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REDUCING SUBSPACES OF A CLASS OF
MULTIPLICATION OPERATORS

BIN L1u AND YANYUE SHI

ABSTRACT. Let M n (N € Zi) be a bounded multiplication operator on
a class of Hilbert spaces with orthogonal basis {z" : n € Zi}. In this
paper, we prove that each reducing subspace of M_n is the direct sum
of some minimal reducing subspaces. For the case that d = 2, we find
all the minimal reducing subspaces of M n (N = (N1, N2), N1 # N2) on
weighted Bergman space A2 (B2)(a > —1) and Hardy space H2(Bz), and
characterize the structure of V*(2V), the commutant algebra of the von
Neumann algebra generated by M, .

1. Introduction

Let T be a bounded linear operator on a Hilbert space. If M is a closed
subspace satisfying TM C M, then M is called an invariant subspace of T
In addition, if M also is invariant subspace of T, then M is called a reducing
subspace of T. Combining the methods in analysis, algebra and geometry,
the reducing subspaces of multiplication operators with Blaschke products are
characterized. The details can be found in the book [3] and its references.

On the polydisk, the research begins with some special functions. The reduc-
ing subspaces of M. are described in [4, 5, 6]. For p(21, z2) = az{ + 25" or
21Z5", the reducing subspaces of Toeplitz operator T, are described in [1, 2, 7].
A reducing subspace M is called minimal if there is no nonzero reducing sub-
space N such that N is a proper subspace of M. For N; # Ny, the results in
[6] shows that lewlzz\r2 has more minimal reducing subspaces on unweighted

2
Bergman space than on the weighted Bergman space in several cases. It is
prove that all L, ,, = span{z] ™22 . | ¢ 7,1 are the only minimal

reducing subspaces of M_~, ~, on A2(D?) with o > —1 and a # 0. While

on the unweighted Bergman space A*(D?), LY, = spanfaz TN AN

bzfl(m+hN2)z§2("+th); h=0,1,2,...} (a,b € C) are all the minimal reducing
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subspaces of sz]lz;\]z’ if p1(m) = % — 1 and pa(n) = % — 1 are
nonnegative integers.

Denote by Z; and N the set of all the nonnegative integers and all the
positive integers, respectively. For d € N, write m = (m1,ma,...,mq) € Zﬂlr,
2™ =21 z™2 2™ ml = mylme! - mg! and Im| =my +ma + - + mg.

Let H be a Hilbert space with the orthogonal basis {Zm}mezi , and satisfy
that the multiplication operator M, is bounded for each polynomial g. This
kind of space contains a lot of classical spaces, such as weighted Bergman
spaces over polydisk A2 (D?), weighted Bergman spaces over unit ball A2 (B,),
Hardy space over unit ball H?(B4), and so on. Recall that By = {2 € C? :
Zle |zi|? <1} and S = {z € C? : 2?21 |zi|? = 1}. Denote by do the Haar
measure on S, and by H(B;) all the analytic functions on B,. The Hardy space
H?(By) is defined by

H2(Ba) = {f € H(Bg) : lim /5 £ (r2)Pdo < +o0}.

Let dA(z) denote the normalized area measure over By, and let dA,(z) =
Co(1 —|2]?)*dA(z), where C,, is a constant such that dA, is normalized. The
weighted Bergman space A% (By) is the Hilbert space of all holomorphic func-
tions over B4, which are square integrable with respect to dA,(z).

Guo and Huang [3] point that M is a nonzero reducing subspace for M~ =
~, on the Hilbert space H if and only if

M= @[Mn]a

where [M,,] is the closure of the linear span of {z*¥ M, }(k > 0) and M,, is
a closed linear subspace of E, = span{z™ : MZ*QMZthm = MZ*QMZ}INZ",WL S
Z+}, where n € {m = (my,ma,...,mg) € Zi : 0 < m; < N; for some i}.

