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ON A CLASS OF LOCALLY PROJECTIVELY FLAT
GENERAL (o, 3)-METRICS

XIAOHUAN MO AND HONGMEI ZHU

ABSTRACT. General (o, 8)-metrics form a rich class of Finsler metrics.
They include many important Finsler metrics, such as Randers metrics,
square metrics and spherically symmetric metrics. In this paper, we find
equations which are necessary and sufficient conditions for such Finsler
metric to be locally projectively flat. By solving these equations, we
obtain all of locally projectively flat general («, 8)-metrics under certain
condition. Finally, we manufacture explicitly new locally projectively flat
Finsler metrics.

1. Introduction

Distance functions induced by a Finsler metric are regarded as smooth ones.
The Hilbert Fourth Problem in the smooth case is characterize projectively
flat Finsler metrics on an open subset in R™. A Finsler metric on an open
subset U C R” is said to be projectively flat if all geodesics are straight in U.
A Finsler metric on a manifold M is said to be locally projectively flat if at any
point, there is a local coordinate system (z°) in which F is projectively flat.
By the Beltrami’s theorem, a Riemannian metric is locally projectively flat if
and only if it is of constant sectional curvature. However the situation is much
more complicated for Finsler metrics. J. Douglas’ a famous theorem said that
a Finsler metric on a manifold M (dim M > 3) is locally projectively flat if
and only if F' is a Douglas metric of scalar curvature.

Recently, a great progress has been made in studying locally projectively flat
Finsler metrics. Bacsé-Matsumoto showed that a Randers metric F' = o+ 3 is
locally projectively flat if and only if « is of constant sectional curvature and (8
is closed [1, 2]. In [10], the authors told us that given a spherically symmetric
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Finsler metric F(z, y) = |y|¢ (|z|, <Ty7|’>) on B"(v) (n > 2), then F is locally

projectively flat if and only if ¢ = ¢(r, s) satisfies
(1.1) (1" = 8)Q = 1] 155 — 5605 + by +7Q(& — 565) = 0,
where Q = Q(r, s) is given by
_ 2rf(r)* + f'(r) »
(1.2) Q(r, 5) = f(r) + o

where f = f(r) is a differentiable function.
A Randers metric can be expressed in the following navigation form [6]

-7 8

F =
1—02 1 -2’
where (, B%) is the navigation data of F' (3% denotes the dual of 8 with re-
spect to ) and b := ||B]|, is the length of 5. Both Randers metrics and

spherically symmetric metrics belong to a larger class of the so-called general
(o, B)-metrics, which are defined in the following form

(1.3) F:a¢(b2,é),
«
where « is a Riemannian metric, § is a 1-form, b := |||, and ¢ (b2, s) is a

smooth function [7, 16]. Yu-Zhu found sufficient conditions for general («, 3)-
metrics to be locally projectively flat [16]. They showed that for F' = «¢ (b2, g)

where o and [ satisfy

(1.4) R =00 —yyy), iy = e()ag,
the metric F' is locally projectively flat if ¢ = ¢(b?, s) satisfies
(1.5) P22 = 2(¢1 — s¢12).

Here ¢ means the derivation of ¢ with respect to the first variable b2. Recently,
Shen-Yu showed that if the second equation of (1.4) holds, then F is projectively
equivalent to « if and only if ¢ = ¢(b?, s) satisfies (1.5) [14]. Note that if «
is locally projectively flat and F' is projectively equivalent to «, then F' is also
locally projectively flat and therefore Shen-Yu’s proposition implies Yu-Zhu’s
theorem.

The above results inspire us to study the locally projective flatness of general
(o, B)-metrics under a weaker condition than (1.4). We shall make the following
assumption:

A the Riemannian metric o = \/a,;(2)y’y’ is an Einstein metric with Ricci
constant x, and 8 = b;(z)y’ is a 1-form satisfying

(1.6) “Ric = (n — 1)uca?, b = caij,
where ¢ = ¢(z) is a scalar function with ¢ > 0.
The condition A is natural [14]. Note that if a and ( satisfy (1.6) with

c = 0, then S is parallel with respect to «, in particular, b = constant. In this
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case, F' is actually an (o, 8)-metrics. We shall only consider the case when
c? > 0. We show the following:
Theorem 1.1. Let F = «a¢ (b2, g) be a general (o, B)-metric on an n-

dimensional manifold M with n > 3, where a and 3 satisfy (1.6) with ¢ > 0.
Then F is locally projectively flat if and only if

(i) ¢ = p(b?, s) satisfies
(1.7) Paz — 2(¢1 — sd12) = [f(b) + g(b°)s*][p — s¢ha + (b* — s7)haa],

where f and g are two arbitrary differentiable functions of b%;
(il) o and B satisfy

aRkijl(x) + aRlijk(ZE) — 2uakl(x)5ij + uajkéil + ua]—léik

(18) 2 / 2 2 0
+ [(k — ub®)(2f" — g+ 2% + 26 fg) — pf1S" i (x) = 0,
where
3 7 2 2 1 1 i i
S jkl(-T) = ijb ag] — —1(b ap — bkbl)é j— —1bj(bk(5 1+ b0 k)
(1.9) " ) "

. b _ _
—b"(braji + biajr) + nf(aljcszk +ag;0%).

