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ABSTRACT. In this article, a mathematical model is proposed and analyzed to study the
delayed dynamics of a system having a predator and two preys with distinct growth rates
and functional responses. The equilibrium points of proposed system are determined and
the local stability at each of the possible equilibrium points is investigated by its cor-
responding characteristic equation. The boundedness of the system is established in the
absence of delay and the condition for existence of persistence in the system is determined.
The discrete type gestational delay of predator is also incorporated on the system. Fur-
ther it is proved that the system undergoes Hopf bifurcation using delay as bifurcation
parameter. This study refers that time delay may have an impact on the stability of the
system. Finally Computer simulations illustrate the dynamics of the system.

1. Introduction

The population dynamics of the predator and its prey brings to light diver-
sity of patterns that have appeared in nature. Mathematical models have been
designed to describe the predator-prey interaction. Analysis of the dynamical be-
havior of predator-prey systems is an area of interest for many researchers because
of its complexity and challenging situation. The most noticeable element in the
predator-prey relationship is functional response. Many of the predator-prey mod-
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els have functional response that depends on prey density and their properties is
well understood. A recent proposal by biologists infer that the functional response
depends on the ratio of prey and predator. This kind of functional response is said
to be ratio-dependent. In the past decades, researchers mathematically modeled
the predator-prey behaviour having ratio-dependent functional response(see Arditi
[1], Akchaya [3] and Abrams [4] and references citied there in).

It is pointed out that qualitative analysis of food chain and multispecies models
based on ratio-dependent approach exists in Kesh [24],Gakkar [14], Baek [7]. It
has been documented in the study of Kuang [25], Hsu [19] and Xiao [35] that ratio
dependent models produce richer and more reasonable dynamics. Jost and Ellner
[21] proposed and analysed a two species model with ratio dependent III functional
response. Agarwal [2] generalized the three species model (one prey-two predators)
with ratio-dependent III functional response.There are enormous numbers of food
chain models consisting of two or more species with unique functional responses.
The system representing the interaction between three species shows complex dy-
namical behavior. For further reference see Gakkar [12,13,15], Kumar [27], Beak
[6], Samantha [31], Tripathi [33], Fan [10], Patra[29], Freedman[9]. The interaction
of species involving persistence and extinction have been the area of interest for the
researchers Dubey [8], Kar [22,23], Naji [28].

The literature survey above infers that most models have same growth rates
and functional response. But this is biologically unrealistic in nature. The reality
is that predation happens on different preys in a number of consumption ways. To
describe this happening, two different types of functional response are necessary.
And it is also well-known that growth rate of different species is different. Sahoo
[32] proposed that a real prey-predator model is constructed with different growth
rates and different functional responses. So, in this paper, two prey species, one
with Verhulst [34] logistic growth equation and other with Richards [30] growth
equation is taken into account along with two types of functional responses namely
Holling type I and Ratio-dependent III functional response.

This paper is organized as follows. We start in section 2 by defining the math-
ematical model of three species population which consists of two preys and one
predator. The non linear system of differential equations that govern this system is
introduced. Section 3 deals with the determination of equilibrium points and their
existence conditions. In section 4, we analyzed dynamical behavior of these equi-
librium points. Global stability and Persistence of the system is studied in section
5. In section 6, analysis of the model in presence of discrete delay is discussed. In
section 7 is equipped with numerical simulation and discuss the problem.

2. Mathematical Model

Mathematical model considered is based on the predator-prey system with
Holling type I and Ratio dependent type III functional response .The predator
exhibits a Holling type I response to one prey and a Ratio dependent type III
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response to the other prey.
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where X,Y denote population densities of prey and Z denote population density
of the predator. In model (2.1) R and S are the intrinsic growth rate of two prey
species, K and L are their carrying capacities, ¢ is mortality rate of the predator,f is
intraspecific competition factor, A\; and Ay denote prey species searching efficiency
of the predator, a is the half-saturation co-efficient, b; and by are the conversion
factors denoting the number of newly born predators for each captured of first and
second prey respectively.

In order to minimize the number of parameters involved with the model system,
it is extremely useful to write the system in non-dimensionalized form. For this

X Y
purpose we introduce the variables X,Y, Z and T as follows z — —,y —» —,z —

2 K L
\/i and t - TRS.

In terms of the non-dimensionalized variables the model system (2.1) becomes

d
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Definition 2.1. The solution of & = f(¢,x) is said to be wuniformly bounded if
Jde > 0 and for every 0 < a < ¢,3IM = M(a) > 0 such that ||z(to)|| < a = ||z(t)]| <
MVt >ty > 0.