In this paper, we continue to consider the reducing subspaces of M,~ on
H, and prove that every [M,] is the direct sum of some minimal reducing
subspaces. In particular, on A2 (By) and H?(B), we describe all the minimal
reducing subspaces of szvlz;“ with Ny # N, and characterize the commutant

algebra V* (211 25).

z1N12oN2.. 24

2. The results in general Hilbert space

Let H be the Hilbert space defined in above section, and
Q={n=(n1,n2,...,n4) € Zi : 0 < n; < N; for some i}.
Define an equivalence on ) by
qwn@M — M’th 1,
Yq Yn

where ym = || 2™ ||>. Forn € Q, set S, := {¢ € Q: ¢ ~ n} and H,, =
span{z’ : J € Spn}. Then U,erS, = Q and ®perH, = span{z’ : J € Q},
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where F' is the partition of Q) by the equivalence ~. Let P,, be the orthogonal
projection from H onto H,,. Denote by M the multiplication operator M, ~.
It is easy to check that

M*(zmHhNy = _JmthN _ mt(h=)N
TYm+(h—1)N
MR ym — JmAhN om
Ym
for any m € 3, and h € N. For n € , denote by P, the orthogonal projection
from H onto span{z’ : V’;% = V";%, J € Z% VYh € Z;}. By the spectrum

decomposition, we see that P, is in the von Neumann algebra generated by
M_~. For every reducing subspace M of M, denote by P the orthogonal
projection from H onto M. Therefore, P, Pyq = Py P,. Since
(Ppz™, 2 = (Ppgz™, M2'7NY = (P M*2™, 2 N) =0
for I ¢ Q and m € Q, we have Pyz™ € span{z’ : J € Q} and Py2! L{z7 : J €
Q}. Therefore, P, Prpg = P Py,.
In the following, we prove that each nonzero reducing subspace for M,~

always contains a minimal reducing subspace, and every reducing subspace is
the direct sum of several minimal reducing subspaces.

Theorem 2.1. Suppose M be a nonzero reducing subspace of M on H. Then

M= @PM.] = D Blews)

ner ner j=1
where {en;}9%, (1 < gn < +00) is the orthogonal basis of M, # {0}.

Proof. (1) Choose a nonzero function g in M. Let hy be the minimal nonneg-
ative integer such that

PoM*™(g) # 0,
where Pq is the orthogonal projection from H onto span{z’ : J € Q}.
Clearly, there exists n € €, such that f = P, PoM*hog # 0. In this case,
f = P,PyM*g = P,(P,M*"g = $;cq bz, Then f € M NH,. By
f € H,, we obtain that

Yn+hN (h—q)N
M*q(thN) — Yn+(h—q)N fZ if h =z q Z 0

0 if ¢g>h>0.
Moreover, M9(fz"N) = f2(+ON for h g > 0; f2MmN L f2h2N with hy # ho,
since

(FMN, faheN) = (MM f M"2 )
_ [ TN ML), > he 20
SO (M f, 2 DN By >y > 0

Tn+(hg—hy—1)N
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=0.

Thus, we conclude that [f] = span{ f2"N : h € Z; } = @, g span{ fz"N} ¢ M
is a reducing subspace of M. It is easy to see that [f1] = [f] for each f1 € [f].
Thus [f] is minimal.

(2) Denote by M,, = P, M. Notice that P, MLP,M for m ¢ S,. If
P,M # {0}, choose an orthogonal basis {e,;}~,(1 < ¢, < +00) of P, M.
Notice that [en;] L [emq] for (n,j) # (m, 1), since

<enjzh1N, emizh2N>

= <Mh1€nj, Mhzemi>

In+(hy —1)N ) (hl—hz—l)N * X s >
TS (enjz s M*epmi), if hy >ha>0

_ Ym+(hg —1)N * . .o (hoa—h1—1)N : >
Ym+4(hg—hy—1)N <M e”]’emzz >’ 1f h2 > hl - 0

W(em,emi% if hgzhlthO

= 0.

—+oo
By the result in (1), we know that [e,;] = € Ce,;2"" is a minimal reducing
h=0

+o0 400 qn qn
subspace of M. Thus [P,M] = @ 2""P,M = @ @ Cenjz"N = @ len;]-
h=0 h=0 j=1 j=1
So we finish the proof. O

Put V*(2") the commutant algebra of the von Neumann algebra generated
by M_~. Then V*(zV) is a von Neumann algebra and is the norm closed linear
span of its projections. Recall that two reducing subspaces M; and My of M~
are called unitarily equivalent if there exists a unitary operator U from M; onto
Ms and U commutes with M,~. One can show that M is unitarily equivalent
to My if and only if Py, and Py, are equivalent in V*(ZN ), that is, there is a
partial isometry V in V*(2%) such that

V*V = Py, VV* = Py,

Proposition 2.2. Let n,m € Q and e,;, em; be defined as in Theorem 2.1.
Then the following statements hold.
(i) L, = [2"] and Ly, = [2™] are unitarily equivalent if and only if n ~ m;
(ii) [en;] and [ems] are unitarily equivalent if and only if n ~ m.

