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ABSTRACT. In this paper, we analyze some new properties of nowhere dense and strongly
nowhere dense sets. Also, we discuss the images of nowhere dense and strongly nowhere
dense sets. Further, we study the properties of weak Baire space in generalized topological
spaces.

1. Introduction

The notion of a generalized topological space was introduced by Csdszér in [1].
Let X be any nonempty set. A family u C exp(X) is a generalized topology [3]
in X if ) € p and U,cp Gt € p whenever {G; | t € T} C p where exp(X) is the
power set of X. We call the pair (X, p) as a generalized topological space (GTS)
[3]. If X € p, then the pair (X, p) is called a strong generalized topological space
[3] (sGTS). If Y C X, then the subspace generalized topology on Y is defined by,
py ={YNU | U € p} and (Y, py) is called the subspace GTS. We use fi [2] to
denote {U € | U # 0} and p(z) [2] to denote {U € p |z € U}.

Let A C X. The interior of A [3] denoted by ¢,A, is the union of all y-open
sets contained in A and the closure of A [3] denoted by ¢, A, is the intersection of
all p-closed sets containing A. The elements in p are called the p-open sets, the
complement of a p-open set is called the p-closed sets where the complement of w is
denoted by . Let {(Xa, ta) | @ € T'} be a family of pairwise disjoint strong GTSs.
Put X = J,ep Xo and pp = {A C X | AN X, € pio for each o € T'}. Then (X, p) is
a GTS, which is denoted by @, Xa, and called the generalized topological sum
(GT-sum) of {(Xa, ta) | @ €T} [3].
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2. Preliminaries

A subset A of a GTS (X, p1) is said to be a p-nowhere dense [2] (resp. p-dense
[3] and p-codense [3]) set if i,c, A = 0 (vesp. ¢, A = X and ¢, (X — A) = X). A
subset A of a GTS (X, p) is said to be u-strongly nowhere dense [2] if for any V' € fi,
there exists U € ji such that U C V and U N A = (. Every p-strongly nowhere
dense set is p-nowhere dense set [2]. A subset A of a GTS (X, ) is said to be a

w-meager [2] (resp. p-s-meager [2]) set if A = |J A, and A, is py-nowhere dense
neN
(resp. p-strongly nowhere dense) for all n € N where N denote the set of all natural

numbers. Also, every subset of a u-meager set is a py-meager set. A subset A of a
GTS (X, p) is said to be a u-second category (u-II category) [2] (resp. p-s-second
category (u-s-II category) [2]) set if A is not a y-meager (resp. p-s-meager) set. A
subset A of a GTS (X, ) is of p-residual [2] (vesp. p-s-residual [2]) if X — A is
a p-meager (resp. p-s-meager) set. A GTS (X, u) is called a Baire space (BS) [2]
if every V € [i is of u-II category set. A GTS (X, pu) is called a weak Baire space
(wBS) [2] if each set V € [1 is of u-s-II category in X. A space (X, pu) is a strong
Baire space (sBS) [2] if ViNVaN...NV,, is a p-1T category set for all Vi, Vo, ..., V,, € p
such that Vi NVan...NV, # 0. Also, every sBS is BS [2]. In [2], it is defined that
p={U, Ui nUsNUsN...NUL) | UL US, ..U € p} and p** = {A | Ais a p-II
category set}U{0}. If (X, i) is not sGTS, then p* is closed under finite intersection
and p C p*, p C ™ if (X, p) is BS [2].

Throughout this paper, D(u) (resp. N(u)) denotes the set of all dense
(resp. nowhere dense) sets in (X, ). The notations X3, X4, X5 are mean the sets
{a,b,c},{a,b,c,d}, {a,b,c,d, e}, respectively. The following lemmas will be useful
in the sequel.

Lemma 2.1.([2, Property 2.2]) Let (X, u) satisfy the condition: if V1,Va € u and
VinVa #0, theni,(ViNVa) # 0. Then the set A C X is p-strongly nowhere dense
if and only if A is a p-nowhere dense set.

Lemma 2.2.([2, Property 2.3]) Let (X,u) be a GTS and A C X be a p-strongly
nowhere dense set. Then any subset of A is pu-strongly nowhere dense set.

Lemma 2.3.([2, Property 2.4]) If A is a finite family of u-strongly nowhere dense
sets, then | JA is a p-strongly nowhere dense set.

