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ON A CLASS OF LOCALLY PROJECTIVELY FLAT

GENERAL (α, β)-METRICS

Xiaohuan Mo and Hongmei Zhu

Abstract. General (α, β)-metrics form a rich class of Finsler metrics.
They include many important Finsler metrics, such as Randers metrics,
square metrics and spherically symmetric metrics. In this paper, we find
equations which are necessary and sufficient conditions for such Finsler
metric to be locally projectively flat. By solving these equations, we
obtain all of locally projectively flat general (α, β)-metrics under certain
condition. Finally, we manufacture explicitly new locally projectively flat
Finsler metrics.

1. Introduction

Distance functions induced by a Finsler metric are regarded as smooth ones.
The Hilbert Fourth Problem in the smooth case is characterize projectively
flat Finsler metrics on an open subset in R

n. A Finsler metric on an open
subset U ⊂ R

n is said to be projectively flat if all geodesics are straight in U .
A Finsler metric on a manifold M is said to be locally projectively flat if at any
point, there is a local coordinate system (xi) in which F is projectively flat.
By the Beltrami’s theorem, a Riemannian metric is locally projectively flat if
and only if it is of constant sectional curvature. However the situation is much
more complicated for Finsler metrics. J. Douglas’ a famous theorem said that
a Finsler metric on a manifold M (dim M ≥ 3) is locally projectively flat if
and only if F is a Douglas metric of scalar curvature.

Recently, a great progress has been made in studying locally projectively flat
Finsler metrics. Bácsó-Matsumoto showed that a Randers metric F = α+ β is
locally projectively flat if and only if α is of constant sectional curvature and β
is closed [1, 2]. In [10], the authors told us that given a spherically symmetric
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Finsler metric F (x, y) = |y|φ
(

|x|, 〈x, y〉

|y|

)

on B
n(ν) (n > 2), then F is locally

projectively flat if and only if φ = φ(r, s) satisfies

(1.1)
[

(r2 − s2)Q− 1
]

rφss − sφrs + φr + rQ(φ − sφs) = 0,

where Q = Q(r, s) is given by

(1.2) Q(r, s) = f(r) +
2rf(r)2 + f ′(r)

r + 2f(r)r3
s2,

where f = f(r) is a differentiable function.
A Randers metric can be expressed in the following navigation form [6]

F =

√

(1− b2)α2 + β2

1− b2
+

β

1− b2
,

where (α, β♯) is the navigation data of F (β♯ denotes the dual of β with re-
spect to α) and b := ‖β‖α is the length of β. Both Randers metrics and
spherically symmetric metrics belong to a larger class of the so-called general
(α, β)-metrics, which are defined in the following form

(1.3) F = αφ
(

b2,
β

α

)

,

where α is a Riemannian metric, β is a 1-form, b := ‖β‖α and φ
(

b2, s
)

is a
smooth function [7, 16]. Yu-Zhu found sufficient conditions for general (α, β)-

metrics to be locally projectively flat [16]. They showed that for F = αφ
(

b2, β
α

)

where α and β satisfy

(1.4) αRi
j = µ(α2δij − yiyj), bi|j = c(x)aij ,

the metric F is locally projectively flat if φ = φ(b2, s) satisfies

(1.5) φ22 = 2(φ1 − sφ12).

Here φ1 means the derivation of φ with respect to the first variable b2. Recently,
Shen-Yu showed that if the second equation of (1.4) holds, then F is projectively
equivalent to α if and only if φ = φ(b2, s) satisfies (1.5) [14]. Note that if α
is locally projectively flat and F is projectively equivalent to α, then F is also
locally projectively flat and therefore Shen-Yu’s proposition implies Yu-Zhu’s
theorem.

The above results inspire us to study the locally projective flatness of general
(α, β)-metrics under a weaker condition than (1.4). We shall make the following
assumption:

A: the Riemannian metric α =
√

aij(x)yiyj is an Einstein metric with Ricci

constant µ, and β = bj(x)y
j is a 1-form satisfying

(1.6) αRic = (n− 1)µα2, bi|j = caij ,

where c = c(x) is a scalar function with c2 > 0.
The condition A is natural [14]. Note that if α and β satisfy (1.6) with

c = 0, then β is parallel with respect to α, in particular, b = constant. In this
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case, F is actually an (α, β)-metrics. We shall only consider the case when
c2 > 0. We show the following:

Theorem 1.1. Let F = αφ
(

b2, β
α

)

be a general (α, β)-metric on an n-

dimensional manifold M with n ≥ 3, where α and β satisfy (1.6) with c2 > 0.
Then F is locally projectively flat if and only if

(i) φ = φ(b2, s) satisfies

(1.7) φ22 − 2(φ1 − sφ12) = [f(b2) + g(b2)s2][φ− sφ2 + (b2 − s2)φ22],

where f and g are two arbitrary differentiable functions of b2;
(ii) α and β satisfy

(1.8)

αRk
i
jl(x) +

αRl
i
jk(x)− 2µakl(x)δ

i
j + µajkδ

i
l + µajlδ

i
k

+ [(κ− µb2)(2f ′ − g + 2f2 + 2b2fg)− µf ]Si
jkl(x) = 0,

where

(1.9)

Si
jkl(x) := 2bjb

iakl −
2

n− 1
(b2akl − bkbl)δ

i
j −

1

n− 1
bj(bkδ

i
l + blδ

i
k)

− bi(bkajl + blajk) +
b2

n− 1
(aljδ

i
k + akjδ

i
l).

For a proof of Theorem 1.1, see Section 3 below. In particular, we have the
following result when α has constant sectional curvature.

Theorem 1.2. Let F = αφ
(

b2, β

α

)

be a general (α, β)-metric on a manifold

M (dimM ≥ 3) where α and β satisfy (1.4) with c2 > 0. Then it is locally

projectively flat if and only if φ = φ(b2, s) satisfies (1.7) where f and g satisfy

(1.10) µf = (κ− µb2)(2f ′ − g + 2f2 + 2b2fg).

Let us take a look at the special case: when α = |y|, β = 〈x, y〉

µ = 0, κ = 1.

Then we recover Theorem 1.1 in [10] (see (1.11) and (1.12) above).

Theorem 1.3. Let F = αφ
(

b2, β
α

)

be a general (α, β)-metric on a manifold

M (dimM ≥ 3) where α and β satisfy (1.4) with c2 > 0. Then the general

solution of (1.7) where f and g satisfy (1.10) is given by

(1.11) φ(b2, s) = s

[

h(b2)−

∫

Φ(η(b2, s))

s2
√
b2 − s2

ds

]

,

where h and Φ are arbitrary differentiable functions of b2 and η respectively

and

η(b2, s) =
b2 − s2

e
∫
ξdb2 − (b2 − s2)

∫

ge
∫
ξdb2db2

,
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where

(1.12) ξ :=
(κ− 2µb2)f + 2b2(κ− µb2)f ′

(κ− µb2)(1 − 2b2f)
,

(1.13) g :=
2(κ− µb2)(f ′ + f2)− µf

(κ− µb2)(1 − 2b2f)
,

where f is arbitrary differentiable function of b2. Moreover, the corresponding

general (α, β)-metric is locally projectively flat.

After investigating (1.11), (1.12) and (1.13), we produce infinitely many new
non-trivial examples satisfying the conditions and conclusions in Theorem 1.2.
We have the following:

Theorem 1.4. Let α be a Riemannian metric on a n-dimensional manifold

M and β a 1-form on M satisfying b := ‖β‖α < b0 and (1.4) with µ = 0. Let

n ≥ 3 and let φ(b2, s) be functions defined by

1. m = 0

(1.14) φ = h1(b
2)s+ (ε+ κ)

ω

1− 2λb
,

2. m = 1

(1.15) φ = h2(b
2)s+

(

ε+
κb2

1− 2λb

)

ω

1− 2λb
,

3. m ≥ 2
If λ 6= 0, then

(1.16) φ = h3(b
2)s+

[

ε

1− 2λb
+ κ

(b2 − s2)m

ω2m+2

]

ω+
(2m)!!

(2m− 1)!!

κs2

(1− 2λb)ω
×(I),

where

(1.17)

(I) :=
b2m−2

(1− 2λb)m
+
b(b2 − s2)

2λω4

[

π1

1− 2λb
+

(2m− 1)!!

(2m)!!

2λπ2
b

]

−
b2ω2 − s2

(1− 2λb)ω2

[

π3 −
b2m−4

2(1− 2λb)m−1

]

,

where

π1 :=

m−3
∑

j=0

(2m− 2j − 3)!!

