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ABSTRACT. We classify the extreme and exposed symmetric bilinear forms of the unit ball
of the space of symmetric bilinear forms on R? with hexagonal norms. We also show that
every extreme symmetric bilinear forms of the unit ball of the space of symmetric bilinear
forms on R? with hexagonal norms is exposed.

1. Introduction

We write Bg for the closed unit ball of a real Banach space E and the dual space
of E is denoted by E*. x € B is called an extreme point of Bg if y,z € Bg with
T = %(y + z) implies * = y = z. © € Bg is called an exposed point of By if there
isa f e E*sothat f(x) =1=|f| and f(y) <1 for every y € Bg \ {z}. It is easy
to see that every exposed point of B is an extreme point. We denote by extBg
and expBg the sets of extreme and exposed points of Bg, respectively. A mapping
P : E — R is a continuous 2-homogeneous polynomial if there exists a continuous
bilinear form L on the product E x E such that P(z) = L(x, z) for every x € E. We
denote by £(?E) the Banach space of all continuous bilinear forms on E endowed
with the norm ||L|| = sup),—y=1 [L(z,y)|. £Ls(*E) denotes the subspace of £L(*F)
of all continuous symmetric bilinear forms on E. P(?E) denotes the Banach space
of all continuous 2-homogeneous polynomials from F into R endowed with the norm
| P|| = supj=1 [P(x)]. For more details about the theory of multilinear mappings
and polynomials on a Banach space, we refer to [7].

In 1998, Choi et al. ([2], [3]) characterized the extreme points of the unit
ball of P(%13) and P(%12). In 2007, Kim [11] classified the exposed 2-homogeneous
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polynomials on P(*2) (1 < p < oo). Kim ([13], [15], [19]) classified the extreme,
exposed, smooth points of the unit ball of P(?d.(1,w)?), where d.(1,w)? = R?
with the octagonal norm of weight w. In 2009, Kim [12] classified the extreme,
exposed, smooth points of the unit ball of £4(%/%). Kim ([14], [16], [17], [18])
classified the extreme, exposed, smooth points of the unit balls of £,(?d.(1,w)?)
and £(%d,(1,w)?).

We refer to ([1-6], [8-25] and references therein) for some recent work about
extremal properties of multilinear mappings and homogeneous polynomials on some
classical Banach spaces. Let 0 < w < 1 be fixed. We denote R? with the hexagonal
norm of weight w by

Ri () = {(2,y) € R*: [[(2,9) | nw) = max{lyl, |z[+ (1 —w)ly[} }.

Recently, Kim [20] characterized the extreme points of the unit ball of L(*R},,,).
In this paper, we classify the extreme and exposed symmetric bilinear forms of the
unit ball of LS(QR%(UJ)). We also show that every extreme symmetric bilinear form

of the unit ball of LS(QRi(w)) is exposed.

2. The Extreme Points of the Unit Ball of LS(QRi(w))

Let 0 < w < 1 and T((x1,41), (T2,92)) = azixe + byr1y2 + c(x1y2 + x2y1) €
LS(Q]Ri(w)) for some reals a, b, c¢. For simplicity we will write T'((z1,y1), (22,92)) =

(a,b,c).

Theorem 2.1. Let 0 < w < 1 and T((z1,y1), (z2,y2)) := (a,b,c) € LS(QRi(w)).
Then,

Tl = max{lal, la|w +|e, |aw? - b], [aw? + b + 2w]e[}.

Proof. By substituting ((z1,91), (z2,¥2)) in T for ((z1,—y1), (v2, —y2)), we may

assume that ¢ > 0. Since {(£1,0), (w, =£1),(—w,=£1)} is the set of all extreme
points of the unit ball of R%(w) and T is bilinear,

[T = max{|T((£1,0), (£1,0))[,|T((£1,0), (w, £ D)}, [T((w, +1),(w, £1))[}.