Lemma 2.4.([3, Proposition 3.4]) Let (X,u) be a GTS and let A C X. Then
A e N(p) if and only if ¢, A is p-codense in X.

Lemma 2.5.([3, Lemma 6.12]) Let (X, u) be the GT-sum of {(Xq, pa) : € T}, If
A e D(p), then AN Xy € D(pa) for any a €T

3. Properties of Nowhere Dense Sets

In this section, we discuss the properties of two types of nowhere dense sets in
generalized topological spaces. Also, we study the properties of u*, u**—nowhere
dense and p*, p**—strongly nowhere dense sets in generalized topological spaces.
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Theorem 3.1. Let (X, u) be a GTS and let ACY C X. IfY is a u-s-meager set
in X, then A is a p-s-meager set in X.

Proof. Suppose Y is a p-s-meager set in X. Then Y = |J B,, where B, is a u-

neN
strongly nowhere dense set. Now, A= ANY = (J(ANB,). Put A, = AN B,
neN
for n € N. Then A, is a u-strongly nowhere dense set for n € N, by Lemma 2.2.
Therefore, A is a pu-s-meager set in X. O

The following Corollary 3.2 follows from Theorem 3.1 and the easy proof of the
following Theorem 3.3 is omitted.

Corollary 3.2. Let (X, pu) be a GTS and let ACY C X. Then the following hold.
(a) If A is of u-s-II category set in X, then'Y is of u-s-II category set in X.
(b) If A is a u-s-residual set in X, then Y is a p-s-residual set in X.

(¢) If A is p-s-residual, then the closure of A is p-s-residual.

Theorem 3.3. Let (X, u) be a GTS. Then the following hold.

(a) If G, is p-s-meager for each n € N, then |J G, is p-s-meager.
neN

(b) If F,, is p-s-residual for each n € N, then (| F, is p-s-residual.
neN
Lemma 3.4. Let (X, u) be a GTS and Y be a p-dense subset of X. IfACY C X
is p-strongly nowhere dense in X, then A is py -strongly nowhere dense in Y.

Proof. Suppose Y is a p-dense subset of X. Let U € fiy. Then U = G NY where
G € fi. By hypothesis, there exists W € [ such that W € G and W N A = (.
This implies W NY € fiy such that WNY Cc GNY and WNY NA=10. If
V =W NY, then there exists V € jiy such that V C U and V N A = (). Therefore,
A is py-strongly nowhere dense in Y. ]

The following Example 3.5 shows that the condition dense on Y cannot be
dropped in Lemma 3.4.

Example 3.5. Consider the GTS (X4, ) where p = {0, {a}, {b},{a, b}, {a, c}, {b,c},
{a,b,c}}. Let Y = {a,c,d}. Then py = {0,{a},{c},{a,c}}. If A = {c,d}, then
A is a p-strongly nowhere dense set. For V' = {c}, there is no U € [iy such that
UcVand UNA=0. Thus, A is not a uy-strongly nowhere dense set in Y.

Theorem 3.6. Let (X, u) be a GTS and Y be a p-dense subset of X. IfACY C X
s a pu-s-meager set in X, then A is a uy-s-meager set in Y.
Proof. Suppose A is a p-s-meager set in X. Then A = |J A,, where each A, is

neN
a p-strongly nowhere dense set in X. By Lemma 3.4, each A, is a py-strongly

nowhere dense set in Y. Therefore, A is a py-s-meager set in Y. a

Corollary 3.7. Let (X,u) be a GTS and Y be a p-dense subset of X. Then the
following hold.
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(a) If ACY C X is a py-s-II category set in'Y, then A is a p-s-II category set
in X.

(b) If ACY C X is pu-s-residual in X, then A is py-s-residual in'Y .

Proof. (a) Follows from Theorem 3.6.

(b) Suppose A is a p-s-residual set in X. Then X — A is a py-s-meager set in X. By
hypothesis and Theorem 3.6, X — A is a py-s-meager set in Y. This implies Y — A
is a py-s-meager set in Y, by Theorem 3.1. Therefore, A is a uy-s-residual set in
Y. O

Theorem 3.8. Let (X,u) be a GTS and A C X. If A is a p-strongly nowhere
dense set in X, then A is p-codense (that is, X — A € D(p)) in X.

