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ABSTRACT. The aim of this paper is to investigate the dynamical behavior of the difference

equation
axny

SRR T
B+yxy_qwh o

Tn+1 =
where the parameters «,(,7,p,q are non-negative numbers and the initial values
T_9,L_1,To are positive numbers. Also, some numerical examples are given to verify
our theoretical results.

1. Introduction

In the last twenty years, many papers appeared focusing on the investigation of
the qualitative analysis of solutions of difference equations (see [2, 3, 4, 7, 8, 9, 14,
15, 17, 22] and the references cited therein). Applications of difference equations
have appeared in many areas such as population dynamics, ecology, economics,
probability theory, genetics, psychology, physics, engineering, sociology, statistical
problems, stochastic time series, number theory, electrical networks, neural net-
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works, queuing problems and so on. Namely, the theory of difference equations gets
a central position in applicable analysis. Hence, it is very valuable to study the
dynamical behavior of solutions of non-linear rational difference equations.

In our opinion, it is of a great importance to investigate not only non-linear
difference equations, but also those equations which contain powers of arbitrary
positive numbers (see [3, 4, 6, 7, 11, 13, 21, 23]).

The purpose of this paper is to study the local asymptotic stability of equilibria,
the periodic nature and the global behavior of solutions of the following fractional
difference equation

Ty,

% _  heN
B+ _jxh o

(11) Tn+1 =

where the parameters «, 3,7, p, ¢ are non-negative numbers and the initial values
T_9,T_1,xg are positive numbers such that the denominator is always positive.
In [7], El-Owaidy et al. investigated the global behavior of the following rational

recursive sequence
ATp—1

$n+1 - D 9
ﬁ + VT —2
with non-negative parameters and non-negative initial values.

By generalizing the results of El-Owaidy et al. [7], Chen et al. [6] studied the
dynamical behavior of the following rational difference equation

neN

QAlp—k
Tpt1=————>—,nEN
B+

where k,l € N, the parameters are positive real numbers and the initial values
T — max{k,l}» -->»T—1,20 € (Oa OO)

Ahmed in [3, 4] investigated the global asymptotic behavior and the periodic
character of the difference equations

ATp—1
Tnt+1 = 2 —p.qd n e N
B+ yene, o
and
ATp—1
T+l = ,nmeN

k
B+ Il=y s,
i=l

where the parameters are non-negative real numbers and the initial values are non-
negative real numbers.

In [10], Erdogan et al. investigated the dynamical behavior of positive solutions
of the following higher order difference equation

ATp—1
,nmeN

Tnt1l = i i
6 +’7 Z Tn—2k H Tn—2k
k=1 k=1
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where the parameters are non-negative real numbers and the initial values are non-
negative real numbers.
In [16], Karatas investigated the global behavior of the equilibria of the following
difference equation
Az,

2k+1
B+C H LTp—i
=0

Tn+1 = ,HEN

where the parameters are non-negative real numbers and the initial values are non-
negative real numbers.

If some parameters of Eq.(1.1) are zero, then special cases emerge. If o = 0, we
have the trivial case. If 8 = 0, Eq.(1.1) is reduced to a linear difference equation
by the change of variables x,, = e¥~. If v = 0, Eq.(1.1) is reduced to a linear first
order difference equation.

Note that Eq.(1.1) can be reduced to the following fractional difference equation

TYn
(1.2) Yntl = —F > NEN
" L+ Y 1Yn_o

by the change of variables z,, = (%)ﬁyn with r = 3. So, we shall study Eq.(1.2).

2. Preliminaries

For the sake of completeness and the readers convenience, we are including some
basic results (one can see [1, 5, 12, 18, 19, 20] and the references cited therein).

Let I be an interval of real numbers and let f : I x I x I — I be a continuously
differentiable function. Then for any condition z_o,x_1,z9 € I, the difference
equation

(2.1) Tnt1 = f(Tn, Tn-1,Tpn—2), n €N

has a unique positive solution {x,}°2 _,.