Theorem 2.2. All the solutions of the system (2.2) with positive initial condition
(20, Yo, 20) are uniformly bounded within a region T where

F:{(m,y,z)eRi:OSxSl,OSLSw;r—l—e, foranye>0}.
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Proof. Since the densities of population can never be negative, obviously the solu-
tions z(t),y(t) and z(t) are positive for all ¢ > 0. From the first equation of model

(2.2), we have

d
d—j <rz(l-—uz).

This gives tlim supz(t) < 1. Consider L = wix + way + 2. Then
—o0

dL dx dy dz
(2.3) %—wla-i-wza—ka.

Substituting (2.2) in equation (2.3), we get
dL
dt
dL
dt

=wirz(l — ) + wasy(l — yP) — ez,
< wirx + wasy —ez < wir —OL.

where § = min(rws, sws, ). Therefore

dL
u + 6L < wyr.

Applying Birkoff [5] Lemma on differential inequalities then, we have

wLr - w(m(O),y(O),z(O))
OSL(I,y,Z)ﬁT(lfe 5t)+ e6t .
Thus for ¢ — oo we have 0 < L(z,y,2) < % Thus all solutions of system (2.2)
enter into the region
3 wir
= (x,y,z)eR+:O§x§1,0§L§T—i—e,foranye>0 . O

3. Existence of Equilibrium Points with Feasibility Condition

It can be checked that the system (2.2) has six non-negative equilibrium and two
of them namely E(0,0,0), E1(1,0,0) is always exists. We show that the existence
of other equilibrium as follows

Existence of Es(Z,7,0).
Here z, ¢y are the positive solutions of the following algebraic equations

(3.1) r(l—z) =0,
s(1—-9y%)=0.
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Solving (3.1) and (3.2) we get £ =1,7 = 1.
Existence of E5(T,0,%).

Here 7,z are the positive solutions of the following algebraic equations

(3.3) r(l—z)—c12=0,
(3.4) wiciz —e = 0.
Solving (3.3) and (3.4) we get
_— e 7= r(w1012— e)
w1y wicy

We see that E5(T,0,%) exists if wicp > e.
Existence of E4(0,7, 2)

Here ¢, Z are the positive solution of the following algebraic equations

Aoyz
3.5 1-¢f) - 22— =0,
(35) s1=v") = 375
2
Wa2C2Y
3.6 —e=0.
( ) 22+y2 €

Solving (3.5) and (3.6) we get

1/B
R was — car/e(waca — €) . WoCy — € .
= =
Wa s e

We see that the equilibrium F4(0, §, 2) exists if was > (ca/e(wacy — €)).

Existence of E5(z*,y*, 2*)

Here (z*,y*,z*) is the positive solution of the system of algebraic equation given
below:

(3.7) r(l—z)—c1z2=0,
C2.Y.2
3.8 1—yf) - =0
(3.8) s(1—y") 20
2
wac
(3.9) w11 + % —e=0.

Solving (3.7), (3.8) and (3.9) we get

. (swiwae; —rwy) £ \/(swlwgcl —rwy)? + 4drw (e + swae)
x =

)

2rwn

N N r(l —z*)(e —wiciz”
y(1 -y = e mes)

SWaCq
r(1—az*)

C1

*_
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4. Dynamical Behaviour

We shall examine the stability of the system (2.2), the variational matrix relating
to every equilibrium steady state is measured.

E(z,y,2) =
r—2rr—ocz 0 —C1T
2c012° —coy? (y? — 2?)
R NCETN
2wycoyz® et n wacay?(y? — 22)
wicC1z (22 T y2)2 €T w11 W

Theorem 4.1. The trivial equilibrium point Eq is stable in z direction and unstable
i x —y direction.

Proof. The variational matrix for the equilibrium point at Ey(0,0,0) is

r 0 0
Ey=1(0 s 0
0 0 —e
The eigen values of Ey are Ay = r, A\ = s and A3 = —e. Clearly, two of the eigen

values are positive and one of them is negative. Therefore the equilibrium point Ej
is stable in z direction and unstable in z — y direction. This completes the proof.
O

Theorem 4.2. The equilibrium point E is stable in x — z direction and unstable
in y direction, if wic; < e. Otherwise unstable in y — z direction and stable in x
direction.