The following Example 3.9 shows that the converse of the above Theorem 3.8
is not be true and the Corollary 3.10 below follows from Lemma 2.3 and Theorem
3.8.

Example 3.9. Consider the GTS (X4, u) where p = {0, {a, b}, {a, c}, {b,c}, {a,b,c}}.
Let A = {a,d}. Then A is a p-codense set. If V' = {a,c}, then there isno U € &
such that U C V and U N A = ). Thus, A is not a u-strongly nowhere dense set in
X.

Corollary 3.10. Let (X, u) be a GTS. If A is a finite family of u-strongly nowhere
dense set, then | JA is p-codense.

The following Theorem 3.11 follows from the definition of p* and Lemma 2.1.
Observe that for a sBS (X, ), pu** is closed under finite intersections. Hence we
have the Theorem 3.13 and Theorem 3.14 below follows from Theorem 3.13.

Theorem 3.11. Let (X, u) be a GTS. Then the following hold.

(a) A C X is a p*-nowhere dense set if and only if A is a p*-strongly nowhere
dense set.

(b) A C X is p*-meager if and only if it is p*-s-meager.
c) AC X is p*-residual if and only if it is p*-s-residual.
It It

(d) A C X is of u*-II category if and only if it is of u*-s-II category.

Theorem 3.12. Let (X, u) be a GTS. Then the following are equivalent.
(a) (X,u*) is a sBS.
(b) (X,u*) is a BS.

(¢) (X, ") is a wBS.
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Proof. Tt is enough to prove (¢) = (a). Let V1, V4, ..., V,, € p* such that V1NVoN...N
V,, # 0. By the definition of u*, ViNVoN...NV, € p*. Then ViNVaN...NV, is of
w*-s-IT category. By Theorem 3.11, Vi NVoN...NV, is of u*-1I category. Therefore,
(X, p*) is a sBS. O

Theorem 3.13. Let (X, pu) be a sBS. Then the following hold.

(a) AC X is a w™*-nowhere dense set if and only if A is a u**-strongly nowhere
dense set.

(b) A C X is p**-meager if and only if it is p**-s-meager.
(¢) AC X is p**-residual if and only if it is u**-s-residual.

(d) AC X is of w-1II category if and only if it is of w**-s-II category.

Theorem 3.14. Let (X, ) be a sBS. Then the following are equivalent.
(a) (X, p**) is a sBS.
(b) (X, ™) is a BS.
(¢) (X, u*™) is a wBS.

4. Images of Nowhere Dense Sets in GTSs

In this section, we discuss the behavior of nowhere dense sets in GTS under
feebly (u, A)-continuous, feebly (u, A)-open and (i, A)-open mappings. Let (X, u)
and (Y, A) be two GTSs. A function f : (X,p) — (Y, ) is called feebly (u, A)-
continuous [4] if i,(f~1(B)) # 0 for every B C Y with iy(B) # 0. A function
f:(X,u) = (Y, ) is called (i, \)-open (resp. feebly (u, A)-open) if f(U) € A for
each U € p (resp. ix(f(U)) # 0 for each U € f1) [3].

Theorem 4.1. Let (X,u) and (Y, ) be two GTSs and f : (X,u) — (Y,A) be
a injective, (u, \)-open and feebly (u, \)-continuous mapping. If A € N(u), then
f(A) eN(A).

Proof. Suppose A € N(u1). Then X —c¢,,(A) is p-dense and p-open in X, by Lemma
2.4. Suppose Y — ¢x(f(A)) is not A-dense in Y. Then there is a set U € X such
that U N (Y — ex(f(A))) = 0. This implies that U C Y — (Y — ex(f(A4))) which
implies that U C cx(f(A)). Suppose z ¢ f(c,(A)). Then f~(z) ¢ c,(A). This
implies that there exists a set V' € u containing f~*(z) such that VN A = and so
F(VNA)=0. Since f is one-one, f(A)N f(V) = 0. Therefore, x ¢ c)(f(A)), since
fis (u, A)-open and so cx(f(A)) C f(cu(A)). Hence U C f(c,(A)). By hypothesis,
fHU) € f1f(cu(A)) = ¢, A. Take G =i, (f~1(U)). Then G # 0 and G C ¢, (A),
since f is feebly (p, A)-continuous. This implies that G N (X — ¢, (A)) = 0, which is
a contradiction to X — ¢, (A) is p-dense. Therefore, Y — c\(f(A)) is A-dense in Y.
Thus, ixea(f(A)) = 0. Hence f(A) € N(A). 0
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The following Example 4.2 shows that the conditions injective, (u, A)-open and
feebly (u, A)-continuous on f cannot be dropped in Theorem 4.1.