(2m− 2j − 2)!!

b2j

(1 − 2λb)j

m−3−j
∑

i=0

(

−
b

2λ

)i (
b2 − s2

ω2

)m−i−j−3

,

π2 :=
m−1
∑

i=0

(

−
b

2λ

)i−1 (
b2 − s2

ω2

)m−i−1

,

π3 :=
b2i−2

(1− 2λb)i−1
+

(2m− 1)!!

(2m)!!

(

−
b

2λ

)m−2
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+
b

2λ(1 − 2λb)

m−2
∑

i=1

(2m− 2i− 1)!!

(2m− 2i)!!

(

−
b

2λ

)m−2

.

If λ = 0, then

φ = ε+ h4(b
2)s+ κ(b2 − s2)m

+ κs2
(2m)!!

(2m− 1)!!

[

b2m−2 +

m−1
∑

i=1

(2m− 2i− 1)!!

(2m− 2i)!!
b2i−2(b2 − s2)m−i

]

,(1.18)

where κ and ε are positive constants, λ < 1
2b0

, hj(b
2) are arbitrary differentiable

functions, j = 1, . . . , 4, ω :=
√

1− 2λ(b− s2

b
). Then on M the following

general (α, β)-metrics

F = αφ

(

b2,
β

α

)

are locally projectively flat.

The condition (1.4) on α and β is equivalent to: (i) α has constant sectional
curvature; (ii) β is closed and conformal with respect to α. Locally, it is easy to
determine all these α and β following Y. Shen or Z. Shen and H. Xing [11, 13].
Let us take a look at a special case: when α = |y|, β = 〈x, y〉

b = |x|.

Then α and β satisfy (1.4) with µ = 0 and c(x) = 1. Such Finsler metrics are
called spherically symmetric metrics.

Recently, Liu-Mo and Zhu have discovered some class of locally projectively
flat spherically symmetric metrics [5, 18]. The metrics constructed by Liu-Mo

(resp. Zhu) satisfy that f + gs2 = λc
a+cb2

(resp. 1
2 + λs2

2(1−λb2) ). From proof of

Theorem 1.4, we see that Finsler metrics in Theorem 1.4 satisfy

f + gs2 = λ
b2 − s2

b3
.

It follows that our metrics are not projectively related to Finsler metric con-
structed by Liu-Mo and Zhu because two spherically symmetric metrics are
projectively related if and only if they have same f + gs2 (see Theorem 1.1 in
[8]). In particular, the Finsler metrics in Theorem 1.4 differ from the metrics
in [5, 18].

Finally, we should point out that there are already several results on the
locally projectively flat general (α, β)-metrics. For example, Z. Shen character-
izes projectively flat (α, β)-metrics on an open subset U in the n-dimensional
space R

n ([12], Theorem 1.1). Q. Xia gives an equivalent characterization for
locally projectively flat general (α, β)-metrics on a manifold under the addi-
tional assumptions α is locally projectively flat and φ1 6= 0 and determines
the corresponding general solution [15]. Note that if φ1 = 0, then general
(α, β)-metric is just a (α, β)-metric. On the other hand, locally projectively
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flat Finsler metrics on a manifold, in particular, on an open subset U in the
n-dimensional space Rn, form a broader class than projectively flat Finsler met-
rics on an open subset U [9]. Here we weaken Shen’s condition on projective
flatness in the case of φ1 = 0 and impose the second equation of (1.6) with
c2 > 0 instead. Comparing our Theorem 1.3 with Xia’s Theorem 1.2, it seems
that the explicit construction of locally projectively flat general (α, β)-metrics
using our theorem is easier than Xia’s theorem.

2. Preliminaries

In local coordinates, the geodesics of a Finsler metric F = F (x, y) are
characterized by

d2xi

dt2
+ 2Gi

(

x,
dx

dt

)

= 0,

where Gi := 1
4g

il
[

(F 2)xkylyk − (F 2)xl

]

are the geodesic coefficients of F [2].

The Riemann curvature of F is a family of endomorphism Ry = Ri
jdx

j ⊗ ∂
∂xi :

TxM → TxM , defined by

(2.1) Ri
j := 2

∂Gi

∂xj
− yk

∂2Gi

∂xk∂yj
+ 2Gk ∂2Gi

∂yk∂yj
−
∂Gi

∂yk
∂Gk

∂yj
.

The Ricci curvature is the trace of the Riemann curvature, which is defined
by

Ric = Rj
j .