Proof. The variational matrix for the equilibrium point at E1(1,0,0) is

—r 0 —C1
Ei=10 = 0
0 0 wic—e

The eigen values of Fy are Ay = —r, Ao = s and A3 = wic; —e. If wic; < e, in this
case two of the eigen values are negative and one of them is positive. Therefore the
equilibrium point Ej is stable in x — z direction and unstable in y direction. But if
wicy > e it is unstable in y — z direction and stable in = direction. This completes
the proof. O

Theorem 4.3. The equilibrium point Eo is locally asymptotically stable if wici +
waco < e. Otherwise unstable in z direction and stable in x — vy direction.

Proof. The variational matrix for the equilibrium point at F5(1,1,0) is
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—-Tr 0 —C1
E2 = 0 785 —C2
0 0 wic1 + wacy — €
The eigen values of Ey are A\y = —r, Ay = —sf and A3 = wicy + waocy — e. If

wicy + wece < e in this case all the eigen values are negative. Therefore the
equilibrium point Fs is locally asymptotically stable. But if wic; + woco > e it is
unstable in z direction but stable in x — y direction. This completes the proof. O

Theorem 4.4. The equilibrium point Es3 is locally asymptotically stable if satisfy
the condition p1 > 0,p3 > 0 and p1p2 — p3 > 0 otherwise unstable.

Proof. The variational matrix for the equilibrium point at F3(Z,0,%) is

B re 0 _i
wicy w1
Es = 0 s 0

r(wier —e) 0 0

C1

The corresponding characteristic equation for F3 is A3 +p1 A2 +pa X +p3 = 0, where

re — swicy

pr=———"
wicC1

(s+re)(wicr) —re(s+e)

b2 = y
wicCt

sre(l+e—wiep)

p3 = .

wicy

By Routh-Hurwitz criteria if p; > 0,p3 > 0 and p1p2 — p3 > 0 then Fj is locally
asymptotically stable, otherwise it is unstable. ]

Theorem 4.5. The equilibrium point Ey4 is locally asymptotically stable if and only
if A* 4+ B*+ C* <0 and A > 0 otherwise unstable.

Proof. The variational matrix for the equilibrium point at E4(0, g, 2) is

A* 0 0
0 B —c)?(§° — 2%)
FEy= [ (Q2 + 22)2
o 211)202@5'3 C*
WiC12 s
1ol (92 + 22)2
where
A =r—c 2z,
29733
. .8 2Y
B —S*S(,B+1)y 7@,

o — w202}22(73f -2
(32 + 22)2
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Here

1/8
lwgs — ve(wacs — e)]

y:
w2 S
2 W2l — €
z = —_— Yy
e

The corresponding characteristic equation for Ey is A3 + g1 A2 + A +¢q3 =0
where

q1 = —(trace of Ey) = —(A" + B* + C%),

go =A*B*+ B*C* 4+ A*C* + D,
43 = —(Det of E;) = —(A*(B*C* + D)),
B 2wy 3923
- (g2 + 22)4'
Also
A =qiq2 — g3

=—(A"+B*"+C*)(A*B*+ B*C* + A*C* + D) — (—(A*(B*C* + D)))
=A"(B*C*+ D) — (A*+ B*+ C*")(A*B* + B*"C* 4+ A*C* + D).
We notice that
(i) A*+B*+C*<0=¢q >0,
(ii) g3 > 0 for all parameters,
(ili) A =qig2 —g3>0.
By using Routh-Hurwitz criteria, the theorem is proved. O

The variational matrix for the equilibrium point at E5(z*, y*, 2*)

air 0 a3

where
an =71 —2rz* —c12%, a1z = —ci1a”,
P %2 %2 %2
— s s(B+ 1)y — 2c0y" 2 g = 2V (YT —2")
az2 = S S Yy (2*2 + y*2>2) 23 (Z*2 + y*2)2 9
3
* *
_ " _ 2wacytz
a3l = wic12, asz =

(Z*Q + y*2)2 ?

waeay® (y* — %)
(" +y**)2

asz3 = —e +wicix* +
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Then corresponding characteristic equation becomes
(4.1) A+ A2+ Ao\ + Ag = 0.

where
Ay = —(a11 + ag2 + as3) ‘
202y*z*3

(2 +y**)?

wacay™ (= )
T )