Definition 2.1. An equilibrium point of Eq.(2.1) is a point T that satisfies
T = f(Z,T,T).

The point T is also said to a fized point of the function f.

Definition 2.2. Let T be a positive equilibrium of (2.1).

(a) T is stableif for every e > 0, there is 6 > 0 such that for every positive solution

0
{zn}52 _5 of (2.1) with > |a; — T| < 0, |z, — T| < &, holds for n € N.
i=—2
(b) T is locally asymptotically stable if T is stable and there is v > 0 such

that limz, = T holds for every positive solution {z,}52 _, of (2.1) with
0

Sz — T <.
i=—2
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(c¢) T is a global attractor if lim x,, = T holds for every positive solution {z,}52 _,
of (2.1).

(d) T is globally asymptotically stable if T is both stable and global attractor.

Definition 2.3. The linearized equation of (2.1) about the equilibrium point T is

(2.2) Ynt+1 = GoYn + C1¥n—1 + C2Yn—2, n €N
where of of o7
CO = @(fv xz, f)a Cl = 8.’117171 (T7 x, f)a CQ = 81‘7172 (fv x, f)

The characteristic equation of (2.2) is

(2.3) FOA) =X =M\ =GN = =0.

The following result, known as the Linearized Stability Theorem, is very useful
in determining the local stability character of the equilibrium point Z of equation
(2.1).

Theorem 2.4. (The Linearized Stability Theorem)

Assume that the function F is a continuously differentiable function defined on
some open neighborhood of an equilibrium point T. Then, the following statements
are true:

(i) If all roots of (2.3) have absolute value less than one, then the equilibrium
point T of (2.1) is locally asymptotically stable.

(ii) If at least one of the roots of (2.3) has absolute value greater than one, then
the equilibrium point T of (2.1) is unstable. Also, the equilibrium point T of
(2.1) is called a saddle point if (2.3) has roots both inside and outside the unit
disk.

Theorem 2.5. Assume that as, a1, and agy are real numbers. Then, a necessary
and sufficient condition for all roots of the equation

AN t+aN+adt+ar=0
to lie inside the unit disk is

(2.4) lag + o] < 14 a1, |ag —3ap| <3 —a; and af + a1 — apag < 1.

3. Main Results

In this section we prove our main results.

Theorem 3.1. We have the following cases for the equilibrium points of FEq.(1.2).
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(1) o =0 is always the equilibrium point of Eq.(1.2).
(ii) If r > 1, then Eq.(1.2) has the positive equilibrium §, = (r — 1)ﬁ
(iii) If r < 1 and ﬁ is an even positive integer, then Eq.(1.2) has the positive
equilibrium G = (r — l)ﬁ which is always in the interval (0,1).
Proof. The proof is easily obtained from the definition of equilibrium point. O

In the following theorems, we investigate the local asymptotic behavior of the
equilibria and the global behavior of solutions of Eq.(1.2) with r,p,¢ > 0 and
positive initial conditions.

Theorem 3.2. For Eq.(1.2), we have the following results.
(i) Ifr < 1, then the zero equilibrium point is locally asymptotically stable.

If r > 1, then the zero equilibrium point is locally unstable.

)
(iii) If r = 1, then the zero equilibrium point is non-hyperbolic point.
) Assume thatr > 1 and let ¢ < (=% + 2,/5 — 4p(*=L)). Then the positive

equilibrium point 5, = (r — l)ﬁ 1s locally asymptotically stable if either

(3.1) q<p
or

.,
3.2 <qg<p+2—.
(3:2) P<a<pt2—

(v) Assume that r € (0,1) such that ﬁ is an even positive integer. Then the
positive equilibrium point Gy = (1 — 1)ﬁ 1s unstable.

Proof. The linearized equation associated with Eq.(1.2) about zero equilibrium has
the form

(3.3) Znt1 —T2n =0, n=10,1,....
The characteristic equation of (3.3) about the zero equilibrium is
(3.4) A — A% =0.

