en} such that
f(el) = 51'1, we see that hin = hlné‘il-
Case CI-1: hy, — f(e;) = 0. Then (5.21) holds. Replacing e; by e; —
hiien,i < n, we have hy; = 0. Thus we obtain

Co(a, H) = (hij) = :

0
H
0

oL o

1
0
0
where o € F*2 and H € F(*=2*x("=2) " and Cy(ay, Hy) is isomorphic to
Ca(az, Hy) if and only if THyT' = H; and Tas = «; for some invertible
matrix T'.

Case CI-2: hy,— f(e1) # 0. Then we have h(x,y) = %(h(m, en)—f(x))
from (5.21). Clearly, h;; = %(hm —1)d;1.

If hy,, # 0, replacing e; by e; — %en,i =1,...,n— 1, we obtain

Cg()\), ()\ 7& 0, 1) . (hw) = )\Eln
If h1, = 0, choosing suitable basis, we obtain that
04(/{3), (k < 7’L) : (h‘l]) = Fi.

Now assume that h(e,,x) # 0 for some x € A. Then we get that f(y) =
h(en,y) for any y € A by (5.23)-(2). Choosing a basis {e1,...,e,} such that
hni = f(ei) = 0i1, we get h(z,e,) = f(x)h1n. By substituting it into (5.21),
we have

(5'24) (hln - 1)(f(y)h(x, Z) - f($)h(y, Z)) + (h(.%',y) - h(ya x))h(ena Z) =0
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for any z,y,z € A.
Case CI-3: hy, = 1. Taking z = e, we get that h is a symmetric bilinear
form from (5.24). Changing ey, ...,e,—1 when necessary, we get

C5(T), (1 <r< 7’L) : Eln +En1 + ZE“
i=2
Case CI-4: hy, # 1. For any z = e;,1 > 1, we have

fh(z,z) — f(z)h(y,z) = 0.
This implies that h(y,z) = 0 for any y,z € {ez,...,e,}. By (5.24) again, we
get that hli = hlnh“,i = 2, ey, — 1.
If Ay, = —1, then, replacing e; by e; — hyjen, i = 2,...,n — 1, we have
(hw) = hllEll + Enl — Eln- Now if hll 7é 0, then, replacing h by hln and €En
by hiie, if necessary, we get

Cs : (hij) = En1 + Evp — En.

Otherwise,
Cr(=1) : (hij) = Ern — Ena.
If h1, # —1, then, replacing e; by e; — Jﬁen and e; by e; — %en,i =
2 ,n— 1, we have

C7(A), (/\ 7& 0, 71) : (hw) = Enl + )\Eln
Case CII: f(e,) # 0. Then h(z,y) is a symmetric bilinear form by (5.20).
And (5.22) are reduced to the following:
(2) h(y,en)f(x) = h(z,en)f(y) = 0.
Choosing a basis {e1, ..., e,} such that f(e;) = d;n, we get
hin = hnnf(ez) = hnn(szn
Case CII-1: h(y,e,) — f(y) = 0. Then we have f(e;) = hip = din. There-
fore we can change the basis {e1,...,e,} when necessary to get

)(h(z, en) — f(x)) =0,

Cs(r), (r<n): (hij) = ZE + Epn.

Case CII-2: hy, — f(en) # 0. Then h(z,y) = 720~ (h(x,e,) — f(x))

for any x,y € A. It suffices to show that h(z,y) =0 for any « € {e1,...,en—1}.
Then we get
Cg()\), ()\ 7& 0, 1) : (hij) = )\Enn
Case D: f # 0 and g # 0. Then g(e,) # 0 by (5.8). It follows that
z)9(y)

h(z,y) = 7f57( ) for any z,y € A. Choosing a basis {e1,...,e,} such that

g(e;) = din, by (5.9) and (5.10), we get
(5.26) (f(@)g(y) = f(y)g(x))(1 = f(en)) = 0.
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Case DI: f(2)g(y) — f(y)g(z) = 0. Then we have f(x) = f(en)g(z). It
implies that f(el) = f(en)(sln and hij = _f(en)g(ei)g(ej) = _f(en)éinéjn-
Hence, we have

Di(A), (A% 0) : (hij) = ABun, —f(en) = A.

Case DII: f(x)g(y) — f(y)g(x) # 0. Then we have f(e,) =1 and f(ex) #
gler) = 0 for some k < n. Choose a basis {e1,...,e,} such that f(e;) =
din + 0i1. Then h;; = —f(e;)g(e;) = —(0in + i1)d;n. Thus we get

Dy : (hij) = —E1p — Enn. O
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