As = ageas3 — aszase + ai1a2 + a11a33 — a13G31

9 PR
= |(r—2rz* — ¢12%) <s —s(B+ 1)y — W)]

=2re* +c1z* +s(6+ 1)y*ﬁ +

+e— <r—|—s—|—wlcla}*—|—

EEEIE

3 2 2 2
+[[s—sB+1)y*" - 2oy ) (e +wierz* + wacay” (y” — = )>]

(2 +y**)? (27 +y**)?
*2( *2 *2)
Wy —z
+ (7“—27“.1‘* _CIZ*). <_€+w101$*+ 2 (23*2 fy*2)2 >‘|
2wgc§y*3z*3 (y*2 — z*2)
oL

Ag = det(E*)
= (11032023 — 11022033 + 413022031
—2wgc§y*3z*3 (y’"2 - z*g)
C

3
2 * Lk
—[r—2rz* —c12%] - l s—s(B+ 1)y — W)

(2 +y)?
waeay® (y* — 2*)
EE:
3
B 2coy* 2*
S G
By Routh-Hurwitz criterion it follows that all eigenvalues of characteristic equa-
tion of (4.1) has negative real parts if and only if

_|_

+ (wycix*z*)

=[r—2rz* — c12"

. (—e +wiciz* +

(42) A > 0,A3 >0 and A1 Ay — A3 > 0.

Hence the positive equilibrium point Es(x*,y*, 2*) is asymptotically stable. Now
we state the following theorem.

Theorem 4.6. The equilibrium point is Es(x*,y*, z*) locally asymptotically stable
if and only if the inequalities of (4.2) are satisfied.
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5. Global Stability and Persistence

Theorem 5.1. The interior equilibrium Fo is globally asymptotically stable in the
interior of the quadrant of the x — y plane.

1

Proof. Let Hy(z,y) = —. Clearly Hi(z,y) is positive in the interior of the positive
Ty

quadrant of x — y plane. Let hi(z,y) = rz(1 — x) and hs(z,y) = sy(1 — y?). Then

_ B—1
Alz,y) = 2(thl) + Q(thl) _—r_ Psy

Ox Oy y PR 0.

By using Bendixson-Dulac criteria, we note that A(z,y) remains the same sign
and is not identically zero in the interior of the positive quadrant of the x — y plane.
This completes the proof. O

We shall now prove that E3 is globally asymptotically stable.

Theorem 5.2. The interior equilibrium Fs s globally asymptotically stable in the
interior of the quadrant of the x — z plane.

1
Proof. Let Ha(x,z) = —. Clearly Ha(x, z) is positive in the interior of the positive
xz

quadrant of x — z plane. Let hy(z,2) = re(1—z)—c1zz and ho(z, 2) = wicizz —ez.

Then

) ) -
A(2,2) = 5= (hiHp) + 5-(haHy) = 77" <0.

By using Bendixson-Dulac criteria, we note that A(z, z) remains the same sign
and is not identically zero in the interior of the positive quadrant of the x — z plane.
This completes the proof. O

We shall now prove that Ej is globally asymptotically stable.

Theorem 5.3. The interior equilibrium E4 is globally asymptotically stable in the
interior of the quadrant of the y — z plane.

1
Proof. Let Hs(y,z) = —. Clearly Hs3(y, z) is positive in the interior of the positive
Yz

2
quadrant of y — z plane. Let hi(y,2) = sy(l — y®) — 2219 22 and ha(y,z) =
, ze+y
z [e + 11;2023/2]. Then
ze+y
0 0 Byt co(2? — y?) + 2wacayz
A =—(h1H —(hoH3) = — 0.
(y,2) 5y( 1 3)+8z( 2 H3) . 2+ 2 <

By using Bendixson-Dulac criteria, we note that A(y, z) remains the same sign
and is not identically zero in the interior of the positive quadrant of the y — z plane.
This completes the proof. O
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Definition 5.4. A population is said to be uniformly persistent if there exists an
0 > 0, independent of x(0) > 0 such that tlim inf z(t) > 0.
—00

Biologically persistence means the survival of all population in future time.
Mathematically, persistence of a system means that strictly positive solution does
not have omega limit points on the boundary of non-negative cone.