Proof. (i) On the one hand, assume that L,, and L,, are unitatily equivalent,
then there is a partial isometry U € V*(2%) such that U|, is a unitary operator
from L,, onto L,,. Obviously, UM*M (z"thN) = M*MU (z"+"N). Tt follows
that
7"+(h+1)NU(Zn+hN) _ 7m+(h+1)NU(Zn+hN).
In Ym

Since U (") £ 0, we have 1nt0tN — Ymt (LN £ > (), fe., n ~ m.
In+hN Ym-+hN
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On the other hand, if n ~ m, let

dn ym+hN = if J =n+hN
U(z']) — Ym
0, if J#n+hN
for h =0,1,2,.... Then U is a partial isometry on H and Ul is a unitary

operator from L, onto L,,. It is easy to check that U € V*(z"V) by direct
calculation.

(ii) Let P,; be the orthogonal projection from #H onto [e,;]. Obviously,
there is ng ~ n such that (e,;, 2™°) # 0, that is, P,,P,; # 0. Notice that
P,; and P, are all minimal projection in V*(2V). As in [7], we have P,;
is unitarily equivalent to P,,. Similarly, there is mg ~ m such that P, is
unitarily equivalent to P,,,. Therefore, [e,;] is unitarily equivalent to [em]
if and only if L,, is unitarily equivalent to L,,,. By (i), we get the desired
result. (]

3. The results on A?(B;) and H?*(B;)

In this section, we consider the reducing subspaces of M V1,2 with Ny, No >

1 and N; # N, on the weighted Bergman space A2 (Bg)(a > —1) and the

2
Hardy space H?(Bz). Let n € Z2%. Denote by (n + hN)! = ] (n; + hN;)! and
i=1
2
In 4+ hN| = 3 (n; + hN;). On A2(Bs), we have
i=1
Ynnn = VG = T(a+3)(n + hN)!/T(a + 3 + [n+ hNJ)

for & > —1. Obviously, {zm/‘/'ym}mezz+ is an orthogonal basis of AZ2(Bs3).
Notice that on the Hardy space H2(Bz), Yninn = |[2"T"V||2 = (n+hN)! /(1 +
[n+ AN =T(a+3)(n+ AN)!/T(a+ 3+ |n + hN|) with a = —1.

By Proposition 2.2, we know that the unitarily equivalent of reducing sub-
spaces is converted to the equivalence of some numbers. So the relevant research
on Bergman space A2 (By) and that on the Hardy space H?(B3) are similar. In
the following, define

Yn+hn = (a+3)(n+ AN)!/T(a+ 3+ |n+ hN|)
for « > —1 and n € Z%.
As in above section, define

Q= {(n1,n2) € Z3 : 0 < n; < N; for some i},

and
an@M:M,thl
Ya Tn
for ¢,n € Q. Since
Yg+hN . (g+hN)T(a+3+|n+hNJ)

lim —/——— = lim =

3
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g ~ n if and only if Yg4an = Ynynn, Vh € Z4.
If m € S, then

(1) TnthN  _ _ Um+hN VheZ,.
Yn4-(h+1)N Ym+(h+1)N
Since I'(x + 1) = 2T'(z) for z > 0, we get