So, the proof of (i), (ii) and (iii) follows immediately from Linearized Stability
Theorem.
For the proof (iv) suppose that r > 1, then the linearized equation associated

with Eq.(1.2) about 7, = (r — l)Pqu is

p(r—1)

r—1
(3.5) Znil — Zn + 1 + M

Zn_o=0, n=0,1, ...
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The associated characteristic equation about the equilibrium g, = (r — 1)ﬁ is

(3.6) ,V—A2+pU;DA+q“;1):Q

According to Theorem (2.2) and (3.6), we have as = —1, ay = ;7(%1) and ag =
q(r—1)

If ¢ < p, then we have
r—1

-1
-1+ q( ) <1+ p( ).
Otherwise, if
r
g<p+2—r7
r—1
then ) )
r— r—
2.
) <p(—) +
This implies that
r—1 r—1
—1+a(——) <1+ )

Therefore, in all cases
las + ap| < 1+ as.

Asqg< 25 (—% + %\/5 — 4p( 7';1 )), we get the following two results:
Firstly: Multiplying both sides b

r—1 1 1 r—1

— < —-4/5—4
a(—) 4 5 < 5[5 - ().
That is,
9,7 — 19 r—1 1 r—1
< -(b—4
P g < 6 - (),
Then,
r—1 -1 r—1
()2 p() + ) <1
r r
Therefore,
oz%+oz1—oz0a2<1.
Secondly: As a; < 1— a2 — ap, we get
-1 r—1 r—1 r—1 r—1
1+3g(—=) +p(——) < L+3g(——) +1—q(——) = ¢*(—)°
r—1 r—1
= 2+42(—) ¢ 2,
+2(——) -~ (——)
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Note that ) )
r— r—
) — ¢*(

2
<1
r r)

2q(

Otherwise, (q(%) — 1) < 0, which is either a contradiction or contradicts the given
assumption. Then, we have that

r—1 r—1
1+ 39— +

" ) < 3.

This implies that
r—1

L 3a(") <3 - ("),

Therefore,
|Oé2 + CYO| <3—-0.

Applying Theorem (2.2), we get the result. This completes the proof (iv).
For the proof (v) we assume that r < 1, then the linearized equation associated

with Eq.(1.2) about §, = (r — 1)7%7 is

r=1)

r—1
pir=1), 4 -

tn+1 —tn + tho=0, n=0,1,....

Therefore, the characteristic equation about the equilibrium g, is

pr=1), , alr=1)

A=A+ =0.

If we set the function as follows;

g()\):)\3_/\2+p(r_1)A+q(r_l)

)

r r
then, it is clear that
-1
o(1) = pt+glr=1) _,
T
and
lim g(\) = oc.
A—00
So, g(A) has a root in the interval (1,00). This completes the proof. |

Theorem 3.3. FEvery solution of Eq.(1.2) is bounded.

Proof. Let {yn}52 _5 be a solution of Eq.(1.2). For the sake of contradiction, assume
that the solution is not bounded from above. Then, there exists a subsequence
{Un+1}m=0 such that

lim n,, =oco0, lim y,, +1 =00
n— 00 n— oo
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and
Yn,,+1 = max{y, : n < n,}, for all m > 0.

From Eq.(1.2) we have

"Ynpm
Ynp+1 = — 5 ——F—— — 00 as m —» oQ.

P q
L+ Y —1Yn,,—2

So, we obtain y,, — oco. Similarly, we can obtain y,,, 1 — oo and y,,,_2 — 00 as
m — oo. Hence, for sufficiently large m

0<y Y = Jm (r=1—¥p, 1Y, —2)
= Yngp+1 = Ingy, —
L4y, 1¥n, 2

<0,

which is a contradiction. This completes the proof. O
Theorem 3.4. Assume that r > 1. Then the following statements are true:

(i) Let {yn}s>_, be a solution of Eq.(1.2) such that for some ng € N, either

Yn > = "Wr—1 for n>mng

or
Yn <Y = "Wr—1 for n>mng.