We examine the permanence of the system (2.2) we shall use average lyapunov
function Gard [11] and Hafbaucer [17]. This method was first applied by Hutson
[20] to ecological problems. Let the average Lyapunov function for the system (2.2)
be o(x) = xPy92" where p, q,r be positive constants. Clearly in the interior of Rﬁ_,
we have

& iy 2
V()= T =p% v g 4l
o x Y z

oYz

_ B
=plr(l—z)—ciz] +q|s(1—y )*m

2
C2Y
+r|jwcar +we———5 —€f.

o -]
Then Es, F3, E, exists. Further there are no orbits in the interior of x — y plane,
x — z plane, and y — z plane. Thus to prove the uniform persistence of the system,
it is enough to show that ¥(z) > 0 in the domain of D of R}, where
(5.1)

2 _ .2 2

D= {(x,y,z);x > 07y >0,z > 07Byﬁ—1(22 +y2)2 n CzZ((Z Y )+ wzz) > 0}.
s

For a suitable choice of p,q and » > 0. That is one that has satisfy the following

conditions

U(Ey) = pr+qs—re >0,

U(E)) = qs + rwicy —re > 0,
U(E) = r(wyer) + rwgey —re > 0,
U(Ey) = gs > 0,

W(E) =p |r— WoCy — € \/wgs— e(wacy — €)
V e Wa S

We note that by increasing p to sufficiently large value, ¥(Ey) can be made positive.
Hence we state the following theorem.

Theorem 5.5. Let the hypotheses of theorems 5.1, 5.2 and 5.3 hold, and then the
system (2.2) is uniformly persistent if the following inequalities hold

wicy + waco > €,

1/8

[wocy — € was — /e(wacy — €)
r—oc1 > 0.
e Wa S
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6. Model with Discrete Delay

We apply differential equations for any system involving time delay. Time delay
may arise naturally or artificially. Delay differential equations involves complex dy-
namics compared to ordinary differential equations as time delay may cause stability
fluctuations. without time delay a real system may not be well established. The
application of time-delay in realistic models is detailed in the books of Gopalsamy
[16], Kuang [26].

In this section, we analyze the model system (2.2) with delay 7 (discrete time
delay in the predator response function). Then the model system (2.2) takes the
following form

d
d—f =rz(l —z) — qzz,
dy coy’z
A 1—(y)P) - =22
(6.1) o = vl =)") el e
dz ey (t—7)z
il t— —
o wycrx( T)z+w2y2(t_T) g7 ez,

with the initial densities
(6.2) z(0) > 0,y(0) >0,2(0) > 0,0 € (—7,0),7 #0.

The main purpose of this section is to study the stability behavior of E5(x*, y*, 2*)
in the presence of discrete delay (7 # 0). Now to prove the stability behavior
of E5(x*,y*,2*) for the system (6.1), first we linearize the system (6.1) by using
following transformation

z(t) = a* + u(t),

y(t) =y" +o(t),

z(t) = 2" +w(t).

The linear system is given by

(t) = anu(t) + a1zw(t),

(t) = aggv(t) —+ aggw(t)7

w(t) = esru(t — 7) + e32v(t — 7) + eszw(t — 7),

U
v

where
* *
a1 = —ra, a13 = —Cx,
* %k *2 *2 *2 *2 *2
agg_—sﬁy*ﬁ—CQyz (=" —y") a23_—c2y (y© —=2")
- 2 2 k) - 2 2 )
(27" +y*)? (27" +y*)?
2 * *3 2 *2 *2
N * _ aWaly z _ Tiwgcz Y
€31 = w112, C32 = C33 =

(= + )%
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We look for solution of the model (6.1) of the form A(7) = pe=*7, p # 0. This leads
to the characteristic equation

(6.3) ANT) = (WP H LA+ 1) + (13N2 + A +15)e™™ =0,
where
li = —a11 — agz, ly = ay1a92, I3 = —css,

l4 = agac33 + a11¢33 — A13C31 — A23C32,

s = a13G22C31 + A23aQ11C32 — G11G22C33-

The eigen values are the roots of the characteristic equation (6.3) of the system (6.1)
that has infinitely many solutions. We wish to find periodic solution of the system
(6.1), for the periodic solution eigenvalues will be purely imaginary. Substituting
A = iw in equation (6.3) we get

[—iw® — hw? 4 ilow] + [~l3w? + ilyw + I5)e™™T =0

Comparing real and imaginary parts, we get

Lw? = (s — lng) CoswT + wly sinwr,

low — w? = —wly coswt + (I — l3w?) sinwr.