Example 4.2.

(a) Consider the two GTSs (X5, x) and (X4, A) where p = {0, {e}, {a, b}, {b, ¢},
{a,b,e},{a,b,c}, {b,c,e}, {a,b,c,e}} and A = {0, {b},{b,d}, {c,d}, {b,c,d}}.
Define a function f : (Xs5,u) — (X4,A) by f(a) = d,f(b) = ¢, f(c) =
d, f(d) = a, f(e) = b. Then f is (u, A)-open but not injective. Clearly, f
is a feebly (u, A)-continuous mapping. Let A = {a} C X5. Then i,c,(A) =
in({a,d}) =0 and so A € N(p). But ix(cxf(A)) =irn({a,c,d}) = {c,d} # 0.
Therefore, f(A) ¢ N(X).

(b) Consider the set Xy with two generalized topologies u, A\ where p = {0,
{a,b},{a,c},{a,b,c}} and X\ = {0,{a}, {a,d},{b,c},{b,d}, {a,b,c}, {a,b,d},
{b,c,d}, X4}. Define a function f : (X4, pn) — (X4, A) by f(a) = b, f(b) =
¢, f(e) =d, f(d) = a. Then f is an injective and (u, A\)-open mapping. Let
A = {a} C X4. Then ixA # 0 and i,f '(A) = i,({d}) = 0. Therefore,
f is not a feebly (u,A)-continuous mapping. Let B = {d} C X4. Then
incu(B) = iu({d}) = 0 and so B € N(). But irex(/(B)) = ir({a}) = {a} #
(). Therefore, f(B) ¢ N(}).

(c) Consider the set X; with two generalized topologies p, A where p =
{0,{a},{c},{a,b},{a,c},{b,c},{a,b,c}} and A = {0,{a,d},{c,d},{a,c,d}}.
Define a function f : (X4,pu) — (X4,A) by f(a) = d,f(b) = ¢, f(c) =
b, f(d) = a. Clearly, f is injective. Since each A C X, with iyA # 0,
infN(A) # 0, f is a feebly (u, \)-continuous mapping. But f is not
a (u,\)-open. For, let A = {¢} € . Then f(A) = {b} ¢ X\ Let
B = {b,d} C X4. Then i,c,(B) = i,({b,d}) = 0 and so B € N(n). But
ixea(f(B)) =ix({X4}) = {a,c,d} # 0. Therefore, f(B) ¢ N(\).

Corollary 4.3. Let (X,p) and (Y,X) be two GTSs and f : (X,u) — (Y, ) be
a (p, A)-open, feebly (u, A)-continuous and injective mapping. Then the following
hold.

(a) If A C X is of u-meager, then f(A) is of A-meager.

(b) If f is surjective and B C X is p-residual in X, then f(B) is A\-residual in
Y.

(c) If f is surjective and C C Y is of A-second category, then f~1(C) is of
p-second category.

(d) If A is a p-strongly nowhere dense set, then f(A) € N(\) where A C X.

Proof. (a) Let A be a p-meager set in X. Then A = |J A, where each A, is
neN
p-nowhere dense set in X. Then by hypothesis and Theorem 4.1, each f(A,) is
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A-nowhere dense set in Y. Thus, f(A) = f( U 4n) = U f(A,). Therefore, f(A)
neN neN

is A-meager in Y.

(b) Let B be a p-residual set in X. Then X — B is of u-meager set in X. By (a),

f(X — B) is of A-meager in Y. Now f(X — B) = f(X) — f(B) =Y — f(B), since

f is bijective map. Thus, Y — f(B) is of A-meager set in Y. Therefore, f(B) is

A-residual in Y.

(c) Let C C Y be a A-second category set in Y. Suppose f~1(C) is of u-meager set

in X. By (a), f(f~1(C)) is of A-meager in Y. Since f is surjective, f(f~(C)) =C

and so C is of A-meager in Y, which is not possible. Therefore, f=1(C) is of u-

second category in X.