Then, for n > ng + 2, the sequence {y,} is monotonic and

lim y, =¥.
n—oo

(i) Let {yn}2>_5 be a non-oscillatory solution of Fq.(1.2) and consider the pos-
itwe equilibrium y,. Then, the extreme in each semicycle about Y, occurs at
etther the second term or the third.

Proof. Assume that for some n > ng

Yn >y = "Wr—1
holds. That is, for n > ng + 2 we have
TUYn TYn

Yn+1 = = Yn-

<
T+yh oyl o 14 ?Ifﬂ

Hence, we obtain that {y,} is monotonic for n > ng + 2. Let lim,,— o0 yn = [.
For the sake of contradiction, assume that | > 7,. Then, we obtain

11+ 17+9) = 1,

from which we see that { = **/r — 1 which contradicts the fact that 7, is the only
positive equilibrium point.
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The other case is similar and will be omitted. (ii) We prove only in case of pos-
itive semicycles. The proof for negative semicycles are similar and will be omitted.
Assume that for some N > 0, the first three terms in a positive smicycle are yy,
y~N+1 and yny4o. Then

YN 2 Y1, YN+1>Y1 YN+2 > T

and
TYN+2 TYN+2
YN+3 = < — = YN+2;
L+yhavy  1+77
YN+4 YN TUNES YN+3
+ p+q — IN+3
L+ yRo¥ng  1+7
as desired. O

Theorem 3.5. Assume that r < 1, then the zero equilibrium point of Eq.(1.2) is
globally asymptotically stable.

Proof. We know by Theorem 3.2 that, the zero equilibrium point of Eq.(1.2) is
locally asymptotically stable. Hence, it suffices to show that

lim y, =0

n—oo

for any positive solution {y,}52 _, of Eq.(1.2). Let {y,}52 _, be a positive solution
of Eq.(1.2). Then we have for all n > 0.

"Yn
0<Ynt1 = 75— < TYUn.
" L+yn 1Yo "
By induction we obtain
Yn < 7"Yo.
For r < 1, we get
limy, = 0.
This completes the proof. O

Theorem 3.6. If p+ 2 > ¢, then Eq.(1.2) has no prime period-2 solutions. If

g>p+2andr > ngng then Eq.(1.2) has prime period-2 solutions.

Proof. Assume that a prime two periodic solution exists in the following form

XY T Y,

of Eq.(1.2). From Eq.(1.2) , we get the following equalities:
Y rT

r=—— =

1 + xpyq y 1 + ypxq

That is,

ry —x =aPTy? and rz—y =29yt

259
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This implies that

(f)p-&-l—q _ry- x.
Y rr—y
Now if we set A = %, then we get
(3.7) r— A= NN 1),

As \PT19 > ( always, we obtain the relation % < A < r. We consider the following
cases:

Case 1. p+ 2 > q. We shall show that Eq.(3.7) has no positive real roots except
for A =1. If p4+ 2 — ¢ = 0, then from Eq.(3.7) we get A\ = 1. Now suppose that
p+2—q>0. It is clear that A = 1 is a root of Eq.(3.1). Consider the function

R(X) = rAPT270 — \PTI=d L\
The derivative of the function h is
(P+2=g)rAF1 70— (p+1 - A7+ 1.
For all values of A > 0, we have
(p+1—@NT9rA—1) +rAPT177 41> 0.

That is, h is an increasing function. Therefore, A = 1 is the unique zero of the
function h.
Case 2 p+2— ¢ < 0. From Eq.(3.7) we get

NP p\TPTL e 1 =0,

Let
gA) = AP — AP 4N 1 =0
Using simple analysis, if r > %, then the function g has a zero Ag other than
A=1.
Now, by a simple calculation, z and y satisfy the relation

x? —y? = glyPT2 — P29,
If we set x_9 =29 =x and z_; = y. Then
rT rT ry?
Tr1 = = = =
1 1+ yPxd 1+ (Jy% —14+ l.p+2yq72) x(l + :Upyq) )
and
rYy T ra?
1‘2 = = B) = =
L+ary? 14 (4 —1+a02yp+2)  y(l+a9yP)
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This completes the proof.