A Finsler metric on a manifold M in the form (1.3) is said to be general

(α, β) type where α is a Riemannian metric, β is a 1-form on M , b = ‖β‖α and
φ(b2, s) is a C∞ function satisfying (see [7, 16])

φ− sφ2 > 0, φ− sφ2 + (b2 − s2)φ22 > 0, |s| ≤ b < bo,

where n ≥ 3 and φ2 means the derivation of φ with respect to the second
variable s or

φ− sφ2 + (b2 − s2)φ22 > 0, |s| ≤ b < bo,

where n = 2 [16]. In particular, we will say that F is a Randers metric if
φ(b2, s) = 1 + s.

Let α =
√

aij(x)yiyj and ∇β = bi|jdx
i ⊗ dxj . Let

rij =
1

2
(bi|j + bj|i), sij =

1

2
(bi|j − bj|i), r00 = rijy

iyj, si0 = aijsjky
k,

ri = bjrji, si = bjsji, r0 = riy
i, s0 = siy

i,

ri = aijrj , si = aijsj , r = bjrj .

Lemma 2.1 (See [16]). The geodesic coefficients Gi of a general (α, β)-metric

F = αφ
(

b2, β
α

)

are given by

Gi = αGi + αQsi0 +
{

Θ(−2αQs0 + r00 + 2α2Rr) + αΩ(r0 + s0)
} yi

α



ON A CLASS OF LOCALLY PROJECTIVELY FLAT GENERAL (α, β)-METRICS 1299

+
{

Ψ(−2αQs0 + r00 + 2α2Rr) + αΠ(r0 + s0)
}

bi − α2R(ri + si),(2.2)

where

Q =
φ2

φ− sφ2
, R =

φ1

φ− sφ2
,

Θ =
(φ− sφ2)φ2 − sφφ22

2φ
(

φ− sφ2 + (b2 − s2)φ22
) , Ψ =

φ22

2
(

φ− sφ2 + (b2 − s2)φ22
) ,

Π =
(φ − sφ2)φ12 − sφ1φ22

(φ− sφ2)
(

φ− sφ2 + (b2 − s2)φ22
) , Ω =

2φ1
φ

−
sφ+ (b2 − s2)φ2

φ
Π.

Suppose that β is conformal with respect to α and satisfies dβ = 0, there
is a scalar function c = c(x) such that the second equation of (1.6) holds. By
(2.2) and the second equation of (1.6), the geodesic coefficients Gi of F is given
by

(2.3) Gi = αGi +Qi,

where αGi are the geodesic coefficients of α; and

Qi := cψαyi + cζα2bi,(2.4)

ζ :=
φ22 − 2(φ1 − sφ12)

2
[

φ− sφ2 + (b2 − s2)φ22
] ,(2.5)

ψ :=
φ2 + 2sφ1

2φ
−
ζ

φ
[sφ+ (b2 − s2)φ2].(2.6)

3. Riemannian metric α with Ricci constant

In this section, we are going to determine the Weyl curvature of general
(α, β)-metrics satisfy (1.6) with c2 > 0 (see (3.33) below) and prove Theorem
1.1.

From (2.1) and (2.3), the Riemann curvature of F are related to that of α
and given by

(3.1) Ri
j =

αRi
j + 2Qi

|j − ykQi
|k·j + 2QkQi

·k·j −Qi
·kQ

k
·j ,

where “|” and “ · ” denote the horizontal covariant derivative and vertical co-
variant derivative with respect to α, respectively. Suppose that α and β satisfy
(1.6). By Lemma 2.1 in [14], we have

(3.2) c2 = κ− µb2

for some constant κ. We assume that c2 > 0. Then

(3.3) c|j = −µbj.

Combining with (2.4), we get

Qi
|j = c2(ζα2δij + ψ2yjy

i + ζ2αyjb
i + 2ψ1αbjy

i + 2ζ1α
2bjb

i)

− µαbj(ψy
i + ζαbi),(3.4)

ykQi
|k·j = c2

{

(2sψ1+ψ2)α
2δij+[2s(ψ1 − sψ12)+ψ2 − sψ22+2ζ − sζ2]yjy

i
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+ [2s(2ζ1 − sζ12) + 2ζ2 − sζ22]αyjb
i+(2sψ12 + ψ22 + ζ2)αbjy

i

+ (2sζ12 + ζ22)α
2bjb

i
}

− µs
[

ψα2δij + (ψ − sψ2)yjy
i(3.5)