(d) The proof follows from Theorem 4.1 and the fact that every p-strongly nowhere

dense set is p-nowhere dense set. a

Theorem 4.4.  Let (X,u) and (Y,\) be two GTSs. Let f : (X,u) — (Y, )
be a feebly (u, \)-continuous, injective mapping. If A is p-codense, then f(A) is
A-codense.

Proof. Suppose f(A) is not a A-codense set in Y. Then there is G € A such that
G C f(A) which implies f~1(G) C f~1(f(A)) = A, since f is injective. Thus,
i,(f71(G@)) Ciu(A). Since f is a feebly (u,\)-continuous, i, (f~*(G)) # 0. This
implies that i, A # () and hence A is not y-codense. This completes the proof. O

The following Example 4.5 shows that the conditions injective, feebly (u, A)-
continuous on f cannot be dropped in Theorem 4.4.

Example 4.5.

(a) Consider the two GTSs (X4, ) and (X3, ) where u = {0, {a}, {a, b}, {b, c},
{a,b,c}} and X\ = {0, {a, b}, {a,c},{b,c}, X5}. Define a function f : (X4, p)
— (X3,A) by f(a) = ¢, f(b) = a, f(c) = b, f(d) = c. Clearly, f is a feebly
(p, A)-continuous but not injective mapping. Let A = {¢,d}. Then i, A =0
and hence A is p-codense. But ¢\ (X35 — f(4)) = ea({a}) = {a} # X3. Hence
f(A) is not A-codense.

(b) Consider the set X, with two generalized topologies p, A\ where p =
{0,{a,b},{a,d},{b,d},{a,b,d}} and X = {0, {a}, {a,c},{b,c},{a,b,c}}. De-
fine a function f : (X4,u) — (X4, A) by f(a) = d,f(b) = ¢ f(c) =
b, f(d) = a. Then f is injective. Let B = {a,b} with ixB # (. But
iy(f7Y(B)) = i,({c,d}) = 0. Thus, f is not a feebly (u,\)-continuous
mapping on Xy. Let A = {c¢,d}. Then A is a p-codense set in X,. But
ex(Xq— f(A) = ea({e,d}) = {b,c,d} # X4. Hence f(A) is not A-codense.

Theorem 4.6. Let (X, p) and (Y, ) be two GTSs. Let f: (X,u) = (Y, A) be a
feebly (u, \)-open mapping. If A is A\-codense, then f~*(A) is u-codense.

Proof. Suppose f~!(A) is not a p-codense set in X. Then there is G € ji such that
G C f~1(A) which implies f(G) C f(f~(A4)) C A. Thus, ir(f(G)) C ix(A). Since

205



206 S. Vadakasi and V. Renukadevi

f is a feebly (u, A)-open, ix(f(G)) # 0. This implies that ix(A) # 0 and hence A is
not A-codense. This completes the proof. O

The following Example 4.7 shows that the condition feebly (1, A)-open on f cannot
be dropped in Theorem 4.6.

Example 4.7. Consider the two GTSs (X4, ) and (X3, \) where . = {0, {a}, {a, b},
{b,c},{a,b,c}} and X = {0,{a,b},{a,c},{b,c},{a,b,c}}. Define a function f :
(X4, 1) = (X3,A) by f(a) = ¢, f(b) = a, f(c) = b, f(d) = ¢. Clearly, f is not a
feebly (p, A)-open mapping. Let A = {¢} C X3. Then iyA = () and hence A is
A-codense. But ¢, (X4 — f71(A)) = c,({b,c}) = {b,c,d} # X4. Hence f~1(A) is
not p-codense.

Theorem 4.8. Let (X, u) and (Y, \) be two GTSs and f : X =Y be a feebly (1, A)-
continuous, feebly (u, \)-open, injective mapping. Then A is a p-strongly nowhere
dense set in X if and only if f(A) is a A\-strongly nowhere dense set in'Y .

Proof. Suppose A is a p-strongly nowhere dense set in X. Let U € A. Then
i,(f~1(U)) € fi. By hypothesis, there exists G € fi such that G C i,,(f~*(U)) and
GNA = 0. This implies that iy(f(G)) € A and ix(f(G)) C f(i (f~*(U)) c U
and ix(f(G)) N f(A) = 0. Therefore, f(A) is a A-strongly nowhere dense set in Y.
Conversely, let G € fi. Then i\(f(G)) € A. By hypothesis, there exists W € X
such that W C i (f(G)) and W N f(A) = 0. This implies that i, (f~"(W)) € &
and i, (f~*(W)) C f~1(ix(f(G))) = G and i, (f~1(W)) N A = (. Therefore, A is a
p-strongly nowhere dense set in X. O

The following Example 4.9 shows that the conditions feebly (i, A)-continuous,
feebly (u, A)-open, injective on f cannot be dropped in Theorem 4.8. The easy
proof of the Corollary 4.10 below is omitted.