4. Numerical Examples

In this section, we will give some interesting numerical examples in order to
verify the theoretical results of this paper.

Example 4.1. Figure 1 shows that if r = 1.09 and p = ¢ = 1, then the solution
{yn}22 _5 of Eq.(1.2) with initial conditions y_o = 2, y_1 = 1.8, yo = 1 converges
(increasingly) to 7; = /1.09 — 1 = 0.3.

Example 4.2. Figure 2 shows that if r = 1.1, p = 0.25 and ¢ = 0.25, then the
solution {y,}22 _, of Eq.(1.2) with initial conditions y_o = 2, y_1 = 0.8 and yp =1

converges (decreasingly) to 7; = (0.1)2 = 0.01.

030 ] ‘\‘
0.06 - “
025} 11
oosf |
020f oos |
\
0.03 - \\
015 + \
002} \\
010 -
Vo ‘ ‘ ‘ oo | —_— |
0 20 40 60 80 00 © 2 w 60 80 10
. 1.09yx, Fi . _ 1.1yn
: = U igure 2: =
Figure 1: yn41 TEETRTTE g Yn+1 115023075

Example 4.3. Figure 3 shows that if » = 1.8, p = 2 and ¢ = 0.25, then the
solution {y,}2 _, of Eq.(1.2) with initial conditions y_o =2, y_1 = 0.8 and yp =1
oscillates about the equilibrium point g, = (O.S)ﬁ = 0.905.

Example 4.4. Figure 4 shows that if r = 0.32, p = 0.01 and ¢ = 0.49 (5

then the equilibrium point 7, = (0.32 — 1)55 ~ 0.46 of Eq.(1.2) is unstable.

=2)

Example 4.5. Figure 5 shows that if r = 3.5 andp=1and ¢ =4 (r = 3.5 >
qf;fz = 3), then the solution {y,}52 _, of Eq.(1.2) with initial conditions y_o
(12)Y5, y_1 = 0.5(12)/°, yo = (12)'/7 is a period-2 solution.

Example 4.6. Figure 6 shows that if r = 2.5 and p =1 and ¢ =4 (r = 2.5
5% = 3), then the solution {y,}72_, of Eq.(1.2) with initial conditions y_»
(12)Y5, y_1 = 0.5(12)/%, yo = (12)'/% is not a periodic solution.

261



262

. Giimiisg, R. Abo-Zeid and 0. Ocalan

105F ' ' O | ‘l\ /“ Jo.08F
O T O T |
| L] / (Wil
R |
=V LT
T et |
L1 “ R “ || M“ “‘ ‘ L
IRIRIRIRIRIRIR TR RN
=AU |
T I [ T A T T
oof | |\ b U | \‘/ “ T “J || \ 111
N [ )
I | | .00}, ; . ‘ ‘ ;
0 2 w % ® w0 20 2 60 80 100
. 1.8 . 0.32
Figure 3: = i Figure 4: = —pin
g Yn+1 1+y2_ 075 g Yn+1 174001013
160 ‘
o il
14k :
12} 1 )
10} 2r 1
08+ - . - - =0, ! I f | I
0 10 & %0 40 %0 o 20 2 60 80 100
Figure 5: ypq1 = — 3BYn Fi 6: — __ 2.5yn
n 1+yn—1yn_2 1gure : yn+1 - m
References

[1] R. P. Agarwal, Difference Equations and Inequalities, Monographs and Textbooks in
Pure and Applied Mathematics, 155, Marcel Dekker, Inc., New York, 1992.

2]

Nat. Soc., 2012, Art. ID 930410, 11 pages.

3]

R. Abo Zeid, Global attractivity of a higher-order difference equation, Discrete Dyn.

A. M. Ahmed, On the dynamics of the recursive sequence Tp+1 = (bxn—1)/(A +

Bzbzl _,), J. Pure Appl. Math. Adv. Appl., 1(2)(2009), 215-223.

[4]

Dyn. Nat. Soc., 2011, Article ID 419789, 8 pages.