+ (2ζ − sζ2)αyjb
i + ψ2αbjy

i + ζ2α
2bjb

i
]

,

1

c2
QkQi

·k·j =
{

ψ2 + ζ[sψ + (b2 − s2)ψ2]
}

α2δij

+
{

ψ(ψ − sψ2)− sζ[ψ − sψ2 + (b2 − s2)ψ22]
}

yjy
i

+
[

ζ(ψ − sψ2) + ψ(2ζ − sζ2) + (b2 − s2)ζ(ζ2 − sζ22)
]

αyjb
i(3.6)

+
{

ψψ2 + ζ[ψ − sψ2 + (b2 − s2)ψ22]
}

αbjy
i

+
{

ψζ2 + ζψ2 + ζ[2ζ + (b2 − s2)ζ22]
}

α2bjb
i,

1

c2
Qi

·kQ
k
·j = ψ2α2δij +

{

3ψ(ψ − sψ2) + [sψ + (b2 − s2)ψ2](2ζ − sζ2)
}

yjy
i

+
{

sζ2(ψ−sψ2)+(2ζ−sζ2)[3ψ−sψ2+2sζ+(b2−s2)ζ2]
}

αyjb
i

+
[

3ψψ2 + sψζ2 + (b2 − s2)ζ2ψ2

]

αbjy
i(3.7)

+
[

2ζ2ψ + 2ζψ2 + 2sζζ2 + (b2 − s2)ζ22
]

α2bjb
i.

Substituting (3.4), (3.5), (3.6) and (3.7) into (3.1) yields

(3.8)
Ri

j =
αRi

j + α2(A− µ)δij + αBbjy
i − αsCyjb

i + α2Cbjb
i

+ (µ−A− sB)yjy
i,

where

A := µ(1 + sψ) + c2
{

ψ2 − 2sψ1 − ψ2 + 2ζ[1 + sψ + (b2 − s2)ψ2]
}

,(3.9)

B := c2
{

2(2ψ1 − sψ12)− ψψ2 − ψ22 − ζ2[1 + sψ + ψ2(b
2 − s2)](3.10)

+ 2ζ[ψ − sψ2 + ψ22(b
2 − s2)]

}

− µ(2ψ − sψ2),

C := c2
[

2(2ζ1 − sζ12)− ζ22 + 2ζ(2ζ − sζ2) + (2ζζ22(3.11)

− ζ22 )(b
2 − s2)

]

− µ(2ζ − sζ2).

Thus we obtain the following:

Lemma 3.1. Let F = αφ
(

b2, β
α

)

be a general (α, β)-metric on a manifold M

where α and β satisfy (1.6) with c2 > 0. Then the Riemannian curvature of F

are given by (3.8).

Remark 3.2. When α = |y| and β = 〈x, y〉, (3.8) has been obtained in [5].

By (3.8) and the first equation of (1.6), we obtain

Ric = αRic+ nα2A− nµα2 + αβB − αβsC + α2Cb2 + (µ−A− sB)α2

= [(n− 1)A+ (b2 − s2)C]α2.(3.12)
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Now we are going to determine the Weyl curvature of general (α, β)-metrics
satisfy (1.6) with c2 > 0 (see (3.33) below). Let

(3.13) Ṙi
j := α2Aδij + αBbjy

i − αsCyjb
i + α2Cbjb

i +Dyjy
i,

where

(3.14) D := −A− sB.

Combining this with (3.8) we have

(3.15) Ri
j =

αRi
j + Ṙi

j − µ(δijα
2 + yjy

i).

By simple calculations, we have

(3.16)
∂α2

∂yk
= 2yk,

∂α

∂yk
=
yk

α
,

∂yj

∂yk
= ajk.

Differentiating (3.13) with respect to yk and using (3.13), we obtain

∂Ṙi
j

∂yk
= 2Aδijyk + α2A2sykδij +

B

α
ykbjy

i + αB2sykbjy
i + αBbjδ

i
k

−
sC

α
ykyjb

i − α(C + sC2)sykyjy
i − αsCajkb

i + 2Cykbjb
i(3.17)

+ α2C2sykbjb
i +D2sykyjy

i +Dajky
i +Dyjδ

i
k.

By a straightforward computation, one obtains

(3.18) syjbj =
αbj − syj

α2
bj =

b2 − s2

α
.

Note that s is positively homogeneous of degree 0. Hence,

syiyi = 0.