Example 4.9.

(a) Consider the two GTSs (X4, p) and (X3,A\) where X = {a,b,c,d}, p =
{0,{a}, {b},{a,b},{b,d},{a,b,d}} and X\ = {0,{a},{c},{a,c}}. Define a
function f : (X4,pn) = (X5,A) by f(a) = a, f(b) = ¢, f(c) = b, f(d) = c.
Clearly, f is a feebly (u, A)-continuous, feebly (i, A)-open mapping. But f is
not injective. Let B = {¢,d} C X4. Then B is a p-strongly nowhere dense
set in X4. If V = {¢} € A, then there is no U € X such that U C V and
U N f(B) = 0. Therefore, f(B) is not a A-strongly nowhere dense set in X3.

(b) Consider the two GTSs (X4, ) and (X3,A) where p = {0, {c,d},{b,d},
{b,c,d}} and A = {0,{a},{a,b}}. Define a function f: (X4, u) — (X3,A) by
fla) = ¢, f(b) = b, f(c) = a, f(d) = a. Then f is a feebly (u, A)-continuous,
feebly (u, A)-open mapping. But f is not injective. Let B = {b} C X3. Then
B is a A-strongly nowhere dense set in X3. If V= {b,d} € fi, then there is
no U € fi such that U C V and U N f~Y(B) = (. Therefore, f~!(B) is not a
pu-strongly nowhere dense set in Xy.



Properties of Nowhere Dense Sets in GT'Ss 207

(c) Consider the set X, with two generalized topologies w, A where p =
{0,{a},{b},{a,b},{a, ¢}, {b,c}, {a,b,c}} and A = {0, {a},{c} {d},{a,c},
{a,d},{c,d},{a,c,d}}. Define a function f : (X4, u) = (X4, A) by f(a) =
c, f(b) = a, f(c) =d, f(d) = b. Then f is an injective and feebly (u, A)-open
mapping. If A = {d} € A, then i,(f~*(4)) = 0. Therefore, f is not feebly
(t, A)-continuous. Let B = {¢,d} C X4. Then B is a p-strongly nowhere
dense set in X4. If V = {d} € X, then there is no U € X such that U C V
and U N f(B) = (). Therefore, f(B) is not a A-strongly nowhere dense set in
X,

(d) Consider the set X, with two generalized topologies p, A\ where p =
{0,{a},{a,c},{b,c},{a,b,c}} and X = {0,{d},{c},{a,.d},{c,d},{a,c,d}}.
Define a function f : (X4,u) — (X4,A) by f(a) = ¢ f(b) = a, f(c) =
d,f(d) = b. Then f is an injective and feebly (u,A)-open mapping. If
A = {d} € )\ then i,(f'(A)) = 0. Therefore, f is not feebly (u,\)-
continuous. Let B = {a} C X4. Then B is a A-strongly nowhere dense
set in Xy. If V= {b,c} € [i, then there is no U € fi such that U C V and
UnN f~1(B) = 0. Therefore, f~1(B) is not a u-strongly nowhere dense set in
Xy.

(e) Consider the set X, with two generalized topologies i, A where u = {0, {a},
(B}, {a,b}, {anch, {b,ch, {a,b,c}} and A = {0, {a}, o, d}, {e,d}, {a,c,d}}.
Define a function f : (X4,u) — (Xq,A) by f(a) = ¢, f(b) = a, f(c) =
d, f(d) = b. Then f is an injective and feebly (u,\)-continuous mapping.
If A= {a} € fi, then ix(f(A)) = 0. Therefore, f is not feebly (u, A)-open.
Let B = {¢,d} C X4. Then B is a p-strongly nowhere dense set in X4. If
V = {c,d} € X, then there is no U € X such that U ¢ V and U N f(B) = 0.
Therefore, f(B) is not a A-strongly nowhere dense set in Xy.