[5]

A. M. Ahmed, On the dynamics of a higher-order rational difference equation, Discrete

E. Camouzis and G. Ladas, Dynamics of third-order rational difference equations with

open problems and conjectures, Advances in Discrete Mathematics and Applications,
5, Chapman & Hall/CRC, Boca Raton, FL, 2008.

. Chen, X. Li and Y. Wang, Dynamics for nonlinear difference equation x,+1 =
6] D. Chen, X. Li and Y. Wang, D ics f linear diff ;
(axn-1)/(B+~z%_,), Adv. Difference Equ., 2009, Art. ID 235691, 13 pages.



Dynamical Behavior of a Third-Order 263

[7] H. M. El-Owaidy, A. M. Ahmed and A. M. Youssef, The dynamics of the recursive
sequence Tn+1 = (axn-1)/(B + vyz¥_,), Appl. Math. Lett., 18(9)(2005), 1013-1018.

[8] E. M. Elsayed, New method to obtain periodic solutions of period two and three of a
rational difference equation, Nonlinear Dynam., 79(1)(2015), 241-250.

[9] E. M. Elsayed, Solution and attractivity for a rational recursive sequence, Discrete
Dyn. Nat. Soc., 2011, Art. ID 982309, 17 pages.

[10] M. E. Erdogan, C. Cinar and I. Yalcinkaya, On the dynamics of the recursive sequence
ZTnt1 = (azn-1)/(B+ 722:1 Tn—2k szl Zn—2k), Math. Comput. Modelling, 54(5-
6)(2011), 1481-1485.

[11] M. E. Erdogan and C. Cinar, On the dynamics of the recursive sequence Tpy1 =
(axn—1)/(B+7 by @ o [T, 22 ,,), Fasc. Math., 50(2013), 59-66.

[12] E. A. Grove and G. Ladas, Periodicities in nonlinear difference equations, Advances
in Discrete Mathematics and Applications, 4, Chapman & Hall/CRC, Boca Raton,
FL, 2005.

[13] M. Gumus, The periodicity of positive solutions of the nonlinear difference equation
Tnt1 = a+ (2P _,)/(xL), Discrete Dyn. Nat. Soc., 2013, Art. ID 742912, 3 pages.

[14] A. E. Hamza and R. Khalaf-Allah, On the recursive sequence xn+1 =
(AT, 2n—2i—1)/(B+ C T2 ©n—2:), Comput. Math. Appl., 56 (2008), 1726-1731.

[15] G. Karakostas, Convergence of a difference equation via the full limiting sequences
method, Differential Equations Dynam. Systems, 1(4)(1993), 289-294.

[16] R. Karatas, Global behavior of a higher order difference equation, Comput. Math.
Appl., 60(3)(2010), 830-839.

[17] N. Kruse and T. Nesemann, Global asymptotic stability in some discrete dynamical
systems, J. Math. Anal. Appl., 253(1)(1999), 151-158.

[18] V. Kocié¢. and G. Ladas, Global behavior of nonlinear difference equations of higher
order with applications, Mathematics and its Applications, 256, Kluwer Academic
Publishers Group, Dordrecht, 1993.

[19] M. R. S. Kulenovié¢ and G. Ladas, Dynamics of second order rational difference equa-
tions, Chapman & Hall/CRC, Boca Raton, FL, 2002.

[20] H. Levy and F. Lessman, Finite Difference Equations, Dover Publications, Inc., New
York, 1992.

[21] O. Ocalan, H. Ogiinmez and M. Gumus, Global behavior test for a nonlinear difference
equation with a period-two coefficient, Dyn. Contin. Discrete Impuls. Syst. Ser. A
Math. Anal., 21(2014), 307-316.

[22] H. Sedaghat, Nonlinear difference equations. Theory with applications to social science
models, Mathematical Modelling: Theory and Applications, 15, Kluwer Academic
Publishers, Dordrecht, 2003.

[23] 1. Yalcinkaya and C. Cinar, On the dynamics of the difference equation T,41 =
(axn—1)/(b+ cab), Fasc. Math., 42(2009), 141-148.