It follows that, by symmetry of T,

1T = max{|T((1,0), (1,0))|, [T((1,0), (w,1))], |T((1,0), (w,=1))],
IT((wvl)’ (wal))|7 |T((w7_1)’ (wa_l))‘7‘T((w71)’ (w7_1))|}
= max{|al, |alw + ¢, |aw? — b|, |aw? + b| + 2wc}. O

Note that if || T|| = 1, then |a| < 1,]b] <1 and |c|] < 1. Let
Norm(T) = {((z1,91), (22, 92)) € {((1,0), (1,0)),((1,0), (w,1)),((1,0), (w,-1)),

((w71)7 (wal))v((wafl)v (wvfl))v((wal)v (wvil))}:
T((x1,y1), (z2,92))| = | T'I|}-
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We call Norm/(T) the norming set of T.

Theorem 2.2. Let 0 < w < 1 and T((z1,y1), (x2,y2)) = ax1z2 + by1y2 + c(x1y2 +
Toy1) € LS(QRi(w)) with ||T|| = 1. Then, T is extreme if and only if Norm(T) has
exactly three elements.
Proof. Without loss of generality we may assume that a,c > 0.

(«<): We have 20 cases as follows:

Case 1: Norm(T) = {((1,0),(1,0)), ((1,0), (w, 1)), ((1,0), (w, —1))}

Case 2: Norm(T) = {((1,0),(1,0)),((1,0), (w, 1)), ((w, 1), (w, 1))}

Case 3: Norm(T) = {((1,0),(1,0)), ((1,0), (w, 1)), ((w, 1), (w, =1))}
Case 4: Norm(T) = {((1,0), (1,0)), ((1,0), (w, 1)), ((w, 1), (w,—1))}

Case 5: Norm(T) = {((1,0), (1,0)), ((1,0), (w, =1)), ((w, 1), (w, 1)) }

Case 6: Norm(T) = {((1,0),(1,0)), ((1,0), (w, 1)), (w, —1), (w,—1))}
Case 7: Norm(T') = {((1,0),(1,0)), ((1,0), (w, —1)), ((w, 1), (w,—1))}
Case 8: Norm(T) = {((1,0),(1,0)), ((w, 1), (w,1)), ((w, —1), (w, —1))}
Case 9: Norm(T) = {((1,0), (1,0)), ((w, 1), (w, 1)), ((w, 1), (w,—1))}

Case 10: Norm(T) = {((1,0),(1,0)), ((w, —1), (w, 1)), ((w, 1), (w,—1))}
Case 11: Norm(T) = {((1,0), (w, 1)), ((1,0), (w, —1)), (w, 1), (w, 1))}
Case 12: Norm(T) = {((1,0), (w, 1)), ((1,0), (w, —1)), ((w, 1), (w, =1))}
Case 13: Norm(T') = {((1,0), (w, 1)), ((1,0), (w, —1)), (w, 1), (w, —1))}
Case 14: Norm(T) = {((1,0), (w, 1)), ((w, 1), (w, 1)), (w, —1), (w,—1))}
Case 15: Norm(T) = {((1,0), (w, 1)), (w, 1), (w, 1)), ((w, 1), (w,—1))}
Case 16: Norm(T) = {((1,0), (w, 1)), (w, =1), (w,—1)), ((w, 1), (w, —1))}
Case 17: Norm(T') = {((1,0), (w, —1)), ((w, 1), (w, 1)), ((w, —1), (w, —1))}
Case 18: Norm(T') = {((1,0), (w, —1)), ((w, 1), (w, 1)), ((w, 1), (w,—1))}
Case 19: Norm(T') = {((1,0), (w, —1)), ((w, —1), (w, —1)), (w, 1), (w, —1))}
Case 20: Norm(T) = {((w, 1), (w,1)), (w, —1), (w, —1)), ((w, 1), (w, —1))}.

We will consider each case.

Case 1: Norm(T) = {((1,0), (1,0)), ((1,0), (w, 1)), ((1,0), (w, —1))}

Note that T' does not exist in case 1.