(f) Consider the set X, with two generalized topologies u, A where u =
{0,{a},{b},{a,b},{a,b,c}} and A = {0, {c}, {c,d},{b,c,d}}. Define a func-
tion f: (Xg,p) = (X4, A) by f(a) = ¢, f(b) =d, f(c) =b, f(d) = a. Then f
is an injective and feebly (p, A)-continuous mapping. If A = {b} € fi, then
ix(f(A)) = 0. Therefore, f is not feebly (u,A)-open. Let B = {d} C Xy.
Then B is a A-strongly nowhere dense set in Xy. If V = {b} € fi, then there
isno U € ji such that U C V and U N f~(B) = (). Therefore, f~1(B) is not
a p-strongly nowhere dense set in Xjy.

Corollary 4.10. Let (X, u) and (Y, ) be two GTSs and [ : (X,u) — (Y, ) be a
bijective, (p, A)-continuous and (p, A)-open. Then the following hold.

(a) A C X is of p-s-meager in X if and only if f(A) is of A\-s-meager in'Y.

(b) B C X is p-s-residual in X if and only if f(B) is A-s-residual in Y.

(c) C CY is of A\-s-II category in'Y if and only if f=1(C) is of u-s-II category
mn X.
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5. Weak Baire Spaces

In this section, we discuss the properties of weak Baire spaces in generalized
topological spaces. Also, we characterize weak Baire spaces in terms of dense and
codense subsets. The following Theorem 5.1 characterizes weak Baire spaces in
GTSs.

Theorem 5.1. Let (X, u) be a GTS. Then the following are equivalent.
(a) X is wBS.
(b) If A is p-s-residual in X, then A € D(u).
(¢) If B is u-s-meager in X, then B is u-codense.

Proof. (a) = (b). Let A be a p-s-residual set in X. Then X — A is a p-s-meager

set in X and so X — A = |J A,, where each A,, is a p-strongly nowhere dense set.
neN

Let G € ji. Suppose ANG = (. Then G C X — A and so G is a p-s-meager set in

X, by Theorem 3.1 which is a contradiction to X is wBS. Therefore, AN G # §.
Hence A € D(p).

(b) = (c). Suppose B is py-s-meager in X. Then X — B is a p-s-residual set in X
and so X — B € D(u), by (b). Therefore, B is u-codense.

(¢) = (a). Suppose that there exists a nonempty p-open subset U which is a p-
s-meager set in X. By (c), U is a p-codense set in X. Then X — U is p-dense
which implies that (X — U) NU # 0 which is not possible. Therefore, U is of p-s-11
category. Hence X is a wBS. O

Theorem 5.2. Let (X, pu) be a wBS. Then the following hold and also they are
equivalent.

(a) If () Gn # 0 is p-s-residual set where {G,, : n € N} is a family of subsets of
neN
X, then G,, € D(u) for each n € N.

(b) If U F, # X is p-s-meager set where {F,, : n € N} is a family of subsets of
neN
X, then F,, is p-codense for each n € N.

Proof. (a). Suppose () Gy, # 0 is p-s-residual set where {G,, : n € N} is a family of
neN

subsets of X. Then by Corollary 3.2 (b), each G,, is a p-s-residual set. By Theorem

5.1, G,, € D(u) for each n € N.

(b). Suppose |J F,, # X is pu-s-meager set where {F,, : n € N} is a family of subsets

neN

of X. By Theorem 3.1, each F,, is a u-s-meager set. Then X — F,, is a p-s-residual

set for each n € N. By Theorem 5.1, X — F,, € D(u) for each n € N. Therefore, F,

is p-codense for each n € N.

(a) = (b). Suppose |J F, # X is p-s-meager set where {F,, : n € N} is a family
neN

of subsets of X. Then X — |J F,, # 0 and so [ (X — F,,) # 0. Since each F,

neN neN
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is a p-s-meager set, X — F), is a p-s-residual set for each n € N. By Theorem3.3,

N (X —F,) is a p-s-residual set. By (a), X — F,, € D(u) for each n € N. Therefore,
neN
F,, is p-codense for each n € N.

(b) = (a). Suppose ﬂ Gr # 0 is p-s-residual set where {G,, : n € N} is a family

of subsets of X. Then X N G, # X and so U (X — G,) # X. Since each G,
neN
is a p-s-residual set, X — G, is a p-s-meager set for each n € N. By Theorem 3.3,

U (X — Gp) # X is a p-s-meager set. By (b), each X — G,, is u-codense and so
neN
G,, € D(u) for each n € N. a

Theorem 5.3. Let (X, u) be a wBS and (Y, A) be a GTS. Let f: (X,p) = (Y, N)
be a feebly (u, N)-continuous, injective mapping. Then the following hold.