N1+Na
[I (@+2+n1+hNi+mns+hNs+7)
=1
2 N;
IT I (ni + AN; + 5)
i=1j=1
N1+Na
(a+2+my1+ hNy+mo+ hNa + j)
_ _J=1
o 2 N;
[T I (mi +hN; + )
i=1j=1
Ni+Ny 2 N;
Let g(A) = J] (@+2+mn1+mn2+ AN+ No)+5) [ II (mi +AN; +5) —
j=1 i=1j=1
N1+ No 2 N;
IT (@+2+mi+mo+ AN+ Na)+35) [T I (ni + AN; + j). Obviously, g
j=1 i=1j=1

is a polynomial over C and g(h) = 0 for any h € Z,. By fundamental theorem
of algebra, g(\) =0 for all A € C. Set
By = {&H :j:l,‘2,...,N1};E2:{”]2V—J;J 1j=1,2,...,No};
&,:{W :j=1,2,...,N; + No};
= {H =12,...,Ni}; Fa = (b j=1,2,..., NoJ;
ng{% Zj—1,2,...,N1+N2}.
Therefore,
(2) EiUEy,UF;=F U, U Es.
Denote by § = GCD(Ny, N3), then N; = dg; for i = 1,2 and GCD(q1,q2) = 1.
Lemma 3.1. Let a > —1, n,m € Q such that n ~ m and n # m. Then
ni+no=mp+mg orny +ne =mqg+mo 1.

Proof. Without lose of genemhty7 assume 11 +ng > my+mg+1 1and ni > mq.
Denote by E; = E; \ F; and F; = F; \ E; for i = 1,2,3. Then E; N F; = § and

3) EyUE, UFs=F UF,UFEs.
Clearly, Ztetmdne ) Ltedmin, 1) ¢ fy| B, and Stodmitms dtodmitms o

Fy U Fy. Furthermore, for i, j € {1,2} we claim that
(a) 1f%$+1€Ei,thenw+leﬁj for j # i.
(b) if Satmudme ¢ [ then HHGtmtmz ¢ Fy for j # i
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In fact, if 2+§‘JE\Z"2 + 1, 1+J‘i‘,ff}\g”2 +1 € E; for some i € {1,2}, there are
integers 1 < p;, ¢; < IV; such that

24+ a+ny+ng . ng + P
N1+ N N;
l+a+n+ng 1t
Ny + Ny N;
Then 0 # NlJerz = bigli > il > NlJer2, which is a contradiction. So (a)

holds. Since the proof of (a) and (b) are similar, we omit the details of (b).
Next, we find the contradictions for three cases respectively.

(1) If mg > ng, then minﬁg > maxE'Q. Since one of % + 1 and

1+a4+ni14+n C— - - 1+a+ni1+4+n -
W+1151HE2,/\>H1&XE22W+1>maxF3 for A e I5. It

means that F3 N Fy = ), which is contradict with (b).

(2) If mg = ng, then Ey = Fy. Equality (3) implies that ﬁg = 131, which is
also contradict with (b).

(3) If ma < n2, we consider the maximum of equality (3), we have

2
Ny 2

Nj + No N
If 7%]0\‘;11}%”2 +1=#+1€ E, then %Jr%;”” = 3+ Since H%Jlr"l > =
Thotnz > 22 we have %j 1 ¢ F», which contradicts (a).
If % +1= 3% +1 € Ey, by the symmetry of n; and na, we get

% +1 ¢ Ey, which also contradicts (a). So we finish the proof. O

Lemma 3.2. Let a > =1, n,m € (X and n # m. Suppose ny +ng = my +ma,
then n ~ m if and only if n € Ay U Ay, where Ay = {(kq1,kga — 1) : 1 <k <
5,k€N} andA1 :{(kqlf].,kQQ) : 1§k§5,k€N}

Proof. The sufficiency is easy to check, we only show the proof of necessity. If
ny +ng = mq + ms, then F3 = F3 and F; Ll B> = Fy U F5. Since n 75 m, we
have ny # my. Without lose of generality, let ny > mq, then no < mo. Eq.
E1 L E2 = F1 L F2 shows that

{nl nz} {ml mz}
max{—, —} = max{—, —1};
Ny’ Ny Ny’ Ny’
min = min .
N1 7 N, N1 N,

Thus

ni _ ma

{Tl Ny

mi+1 _ no+1

N N,
It follows that ml;\zlﬂ = ”27\22“. Since m; —ny = ny — mo and Ny # N,
we get m; —ny +1 = no —mo + 1 = 0. Further, 173/_11 = "A}—Z implies that

Mo =ng+1= Z—fnl. Thus there exists k such that n; = kq;. Then mo = kg,
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ng = kgz — 1 and my = kg1 — 1. To satisfy n,m € (0, there is a confine that
ke€Ziand 1<k <4. Thatis, m=n+ (—1,1) € A; for n € A;. O

If ny+ny = m1+mao=£1, there are three cases: (i) ny = myq; (il) na = mao; (iii)
n1 # mq and ne # ma. We give the characterization of n and m, respectively.