Case 2: Norm(T) = {((1,0),(1,0)),((1,0), (w, 1)), ((w, 1), (w, 1))}

Then T = (1, (1-w)?,1—w) for all 0 < w < 1. Note that T = (1, (1—w)?, 1—w)
is extreme for all 0 < w < 1. Indeed, let Ty = (1 + ¢, (1 —w)? + 5,1 —w +7), Ty =
(1 -6 (1 —w)?—6,1 —w—+) be such that ||T1]| = 1 = ||T%|| for some €,d,v € R.
Since |T;((1,0), (1,0))| < 1,|T;((1,0), (w,1))| < 1,|T;((w, 1), (w,1))] < 1, we have
O=e=0=1.

Case 3: Norm(T) = {((1,0),(1,0)),((1,0), (w, 1)), ((w, -1), (w, 1))}

Then T = (1,-3w? 4+ 2w — 1,1 — w) for all 0 < w < 1. Note that T =
(1, =3w? + 2w — 1,1 — w) is extreme for all 0 < w < 3. Indeed, let T3 = (1 +
63w +2w—-1+61—-w+7),Tp = (1 —¢-3w?+2w—1-6§1—-w-—7)
be such that |71 = 1 = ||Tz| for some €,d,7 € R. Since |T;((1,0),(1,0))] <
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LIT3(1,0), (w, 1))] < L,|T4((w, 1), (w, ~1))| < 1, we have

e = 0
we+y = 0
wle+8—2wy = 0,

which show that 0 = e =9 = 7.

Case 4: Norm(T) = {((1,0),(1,0)), ((1,0), (w, 1)), ((w, 1), (w,—1))}

Then T' = (1,w? — 1,1 — w) for all w > 1. Note that 7' = (1,w? — 1,1 — w)
is extreme for all w > % Indeed, let Ty = (1 +e,w? —1+06,1 —w+7),Tp =
(1—-ew?—1-6§1—w—7) be such that ||T1]| = 1 = ||T3| for some €4, € R.
Since |T;((1,0), (1,0))| < 1,|T3((1,0), (w, 1))| < 1,|T;((w, 1), (w, —1))| < 1, we have

€ =

we—+y =

w?le—48 =

o O O =

which show that 0 = e =6 = .

Case 5: Norm(T) = {((1,0), (1,0)), ((1,0), (w, ~1)), ((w, 1), (1, 1))}

Note that T" does not exist in case 5.

Case 6: Norm(T) = {((1,0),(1,0)),((1,0), (w, 1)), (w, —1), (w,—1))}

Note that T does not exist in case 6.

Case 7: Norm(T) = {((1,0), (1,0)), ((1,0), (w, —1)), ((w, 1), (w, —1)) }

Note that T" does not exist in case 7.

Case 8: Norm(T) = {((17 O)a (17 0))7 ((w7 1)7 (w’ 1))7 ((w7 _1)7 (wv _1))}

Then T = (1,1—w?,0) for all 0 < w < 1. Note that T' = (1,1 —w?,0) is extreme
for all 0 < w < 1. Indeed, let T} = (1 +¢,1—w? +8,7),To = (1 —¢,1 —w? — 4§, —7)
be such that ||T1]] = 1 = ||Ts| for some €,d,7 € R. Since |T;((1,0),(1,0))] <
L |T1((’LU, 1)7 (w’ 1))| <1 |T1((’LU, 71)’ (w7 71))| <1, we have

e = 0
wle+ 542wy = 0
w?e+6 — 2wy = 0,

which show that 0 = e =9 = ~.
Case 9: Norm(T) = {((1,0),(1,0)), ((w, 1), (w, 1)), ((w, 1), (w, —1))}
Note that T does not exist in case 9.
Case 10: Norm(T) = {((170)7 (13 0))7 ((wﬂ 71) (w7 71))3 ((U}, 1)3 (w’ 71))}
Then T = (1,w? — 1,w) for all 0 < w < 1. Note that T = (1,w? — 1,w)
is extreme for all 0 < w < % Indeed, let 77 = (1 +e,w? — 1+ §,w+7), Ty =
(1 —e,w? —1—§,w—~) be such that |Ty|| = 1 = ||T3|| for some ¢,d,~v € R. Since
T3((1,0),(1,0))| < 1,|T3((w, 1), (w, —1))| < 1, |T;((w, 1), (w, —1))| < 1, we have

N

€ =

wle+ 86— 2wy =

o O O

w?e—§
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which show that 0 = e =6 = .