Squaring and adding we get
(6.4) W + s1wt + sow? + 53 =0,

where
51 =13 =2y — 12, s =12+ 23l5 — 12, 53 = —I2.

Putting w? = § equation becomes
(65) f(5) = 53 + 8152 + 82(5 + 83 = 0.

Now equation (6.5) will be positive if s; > 0, s3 < 0.

By Descartes rule of sign, the cubic equation (6.5), has at least one positive
root. Consequently the stability criteria of the system for 7 = 0, will not necessarily
ensure the stability of system for 7 £ 0. The critical value of delay that is given as

w4(l4 - lll3) + w2(1115 — 1214)
(Is — l3w?)? + [3w?

COSWT =

So corresponding to A = iwy there exists 7y, such that

1 A1y — 141 2(1hl5 — 15l 2
Tgn|:COSI {wo(z;l i?;)ta;o(ll;sQ 24)H+m7n0,1,2737,_,
(Is — lawp)? + lZwg

Wo
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Hopf Bifurcation

We observe that the condition’s for Hopf bifurcation (Hale [18]) are satisfied
yielding the required periodic solution, that is

el

This signifies that there exists at least one Eigen value with positive real part
for 7 > 7*. Now, we show the existence of Hopf bifurcation near Fs(z*,y*,z*) by
taking 7 as bifurcating parameter.

Differentiating equation (6.3) with respect to 7,

da\ 3AZ 4 20\ + Iy s\ + 1y T
(m) T AN F A f l5)e * AIsAZF 1A +15) A
N3 4 1IA? — (13N + I\ + I5)e T 23N + 14\ T
B N2(I3A2 + LA + [5)e T N2(I5A2 + A+ 15) A
(2)\3 + 11)\2) 1 2322 + I\ T
SIS NS Wy v Gl AL I (A CRN J5 Wi B |
(203 4 13 A2) I3A2 — 15 T

TR O+ 1N XA+ A+ 1s) A

Taking A\ = iwg in the above equation, we get

"t 2(iwo)® + Iy (i)
(dr)/\zm T —(iwo)2((iwo )3 + 11 (iwo )3 + la(iwp))
I3(iwo)? — 5 Ti
(iwo)Q(in)2 + l4(i0Jo) + 15 wio
_ (hwd) + 2iwd (lhwd) — i(wd — lawo)
B Lg[(zwg) +i(wd —lwo)]  (hed) —i(w — lzwo)}
n |: lgwg + 5 ) (l5 — l3w§) — il4w0:| ﬂ
Wi ((ls — l3w?) +ilawo)  (Is — l3wd) — ilawo wo’
Re (‘”)1 _ [(11)(11W3) + 2w (wg — lawo) (U5)* = (lawg)*
T )i | (R + (= lwo)?] | T Rl — TswR) + B

-1
Thus we obtain Re (;l/\) > 0.

T )\:in

Therefore transversality condition holds and hence Hopf bifurcation occurs at
7 = 7. This signifies that there exits atleast or equal value with positive real part
for 7 > 7*.

Theorem 6.1. If E5 exists with the condition (4.2) and § = w3 be positive root of
(6.4), then there exists a T = 7* such that
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(i) Es is locally asymptotically stable for 0 < 1 < 7*
(ii) Es is unstable for 7 > 7*
(iil) The system (6.1) undergoes a Hopf-bifurcation around Es at 7= 7*

7* = min h(wy)

hwo) = 15, = —

[cos_1 [wg(h — hls) +wi(lals — l2l4)” + %Jm =0,1,2,3,...
wo

(Is — lswd)? + 13w3 wo

and the minimum taken over all positive wy such that § = w3 is a solution of (6.4).

7. Numerical Simulation

Analytical studies become complete only with the numerical justification of the
results. Therefore, we assign some hypothetical data in order to verify the analytical
findings. A qualitative analysis of the main features in the system is described by
numerical simulations. The numerical simulation based on the analytical findings
of the present model system is illustrated for the purpose of clear understanding
of the complex dynamical behaviour of the system. It is obvious that changing
the parameter value changes the numerical outcomes. So every different set of
parameter gives unique results.