(a) If A is a p-s-meager set in X, then f(A) is a A-codense set in'Y.

(b) If f is a surjective mapping and B is a p-s-residual set in X, then f(B) is a
A-dense set in Y.

Proof. (a) Follows from Theorem 4.4 and Theorem 5.1.

(b) Suppose B is a p-s-residual set in X. Then by (a), f(X — B) is a A-codense
set in Y. This implies Y — f(X — B) is a A-dense set in Y which implies f(B) is a
A-dense set in Y. a

Theorem 5.4. Let (X, p) and (Y,\) be two GTSs and f : X — Y be an feebly
(1, X)-open mapping. If' Y is a wBS, then the following hold.

(a) If A is A-s-meager in Y, then f~1(A) is u-codense in X.
(b) If A is A-s-residual in Y, then f~1(A) € D(u).

Proof. (a) Suppose A is A-s-meager in Y. By Theorem 5.1, A is A-codense. By
Theorem 4.6, f~!(A) is p-codense in X.

(b) Suppose A is A-s-residual in Y. Then Y — A is A-s-meager in Y. By (a),
fH(Y —A)is p-codense in X. Now f~ (Y —A) = f~1(Y)—f1A) = X - f~1(A).
Therefore, f~1(A) is dense in X. m]

Theorem 5.5. Let (X, pu) be a GTS. If every p-dense subset of X is a wBS, then
X is a wBS.

Proof. Let A be a u-dense subset of X. Suppose that there exists a nonempty
p-open subset U is a p-s-meager set in X. This implies U N A is a u-s-meager set
in X. Then by Theorem 3.6, U N A is a p4-s-meager set in A. Since A is p-dense
and U € i, UN A € fig. Thus, UN A is a nonempty p4-open, pa-s-meager set in
A and so A is not a wBS, which is a contradiction to our hypothesis. Therefore, U
is of p-s-II category set. Hence X is a wBS. O

Theorem 5.6. Let (X, p) be the GT-sum of {(Xa, i) : @« € T} and X be a wBS.
If A is p-s-residual, then AN X, € D(ua) for any a € T.
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Proof. Suppose A is a p-s-residual set in X. By Theorem 5.1, A is a py-dense set in
X. By hypothesis and Lemma 2.5, AN X, € D(u,) for any a € T. O

Theorem 5.7. Let (X,pu) and (Y, ) be two GTSs and f : X — Y be an feebly
(1, A)-open, feebly (u, N)-continuous, injective mapping. Then (X, u) is a wBS if
and only if (Y, \) is a wBS.

Proof. Suppose X is a wBS. Let V € A Suppose V is a A-s-meager set. Then

V = | Vi, where each V,, is a A-strongly nowhere dense set. By hypothesis and
neN

Theorem 4.8, f~1(V,,) is a u-strongly nowhere dense set in X for each n € N.

Therefore, f~!(V) is a p-s-meager set which implies i, f~!(V) is a nonempty u-

open, p-s-meager set in X, since f is feebly (u, A\)-continuous. Therefore, X is not

a wBS, which is not possible. Hence Y is a wBS. Conversely, assume that Y is a

wBS. Let U € fi. Suppose U is a p-s-meager set in X. Then U = |J U,, where
neN
each U, is a p-strongly nowhere dense set in X. By hypothesis and Theorem 4.8,

f(U,) is a A-strongly nowhere dense set in Y for each n € N. Therefore, f(V)

is a A-s-meager set which implies 7y f(V') is a nonempty A-open, A-s-meager set in

Y, since f is feebly (u, A)-open. Therefore, Y is not a wBS, which is not possible.

Hence X is a wBS. O
The following Corollary 5.8 follows from Theorem 5.5 and Theorem 5.7.

Corollary 5.8. Let (X, u) and (Y,A) be two GTSs and f : X — Y be an feebly
(11, A)-open, feebly (u, A)-continuous, injective mapping. Then the following hold.

(a) If every p-dense subset of X is a wBS, then'Y is a wBS.
(b) If every A-dense subset of Y is a wBS, then X is a wBS.
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