Taking this together with (3.17) and (3.18), we obtain

(3.19)
∑

i

∂Ṙi
j

∂yi
= αMbj +Nyj ,

where

M := (n+ 1)B +A2 + sC + C2(b
2 − s2)

and

N := (1− n)A− (n+ 1)sB − sA2 − Cs2 − s(b2 − s2)C2,

where we have used (3.14). By (3.13) and (3.14), we have

(3.20) Ṙic :=

n
∑

j=1

Ṙj
j = α2R = Ric,

where

R := (n− 1)A+ (b2 − s2)C,
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and we have used (3.12). It follows that

∂Ṙic

∂yj
= (2R− sR2)yj − αR2bj,

where we have made use of (3.16) and (3.18) and R2 := ∂R
∂s

. Together with
(3.13), (3.19) and (3.20), we obtain

Ẇ i
j := Ṙi

j −
Ṙic

n− 1
δij −

yi

n+ 1

(

∑

k

∂Ṙk
j

∂yk
−

1

n− 1

∂Ṙic

∂yj

)

= α2Aδij + αBbjy
i − αsCyjb

i + α2Cbjb
i +Dyjy

i −
α2

n− 1
Rδij

−
yi

n+ 1

{

α(M−
R2

n− 1
)bj + [N −

1

n− 1
(2R− sR2)]yj

}

= α2W1δ
i
j + αW2bjy

i − αsW3yjb
i + α2W3bjb

i +W4yjy
i,(3.21)

where

W1 : = A−
1

n− 1
R = −

b2 − s2

n− 1
C,(3.22)

W2 : = B −
1

n+ 1
(M−

R2

n− 1
) = −

1

n− 1

[

sC +
n− 2

n+ 1
C2(b

2 − s2)
]

,(3.23)

W3 : = C,(3.24)

W4 : = D −
1

n+ 1

[

N −
1

n− 1
(2R− sR2)

]

(3.25)

=
1

n− 1

[

b2C +
n− 2

n+ 1
s(b2 − s2)C2

]

,

where we have used the following

R2 = (n− 1)A2 − 2sC + (b2 − s2)C2.

By (3.15) and (3.21), we see that the (projective) Weyl curvatureWy =W i
j

∂
∂xi

⊗dxj is given by

W i
j = Ri

j −
Ric

n− 1
δij −

yi

n+ 1

(

∑

k

∂Rk
j

∂yk
−

1

n− 1

∂Ric

∂yj

)

= αW i
j + Ẇ i

j

= αW i
j + α2W1δ

i
j + αW2bjy

i − αsW3yjb
i + α2W3bjb

i +W4yjy
i,(3.26)

where αW i
j is the Weyl curvature of α.

Now we compute the Weyl curvature αW i
j of α where α satisfies the first

equation of (1.6). Since α is a Riemannian metric, we conclude that Ri
j =

Ri
j(x, y) are quadratic in y ∈ TxM [4]. We obtain

(3.27) αRi
j =

αRk
i
jl(x)y

kyl, αRic =
∑

j

αRk
j
jl(x)y

kyl,
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where αRk
i
jl(x) is the Riemannian curvature of α. We conclude that

αAi
j :=

αRi
j −

Ric

n− 1
δij =

(

Rk
i
jl −

δij

n− 1
Rk

m
ml

)

ykyl

and
∑

k

∂αAk
j

∂yk
= (Rp

k
jq −

δkj

n− 1
Rp

m
mq)

∂

∂yk
(ypyq) = −

n+ 1

n− 1
Rjpy

p,

where we have used the following facts

Rk
k
jp +Rj

k
pk +Rp

k
kj = 0, Rp

k
kj = Rpj = Rjp.

Thus the Weyl curvature αW i
j of α is given by

(3.28)

αW i
j =

αAi
j −

1

n+ 1

∑

k

∂Ak
j

∂yk
yi

=
[

αRk
i
jl(x) − µakl(x)δ

i
j + µajkδ

i
l

]

ykyl.

Plugging (3.28) into (3.26) yields

W i
j =

[

αRk
i
jl(x)− µakl(x)δ

i
j + µajkδ

i
l

]

ykyl

+ α2W1δ
i
j + αW2bjy

i − αsW3yjb
i + α2W3bjb

i +W4yjy
i.(3.29)

Now we consider Douglas metric F = αφ(b2, β
α
), where α and β satisfy (1.6)

with c2 > 0. By Theorem 1.1 in [17],

(3.30) ζ =
1

2

[

f(b2) + g(b2)s2
]

,

where f and g are two arbitrary differentiable functions of b2. It follows that

ζ1 =
1

2
(f ′ + g′s2), ζ2 = gs, ζ12 = g′s, ζ22 = g.