Case 11: Norm(T) = {((1,0), (w, 1)), (1,0, (w, ~1)), ((w, 1), (w, 1))}

Then T = (0,1—2w, 1) forall 0 < w < 1. Note that T = (0, 1—2w, 1) is extreme
for all 0 < w < % Indeed, let Ty = (e,1 —2w+6,1+7),To = (—,1 = 2w —4,1—7)
be such that |Ti|| = 1 = ||Tz]| for some ¢,d,v € R. Since |T;((1,0), (w,1))] <
1, |T:((1,0), (w,—1))| < 1,|T;((w, 1), (w,1))] < 1, we have

we+vy = 0
we—vy = 0
wle+ 542wy = 0,

which show that 0 = e = = 7.
Case 12: Norm(T) = {((1,0), (w, 1)), ((1,0), (w, —1)), (w, =1), (w,—1))}
Note that T does not exist in case 12.
Case 13: Norm(T) = {((1,0), (w, 1)), ((1,0), (w,—1)), ((w, 1), (w,—1))}

Note that T" does not exist in case 13.

Case 14: Norm(T') = {((1,0), (w, 1)), (w, 1), (w, 1)), ((w, =1), (w, ~1))}

Then T = (2232, 1_21“’,%) for all w > 1. Note that T = (23!, 122w L)
is extreme for all w > =. Indeed, let T = (22 2wl ,1 2w 4§ ;ﬁw +9),T> =
(Bl e 12w 5 L —7) be such that ||T1] = 1 = ||T2H for some €,d,7 € R.
Since [T3((1,0), (w, 1))] < 1, [T3((w, 1), (w, 1))] < 1, [T3((w, —1), (w, ~1))| < 1, we
have

ety = 0
w?e+6+2wy = 0
w46 —2wy = 0,

which show that 0 =e=6§ =~

Case 15: Norm(T) = {((1,0), (w, 1)), (w, 1), (w, 1)), (w, 1), (w, —1))}
Note that T' does not exist in case 15.

Case 16: Norm(T) = {((1,0), (w, 1)), ((w, =1), (w, =1)), ((w, 1), (w, —1))}
Then T = (5, %52, 1) for allw> 3, Note that 7' = (5, “52, 1) is extreme
for all w > 3. Indeed, let Ty = (346, %2 +6, 1 +7), T = (lﬁ —e, 26,1

—7)
be such that Iy = 1 = ||Ts] for some €,0,7 € R. Since |T;((1,0), (w,1))] <
1L T3 ((w, ~1), (w, ~1))| < L,T3((w, 1), (w, ~1))] < 1, we have

we+y = 0
w46 2wy = 0
w?e—36 = 0,

which show that 0 = e =6 = .
Case 17: Norm(T) = {((1,0), (w, 1)), (w, 1), (w, 1)), ((w, —1), (w, —1))}
Note that T" does not exist in case 17.
Case 18: Norm(T') = {((1,0), (w, 1)), (w, 1), (w, 1)), ((w, 1), (w,—1))}
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Note that T" does not exist in case 18.

Case 19: Norm(T) = {((1’ 0)7 (w’ _1))7 ((wv _1)’ (wv _1))’ ((wu 1)7 (wv _1))}

Note that T" does not exist in case 19.

Case 20: Norm(T) = {((w, 1), (w, 1)), (w, —1), (w, —1)), ((w, 1), (w, —1))}.

Note that T does not exist in case 20.