Lemma 3.3. Let a > —1, n € Q. There is m € Q such that m ~ n and
m # n. Then the following statements hold.

(i) If ny = mq, then a € Q and there is an integer 0 < ig < g1 such that
2"’O“'”Oq € Zy. In this case, (n,m) € Aguﬁg,where Ay = {(kq1 —
akg) k= 2+Z‘1+“) +i,0<i<6-1} and Ay = {k1—2—a,kga—1) :
k:“j;—jioﬂ',ogigé—u.

(ii) If ne = ma, then « € Q and there is integer 0 < jo < g2 such
that 2+0‘+]° q1 € Zy. In this case, (n,m) € Az U 33, where Az =
{(kql,k:qg —2—a): k= 2+2‘2ﬂ° +4,0 < j <d—1} and 83 =
{(kqr — 1,kgy =2 — ) 1 kb =22He 4 j 0 < j<§—1}.

(i) If ny # mq and ng # ma, then o € N and q1,q2 € {1+ «,1}. Further-
more,

(a) if 1 = 1, then g = 1+ « and (n,m) € Ay U 54, where Ay =
{(kqi, kg —2—0a) : 2 < k <6+ 1,k € N} and Ay = {(kq —
2, kg —1—0a):2<k<d§+1,ke N}

(b) if g2 = 1, then g1 = 14+ a and (n,m) € A5 U 55, where As =
{(kq =2 —a,kqe) :2<k <0+ 1,k e N} and Ay = {(kq1 — 1 —
a,kge —2):2<k<d§+1,ke N}

Proof. By Lemma 3.1, we assume ni + no = mj + mo + 1, or else exchanging
(n1,n2) and (my, ma). Therefore,

24 a+ny+ ng
N1+ No

24+ a+ny+ng

— L UFRU
P=RUBR Uy

4) BEiUByU{ +1}

(i) By n1 = mq, we have no = mo + 1. Eq. (2) implies that

2+atni+ny  no
N1+ N Ny’

that is QJF%% = 1% So there exists k > 0 such that no = kg2, n1 = kg1 —2—a.
It follows that n = (kg1 —2—a, kg2) and m = n+(0, —1) = (kg1 —2—a, kga—1) €
Sp- By n,m € Q, we have kgy = 2Jro‘Jrhq € N for some nonnegative integer
h =i +iq(0 <ip < q1,0 <i < §—1). That is, k = 2E2th = 2ratin 4
Since 0 < iy < ¢q1, the choose of ¢ is unique. So we finish the proof of necessity.
The sufficiency is easy to check. So (i) holds.

(ii) By the symmetry of n; and ns, we have the statement (ii) holds.
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(iii) First, if nq > mq, ng # mo implies that no + 1 < mg and nq > my + 2.
Considering the maximum and minimum of Eq. (4), it is easy to see

ny 2+ a+mny +no ma
14+ L =max{l+ "L T2 2y
5) M { N1+ N Nz}
m1+1*min{2+a+m+n2 n2+1}
Ny Ni+Ny 7 Ny
We claim that
n1  24+a+n;+ne
6 T+ — =" 24,
(6) Ny N1+ No
Or else, assume%+1:%—§+1>%+l. Clearly

2+o¢+m2>m27n1 >m1+1
Ny Ny N~ N, °

Therefore,

my + 1 < 3+a+mi+me  24+a+n;+n
Ny N; + N, Ni+ Ny
So (5) implies that

ng+1 my+1
(7) No - N

Since ny +ny = my + ma + 1, we get mzj\grl = "1_]’&1_1 = TR Let
ma — ng = pqi, then mo —ny — 1 = pga. That is, p € N and 1 = p(q1 — ¢2).
Therefore, p =1, g1 = g2 + 1, forcing N; > 2 and Ny > Ny. Then 1+ "}V—:l >
1+ mfv—;l The Eq. (4) shows that

ma2—n2

ny—1 2+a+mn; +ng
8 1+ =1+
( ) Ny Ny + No
If 2tetmine ¢ B then CardF, =CardE; > 2. By Ny > Na, we have