Plugging these into (3.11) yields

(3.31) C = c2(2f ′ − g + 2f2 + 2b2fg)− µf.

Recall that a Finsler metric on a manifold M is called a Douglas metric if it
has vanishing Douglas curvature. Plugging (3.2) into (3.31) we have

(3.32) C = (κ− µb2)(2f ′ − g + 2f2 + 2b2fg)− µf = C(b2).

It follows that
C2 = 0.

Plugging this into (3.23) and (3.25), and using (3.22) and (3.24) we obtain

(

W1,W2,W3,W4

)

= C

(

−
b2 − s2

n− 1
, −

s

n− 1
, 1,

b2

n− 1

)

.

Substituting this and (3.32) into (3.29) yields

W i
j :=

{

αRk
i
jl(x) − µakl(x)δ

i
j + µajkδ

i
l + [(κ− µb2)(2f ′ − g + 2f2 + 2b2fg)

(3.33)
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− µf ]T i
jkl

}

ykyl,

where

(3.34)

T i
jkl(x) := bjb

iakl −
1

n− 1
(b2akl − bkbl)δ

i
j −

1

n− 1
bjbkδ

i
l

− bibkajl +
b2

n− 1
aljδ

i
k.

Proof of Theorem 1.1. According to Douglas’ result, Finsler metric F (x, y) on
an n-dimensional manifold M with n ≥ 3 is locally projectively flat if and only
if F has vanishing Weyl curvature and Douglas curvature [3]. On the other

hand, note that F = αφ
(

b2, β

α

)

is a general (α, β)-metric on M where α and

β satisfy (1.6) with c2 > 0, we have the following:
(i) F has vanishing Douglas curvature if and only if φ = φ(b2, s) satisfies

(1.7).
(ii) If φ = φ(b2, s) satisfies (1.7) where f and g are two arbitrary differen-

tiable functions of b2, then F has vanishing Weyl curvature if and only if (1.8)
holds where Si

jkl(x) satisfy (1.9) and we have used (3.33) and (3.34). Now our
theorem is an immediate conclusion of (i), (ii) and Douglas’ result. �

4. Riemannian metric α with constant sectional curvature

In this section, we assume that α is of constant sectional curvature µ. Then
we have

(4.1) αRi
j = µ(α2δij − yiyj) = µ

[

akl(x)δ
i
j − ajk(x)δ

i
l

]

ykyl.

Plugging this into (3.8) yields

(4.2) Ri
j = α2Aδij + αBbjy

i − αsCyjb
i + α2Cbjb

i +Dyjy
i,

where D satisfies (3.14). Combing (4.1) with the first equation of (3.27) yields
αRk

i
jl(x) +

αRl
i
jk(x) = µ

[

2akl(x)δ
i
j − ajl(x)δ

i
k − ajk(x)δ

i
l

]

and

(4.3) αRk
i
jl(x)y

kyl = µ
[

akl(x)δ
i
j − ajk(x)δ

i
l

]

ykyl.

Plugging (4.3) into (3.29) yields

(4.4) W i
j = α2W1δ

i
j + αW2bjy

i − αsW3yjb
i + α2W3bjb

i +W4yjy
i,

where W1, W2, W3, W4 are given by (3.22), (3.23), (3.24) and (3.25), respec-
tively. Thus we have the following.

Proposition 4.1. Let F = αφ
(

b2, β

α

)

be a general (α, β)-metric on a man-

ifold M where α and β satisfy (1.4) with c2 > 0. Then F is a Weyl metric if

and only if

C := c2
[

2(2ζ1 − sζ12)− ζ22 + 2ζ(2ζ − sζ2) + (2ζζ22 − ζ22 )(b
2 − s2)

]

(4.5)

− µ(2ζ − sζ2) = 0,
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where ζ is given in (2.5).

Recall that a Finsler metric is called a Weyl metric if it has vanishing Weyl
curvature. We have the following interesting result [5]: A Finsler metric has
vanishing Weyl curvature if and only if it is of scalar curvature. It follows that
the Weyl curvature gives a measure of the failure of a Finsler metric to be of
scalar (flag) curvature.