(=) : By the argument of (<), it is enough to show that if Norm(T) has at
most two elements, then 7' is not extreme. For an example, let

Norm(T') = {((1,0), (1,0)), ((1,0), (w, 1))}.
We will show that T is not extreme. Notice that
IT((1,0),(1,0)] =1 =[T((1,0), (w, 1))|, [T((w, 1), (w,1))] < 1,[T((w, 1), (w, -1))| < 1.

Hence, a = 1,¢ = 1 — w, |w? — b < 1,|w? + b| + 2w(1l — w) < 1. Let § > 0 such
that |w? — bl +6 < 1, |w? +b] +2w(l —w) +§ < 1. Let Ty = (1,b+ 6,1 — w) and
T, = (1,b— 6,1 — w). By Theorem 2.1, |T;|| = 1 for ¢ = 1,2. Since T; # T, T =
%(Tl + Ty), T is not extreme. For the other cases, we may show that if Norm(T)
has at most two elements, then T is not extreme using Theorem 2.1. Hence, we will
omit the proofs. Therefore, we complete the proof. O

Now we are in position to describe all the extreme points of the unit ball of
L,CR2 ).

Theorem 2.3. (a) Let 0 < w < i. Then,
extBe, a2 ) = {£(0,1,0),%(1 (1= w)? £(1—w)), £(1,1 - w?,0),

+(1,w? — 1,4+w), +(0,1 — 2w, +1),
+(1, —3w? + 2w — 1,4+(1 —w))}.

(b) Let £ <w < 1. Then,

e:rtBLS(zRi( )= {£(0,1,0), =(1, (1 — w)?, £(1 — w)), £(1,1 — w?,0),

1 w—-2 1

+(1,w? — 1,£(1 —w)), +(—, ——, =

(1w? = L1 - w)), £ %),

2w—1 1-2w 1

H———, £ —)}.

(Sgz 3 Eg)!

Proof. It follows from the proof of Theorem 2.2. O

3. The Exposed Points of the Unit Ball of Ls(zRi(w))

Theorem 3.1. Let 0 < w < 1 and [ € LS(QRi(w))* and o = f(r122),8 =
fQy2),y = f(1y2 + z231).
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(a) Let 0 < w < 3. Then,

£l = max{|B], |+ (1 —w)?| + (1 = w)ll, la + (1 = w?)B],
o = (1 = w?)B| + why, lo = (3w? — 2w + 1)B] + (1 — w)lv/,
(1 =2w)|B] + |}

(b) Let 2 <w < 1. Then,

1A = max{|Bl, o+ (1 = w)*8] + (1 = w)|3]; la+ (1 —w?)B],
1 2 - 1
o = (1= w?)B]+ (1= w)hl, (5-)a = (<58l + 5,
2w —1 1-2 1
(G )a+ (5Bl + 5-hi-

Proof. Tt follows from Theorem 2.3 and the fact that

IfIF = max |£(T)].

TeextB,
LsCRE )

Note that if || f|| = 1, then || < 1,]8] < 1,|y] < min{1, 2w}.

Theorem 3.2.([17, Theorem 2.3]) Let E be a real Banach space such that extBg
is finite. Suppose that x € extBg satisfies that there exists an f € E* with f(x) =
1=|fll and |f(y)| <1 for every y € extBp\{£xz}. Then, x € expBg.

Now we are in position to describe all the exposed points of the unit ball of
LR,
Theorem 3.3. For 0 < w < 1, empBLS(QRi( )= extB (2r2. -

h(w)

Proof. We divide two cases.

Case 1: 0<w§%.

Claim: T = (0,1,0) is exposed.

Let f € LS(ZRi(w))* be such that « =0 =+,8 = 1. Then f(T) =1,|f(9)| < 1
for every S € eztBLS(sz;( ))\{:I:T}. By Theorem 3.2, T is exposed.

Claim: T = (1, (1 — w)?,1 — w) is exposed.