N1+N2

"JQV—J;Q > m]{,—f The equalities (7) and (8) show that m&—;ﬂ ¢ By UE, U

Eotmtna ) which is a contradiction.
If W € Fy, then

) 2+a+n1+n2:m1+2'
Ny + N» N
In fact, equality (8) implies that
24+ a+ny+ne 2+ a+n1+ne
Ny + Na Ny + Ny g

Since Ny # Na, we have Card{z € F} : z < W%} = 1. So (9) holds.

Combining (8) and (9), we get n1 = mq + 3. It means that g1 = mgo —ng = 2
and g2 = 1. By (7) and (9), we have 3¢ = < i.e.,, 2(2 4+ @) = 1, which is
contradict with a@ > —1. So we get the claim.

(10) {zeF:z< }={z€Ey:z<
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By (6), there is

24+ a4+ no nq

11 cramnz _ M
(11) N N,

It follows that

(12) {”1 = ko

ng =kgs —2 —«

for some k > 2 + . Therefore,

(13) 2+a+n1+n2_ﬁ>kzq2—(1+a)_n2—|—1
Ny + No 0 5(]2 Ny -
Then Eq. (5) deduces that
mp+1 no+1 (I+ )@
14 = .e. 1=kqg — ———.
(14) N N, ; Le., mq + Q1 -

If Ny = 1, then Ny > 1. Since mo — ny > 1, we have "JQV—J;Q IS Eg, but
"]QV—J;Q ¢ Fy U Fy U F5, which is a contradiction.
If N1 > 1, then

ni—1 24+a+ny +ne mo
max{1 + , =14+ —.
{ Ny N1+ Ns } N,
By Eq. (11), we have 2*3‘;&%”2 < ”}ﬁl + 1. Therefore,

nl—limg
N, Ny’

It follows that mo = kqo — g—f € Z4. Combining nj + ng = mq + mo + 1 with
(12), (14) and N7 # Na, we conclude that g—f = 1+ «. Therefore, g3 =1+ a,
¢1 =1, and o € N. In this case, (mi,mz2) = (n1 —2,n2 + 1) and (n,m) € Ay.

Next, if n1 < mq, we have ng > mgo + 1 and ny + 1 < my. Since n; and
ng are symmetric; m; and meo are symmetric, it is easy to check that ¢ = 1,
¢1 =14 «, and (n,m) € As. So (iii) holds. O

Remark 3.4. In above lemma, the number k in condition (i) and (ii) is not
always an integer. If n and m satisfy one of the conditions (i), (ii) and (iii),
then n ~m and n # m.

Notice that A; # @ and does not change with «. However, {A;}(i = 2,3,4,5)
heavily depend on the «, and some of them may be empty. By careful com-
putation, we know that each two of {A;, A;ti= 1,...,5} are either equal or
disjoint. Therefore, we assert that the Card of &), heavily depend on the a.

For the case that o = —1, it is easy to see that Ay = Az = 0, 81 = Ay and
A, = As. So we have the following result.
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Lemma 3.5. If a = —1, then &y, # {n} if and only if
Sn = {(kq1, kg2 — 1), (ka1 — 1,kq2), (kg1 — 1, kg2 — 1)}
for some 1 < k < GCD(Ny, Na).