Proof of Theorem 1.2. Suppose that (1.7) and (1.10) hold. Then F is a Douglas
metric by Proposition 2.3(b) in [14]. Substituting (1.10) into (3.31) and using
(3.2) we obtain C = 0. Hence F is of scalar curvature. Douglas’ result implies
that F is locally projectively flat.

Conversely, suppose that F is locally projectively flat. Then it is a Douglas
metric with scalar curvature. Thus F satisfies (1.7). Moreover C = 0 by
Proposition 4.1. Together with (3.2) and (3.31) we have (1.10). �

Note that when α = |y| and β = 〈x, y〉 recover Theorem 1.1 in [10].

Proof of Theorem 1.3. (1.13) can be obtained from (1.10). It follows that

ξ := f + gb2 = f +
2(κ− µb2)(f ′ + f2)− µf

(κ− µb2)(1 − 2b2f)
b2

=
(κ− 2µb2)f + 2b2(κ− µb2)f ′

(κ− µb2)(1 − 2b2f)
.

Now our result can be obtained from (1.12), (1.13) and Theorem 1.2 in [17]. �

Proof of Theorem 1.4. Let us consider the special case of (1.12) and (1.4) in
µ = 0 and f = λ

b
. In this case,

(ξ, g) =

(

0, −
λ

b3

)

,

η(b2, s) =
b2 − s2

1− (b2 − s2)
∫ (

− λ
b3

)

db2
=
b2 − s2

ω2
,

where ω :=
√

1− 2λ(b − s2

b
). Plugging this into (1.11) yields

(4.6) φ = s

[

h(b2)−

∫

Φ( b
2
−s2

ω2 )

s2
√
b2 − s2

ds

]

= s



h(b2)−

∫ ϕ
(

b2−s2

ω2

)

ωs2
ds



 ,

where ϕ(x) := Φ(x)
√
x
. A direct calculation yields

(4.7) φ− sφs =
ϕ
(

b2−s2

ω2

)

ω
.

Differentiating (4.7) with respect to s, we obtain

φ22 =
2λ

bω3
ϕ(x) +

2

ω5
ϕ′(x),
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where x := b2−s2

ω2 . Taking this together with (4.7) yields

(4.8) φ− sφ2 + (b2 − s2)φ22 =
1

ω3
[ϕ(x) + 2xϕ′(x)] .

Note that λ ≤ 1
2b0

because of ω > 0. Considering F (x, y) = αφ
(

b2, β

α

)

where

φ satisfies (4.6), from (4.7) and (4.8), we obtain that F is a Finsler metric if
and only if the positive function φ satisfies

(4.9) ϕ(x) > 0, ϕ(x) + 2xϕ′(x) > 0,

where x ≥ 0.
Taking ϕ(x) = κxm + ε where m ∈ {0, 1, 2, . . .}, κ and ε are positive con-

stants, we see that ϕ satisfies (4.9). Moreover

(4.10)

φ(b2, s) = s

{

h(b2)− s

∫ [

κ

(

b2 − s2

ω2

)m

+ ε

]

ds

ωs2

}

= h̃(b
2)s+

ω

1− 2λb
− κs

∫

(b2 − s2)m

s2ω2m+1
ds.

We require the following result in [18].

Lemma 4.2. Let

Tm :=

∫

(b2 − s2)m

s2ω2m+1
ds,

where ω :=
√

1− 2λ(b − s2

b
), λ is a constant and b is independent of s. Then

for m ≥ 2, we have

1) λ 6= 0

Tm = −
(2m)!!

(2m− 1)!!

s

(1− 2λb)ω
× (I)−

(b2 − s2)m

sω2m+1
+ t1(b

2),

where (I) is given in (1.17).
2) λ = 0

Tm =−
(b2−s2)m

s
−

(2m)!!s

(2m−1)!!

[

b2m−2+

m−1
∑

i=1

(2m−2i−1)!!

(2m−2i)!!
b2i−2(b2 − s2)m−i

]

+ t2(b
2).

Furthermore,

T0 := −
ω

s(1− 2λb)
+ t3(b

2), T1 := −
b2ω2 + s2

sω(1− 2λb)2
+ t4(b

2),

where 1−2λb > 0 and tj(b
2) are arbitrary differentiable functions, j = 1, . . . , 4.

Now Theorem 1.4 is an immediate consequence of (4.10) and Lemma 4.2. �
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