2

Let f € Ls(zRi(w))* be such that a = 1 — (lfnw) B=Ly= ﬁ for a suffi-
ciently large n € N. Then f(T) =1, |f(S)| < 1 for every S € extBLs(zRi( ))\{:I:T}.
By Theorem 3.2, T is exposed.

Claim: (1,1 — w?,0) is exposed.

Let f € Ls(zRfL(w))* be such that o = 1 — 1_“’2,5 =1 54 =0 for a sufficiently

2 n n’
large n € N. Then f(T) = 1,|f(S)| < 1 for every S € emtBLS(zRi( ))\{:N:T}. By
Theorem 3.2, T is exposed.
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Claim: (0,1 — 2w, 1) is exposed.
Let f € L,(*R? h(w )) be such that « = 0= g,y = 1. Then f(T) =1,|f(5)] < 1
for every S € extB, (°R2, )\{:I:T} By Theorem 3.2, T' is exposed.
Claim: T = (1,w? — 1 w) is exposed.
First suppose that 0 < w < l Let f e XL (QRQ(UJ))* be such that o = 0,5 =
—1,7 = w. Then f(T) = 1,|f(S )| < 1 for every S € extB,_ (°R2, )\{:ET} By

Theorem 3.2, T is exposed.
If w= 3%, Then T = (1,—2,1). By Theorem 2.3,

1 1 3 1 3
={£x(1,-,+=),£(1,——,£=),£(1,-,0),(0,0,£1)}.
) { ( 74a 2)7 ( ) 47 2)) ( a4a ),( s Uy )}

extBﬂs(QRi(l)
z
= 0. Then f(T) =

Let f € £ (QR%L(M)) be such that o = i,ﬂ = -1,y =
L1f(S)| <1 for every S € extB,_ (B2, )\{:I:T} By Theorem 3.2, T' is exposed.
Claim: T = (1, —3w? + 2w — 1,1 — w) for 0 < w < 1 is exposed.

Let f € L. (QRi( ))* be such that o = 1 M,ﬂ =-1,= ﬁ
for a sufficiently large n € N. Then f(T) = 1,|f(S5)] < 1 for every S €

eactBLS(zR}z( ))\{:I:T}. By Theorem 3.2, T' is exposed.
Case 2: %<w<1.
Claim: T = (0,1,0) is exposed.
)* be such that « =0 =1+, =1. Then f(T)=1,|f(5)| <1

Let f € £, (2R,21(w)
)\{:I:T} By Theorem 3.2, T is exposed.

for every S € extB;_ (B2,

Claim: T' = (1, (1 — ) 1 — w) is exposed.

Let fe £ (2R%(w )* be such that o = w— a nw ,B n,'y =1 for a sufficiently
large n € N. Then f(T) = 1,|f(5)] < 1 for every S € extBLS(zRi< ) Y\ £T'}. By
Theorem 3.2, T is exposed.

Claim: (1,1 —w?,0) is exposed.
)* be such that o = % — 1_nw2,6 = %,'y = 0 for a sufficiently
\ETY. By

Let f € LS(QR,%(M)
large n € N. Then f(T) = 1,[f(S)| < 1 for every S € extB (2p2

Theorem 3.2, T' is exposed.
2u-1 1 2w 4-L) is exposed.

Claim: ( 22
Let f € L,(*R? h(w ) besuchthata—Ofﬂ v=2w. Then f(T)=1,|f(5)] < 1
)\{:I:T}. By Theorem 3.2, T' is exposed.

= 0. Then f(T) =

)
for every S € extBg (or
w?

Claim: T = (1,

Let f € L, (QR;‘)L(W)
L1f(S)| <1 for every S € extB,_ (B2,

Claim: T = (&, %52, 1) is exposed

Let fe L (2R2(u)))* be such that « = 0,8 = 1,7 = w. Then f(T) =1,|f(9)] <

\{£T'}. By Theorem 3.2, T' is exposed. O

— 1 1 — w) is exposed.

)* be such that « = w,8 = 14111)’7
)\{:I:T} By Theorem 3.2, T is exposed.

1 for every S € ethLs(zRi(w))
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