For the case that a > —1, we have the following statements hold.
1°Ifa € (—1,+00)\Q, then A; = ) for i = 2,3,4,5. Therefore, CardS;,, # 1
if and only if Card, = 2 for n € Ay U 51
2°If a € (QN(—1,+00)) \ Z4, then Ay = A5 = ). Therefore, CardS,, # 1
if and only if CardS,, = 2, and n € A; U Al UAs U AQ UAzU Ag Moreover,
As and Az are not non-empty sets at the same time. In fact, let o = 5 where
p,q € Z,p>1,q> —pand GCD(p,|q|) = 1. By 2*3—1“0@ € Z,, it is easy
to see (2 4+ a + ig)g2 = %qg € Zy. Since GCD(p, |g|) = 1, we have
GCD((2 +i0)p+ ¢,p) = 1. So p | go. Similar, +a+]" q1 € Z, implies that
p | q1. Thus we get p = 1, which is a contradiction.
3°If a € Z4, then As and Ags are not empty.
(1) If No # (1 + )Ny and Ny # (1 + «)No, then 64 = d5 = (). Therefore,
Card\yn = 1 if and only if CardS, = 2, forn € A; U Al U Ay U Ag U
Az U Ag
(2) If N2 = (]. + Oé)Nl,Oé 7& 0, then AS = (Z), Al = 53, 31 = 54 and
Az = Ay, CardS,, # 1 if and only if CardS,, = 2 or CardS,, = 3.
Moreover, CardSs,, = 2 if and only if n € Ay U Ag; CardS,, = 3 if and
only if n € Ay U A; UA;. In this case, n ~n+ (—=1,1) ~n+ (1,0) for
n e Al.
(3) If Nl = (]. + Oé)NQ,Oé 7& 0, then A4 = (Z), 81 = 52, AQ = AS and
Ks = A;. CardS, # 1 if and only if CardS;, = 2 or CardS,, = 3.
Moreover, CardSs,, = 2 if and only if n € Az U £3; CardS,, = 3 if and
only if n € Ay UA; UAy. In this case, n ~ n+ (—=1,1) ~ n + (=1,2)
for n € A;.
Combining above analysis and the results in section two, we have the fol-
lowing results. Recall that § = GCD(Ny, Na).

Theorem 3.6. On the Bergman space A%(Bz) with o € (—1,+00)\Q, V*(2)

is x-isomorphic to
) “+o00
i=1 i=1

where N = (N1, N2) and Ny # Na.

Theorem 3.7. On the Bergman space A%(Bs) with o € (QN(—1,+00))\ Z+,
V*(2N) is x-isomorphic to

s —+o0
D) PP
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where s € {3,260}, where N = (N1, N3) and N1 # Ns.

Example 3.8. Let o = 2, Ny = 6, N = 9. Then Ay = {(2,2), (4,5), (6,8)},
Ay = A3 = Ay = Ay = (. So on the Bergman space A% (By), V*(2%29) is

5

x-isomorphic to
3 400
P mc)PHepc.
i=1 i=1

Example 3.9. Let a = %, Ny =6, No = 9. It is easy to check that (1)A; =

{(252)7(45 5)7(658)}7 (2) A3 = A4 = A5 = (Z)a (3) AQ = {(074)5 (277)5 (4710)}

with k =1+ %, 24 %, 3+ %, respectively. Then on the Bergman space A% (B2),
3

V*(2829) is *-isomorphic to

6 400
SYREAOISy IS

Theorem 3.10. Let N = (N1, Na) and N1 # Na. On the Bergman space
A2 (By) with « € Zy, the following statements hold:

(i) if Ny # (1 4+ a)No and Ny # (1 + a)Ny, then V*(2V) is *-isomorphic

to 36 “+o00
D10 PDC:
i=1 i=1

(ii) if Ny = (1 +a)No or Ny = (14 )Ny, then V*(2N) is *-isomorphic to
5

5 +oo
DD medHe
i=1 i=1 i=1
Example 3.11. If « = 4, N; = 6, No = 9, then Ay = {(2,2),(4,5),(6,8)},

Ay = {(05 9)7 (25 12)7 (45 15)}7 Az = {(47 0)5 (67 3)5 (87 6)}5 Ay=A5 = (0. On the
Bergman space A3 (Bs), V*(2%29) is *-isomorphic to

9 400
D1 HDe
=1 =1
Example 3.12. If a=2, Ny =3, No= 9, then A1 = Ag= {(1,2),(2,5), (3,8)},
=0

Ay = {(0,12),(1,15),(2,18)}, Az = Ay = {(2,2),(3,5),(4,8)} and Aj .
On the Bergman space A3(Bz), V*(2$29) is *-isomorphic to

3 3 +oo
@Mg(((j) T @MQ(C) Ph @c.

Theorem 3.13. On the Hardy space H?(Bs), V*(2%) is x-isomorphic to

) “+o00
@MS(C) b EB(C,
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where N = (N1, N2) and N1 # Na.
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