Let R; be the parameter set taken as r = 1.5, = 3.5,8 = 2,¢1 = 1,c9 =
9,w; = 3.5, we = 0.06,e = 6.65
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time(t)
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Fig. 1(a) Stable behaviour of x,y,2 Fig. 1(b) Phase portrait of the system (2.2)
population in finite time

With the above parameter set, the equilibrium position Fs is locally asymptot-
ically stable which satisfying the condition wyc; + wace < e. In this case the prey

279
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species approaches the carrying capacity while the predator is driven to extinc-
tion (see Fig.1 (a)). Also phase portrait shows the solution tends to the boundary
equilibrium point Ey (see Fig.1 (b)).

Let Ry be the parameter set taken as r = 1.5,s = 3.5,¢1 = 8,¢c0 = 9, w; =
3.5,wy = 0.06,e = 6.65 with the above parameter set, varying the values of 5 and
keep other parameter fixed. We observe that second prey species has extinction risk
for lower values of 8 (see Fig.2 (a), 2(b)). If we increase the values of 3, second
prey species increase (see Fig 2(c¢)) and keep the population in desired level. Hence
we concluded that survival of species depends upon the higher values of .
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time(t) time(t)
Fig. 2(a) Numerical Solution of Fig. 2(b) Numerical Solution of system (2.2)
system (2.2) with 5 =0.5 with f =1
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Fig. 2(c) Numerical Solution of system (2.2) with 8 = 2

Also phase portrait of the system (2) is plotted (see Fig.3 (a)-3(c)). From the
Figure 3(a) and 3(b), we observe that first prey population has stable limit cycle
while second prey population extinct for lower values of g. If 8 > 1 second prey
and predator population has stable dynamics (see Fig 3(c)). Hence we concluded
that population density depends on the values of 3.
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Fig. 3(a) Phase portrait of Fig. 3(b) Phase portrait of system (2.2)
system (2.2) with 8 = 0.5 with 5 =1

2(t)

Fig. 3(c) Phase portrait of system (2.2) with 8 = 2

Let R3 be the parameter set taken asr =1.5,s =3.5,8=1,¢c1 = 6,c0 = 9,w; =
3.5,wy = 0.06,e = 6.65 with the above parameter set Fs5 locally asymptotically
stable. From Fig.4 (a) shows that z,y and z population approaches to their study
state values of z*,y* and z* respectively in finite time. The phase portrait of the
system is shown in Fig 4(b) clearly the solution is stable spiral converging to Es.
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time()

Fig. 4(a) Stable Solution of system (2.2) Fig. 4(b) Phase portrait of system (2.2)
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preyl
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populations

0 5 10 15 20 25 30 35 40 45 50
time(t)

Fig. 5(a) Stable Solution of system (6.1) Fig. 5(b) Phase portrait of system (6.1)
with 7 =8.5 with 7 =8.5

The stability criteria in the absence of delay 7 = 0 will not necessarily guaran-
tee the stability of the system in presence of delay (7 # 0). For the above choice
of parameter set Rz there is a unique positive root of the equation for which
7 = 7% = 9.23. Therefore By theorem 6.1, E5(z*,y*, 2*) loses its stability as 7
passes through critical value of 7*. We verify that 7 = 8.5 < 7, Es, is locally asymp-
totically stable (see Fig.5(a) and 5(b)), keeping other parameter fixed, if we take
7 =29.5 > 7% it is seen that Fs is unstable and there is bifurcating periodic solution
near Fs5 (See Fig 6(b)), Periodic oscillations of x,y and z in finite time are shown
in Fig 6(a).

Thus using the time delay as control, it is possible to break stable behaviour of
system and drive it to an unstable state. Also it is possible to keep population at
a desired level.
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Fig. 6(a) Periodic Solution of Fig. 6(b) Phase portrait of
system (6.1) system (6.1)



Delayed Dynamics of Prey-Predator System with Distinct Functional Responses

8. Conclusion

In this paper, we studied dynamics of delayed two preys and predator system
having distinct growth rate and functional response. In this system, discrete time
delay in predator population is incorpated in the system. It is found that when time
delay is absent, system is uniformly bounded which turn implies that the system
well behaved. We examine the occurrence of possible equilibrium points and local
stability of this equilibrium points are analyzed. The condition for persistence of
system is determined. We have also shown the system has limit cycle oscillations,
and stable coexisting dynamics of different growth rate from our analysis, it is
observed that second prey species has extinction risk for lower values of 3. Therefore
survival depends on the growth rate and consumption rates. Finally time delay play
a significant role on stability of the system. It breaks the stable behaviour of the
system and drives it to unstable state.
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