1

For a proof of Theorem 1.1, see Section 3 below. In particular, we have the
following result when « has constant sectional curvature.

Theorem 1.2. Let F = a¢ (b2, g) be a general (a, B)-metric on a manifold
M (dim M > 3) where o and 3 satisfy (1.4) with ¢*> > 0. Then it is locally
projectively flat if and only if ¢ = ¢(b2, s) satisfies (1.7) where f and g satisfy
(1.10) pf = (k= pb?)(2f" — g+ 2% +20°fg).
Let us take a look at the special case: when a = |y, 5 = (z, y)
nw=0, k=1
Then we recover Theorem 1.1 in [10] (see (1.11) and (1.12) above).

Theorem 1.3. Let F = a¢ (bQ, g) be a general (a, B)-metric on a manifold

M (dim M > 3) where o and 3 satisfy (1.4) with ¢ > 0. Then the general
solution of (1.7) where f and g satisfy (1.10) is given by

(111) 0%, ) =s ) - [ q’@%d} ,

where h and ® are arbitrary differentiable functions of b*> and n respectively
and
b2 o 52
n(b25 S) = f&-de 2 2 f{de 27
e — (b2 —s?) [ ge db
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where

(= 2ub?) f + 207 (k — pb?) f!
(1.12) 5 = (H _ sz)(l o 2b2f) )
(1.13) _ 25— pb?)(f" + f?) — uf

(k—ub?)(1 —=22f)

where f is arbitrary differentiable function of b. Moreover, the corresponding
general («, B)-metric is locally projectively flat.

After investigating (1.11), (1.12) and (1.13), we produce infinitely many new
non-trivial examples satisfying the conditions and conclusions in Theorem 1.2.
We have the following:

Theorem 1.4. Let a be a Riemannian metric on a n-dimensional manifold
M and 8 a 1-form on M satisfying b := ||5]la < bo and (1.4) with pr = 0. Let
n >3 and let ¢(b%, s) be functions defined by

= hy(V? v

(1.14) 6= h(B)s + (e + K) T

2.m=1

b2 w

1.1 — 2 K
9 ¢ =halb )S+(E+12)\b)12>\b’

3. m>2

If A #0, then

b — )" (2m)!! K52
1.16) ¢ = ha(b? € ( ]
(1.16) ¢ = hs(b )S+[12)\b TR e }w—i—@m o (172>\b)w><( ),
where
e s 2m — 1)1 2
(I) — b n b(b S ) T n ( m ) ATy
T—2x)" ' 22wt [1-2X  @m)! b
(1.17) o -
C(1-2Xb)w? {W?’ B W] ;
where
2 em—2j -3 ¥ miﬂ' BN /g2 g2\ mmimi
™ = i v
' S m— -2l -2y £ o) (T :
1

m— b i—1 b2782 m—i—1
m= X () (55)

b2i—2 @m—-1/ b\
T3 1= — + Jp———
(1—2x0)—1 " (2m)!! 2\
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m—2

S 2m—2i— DIl /b \"?
1—2)\b — (2m — 2i)!! 2\ ’

If A\ =0, then
¢ = e+ ha(b?)s + k(b — sH)™
m—1
2m)!! 2m—22—1) —

118 2 ( 2m 2 b27, 2b2_ 2\m—1

( ) e 2m—1)! [ +; (2m — 2i)! ( s) ’
where k and € are positive constants, A < 2b , hj(b%) are arbitrary differentiable
functions, 7 = 1,...,4, w := /1 —=2X(b— %) Then on M the following
general («, 8)-metrics

F=a¢ (bQ, é)
@

are locally projectively flat.

The condition (1.4) on « and § is equivalent to: (i) « has constant sectional
curvature; (ii) 8 is closed and conformal with respect to a.. Locally, it is easy to
determine all these o and 8 following Y. Shen or Z. Shen and H. Xing [11, 13].
Let us take a look at a special case: when o = |y|, 8 = (z, y)

b= |z|

Then « and S satisfy (1.4) with g = 0 and ¢(z) = 1. Such Finsler metrics are
called spherically symmetric metrics.

Recently, Liu-Mo and Zhu have discovered some class of locally projectively
flat spherically symmetric metrics [5, 18]. The metrics constructed by Liu-Mo

(resp. Zhu) satisfy that f + gs? = ai‘sbz (resp. 3 + 2(1{75;2)) From proof of
Theorem 1.4, we see that Finsler metrics in Theorem 1.4 satisfy
b2 2
J+95" = A5

b3
It follows that our metrics are not projectively related to Finsler metric con-
structed by Liu-Mo and Zhu because two spherically symmetric metrics are
projectively related if and only if they have same f + gs? (see Theorem 1.1 in
[8]). In particular, the Finsler metrics in Theorem 1.4 differ from the metrics
in [5, 18].

Finally, we should point out that there are already several results on the
locally projectively flat general («, 3)-metrics. For example, Z. Shen character-
izes projectively flat (a, 8)-metrics on an open subset U in the n-dimensional
space R™ ([12], Theorem 1.1). Q. Xia gives an equivalent characterization for
locally projectively flat general (¢, 8)-metrics on a manifold under the addi-
tional assumptions « is locally projectively flat and ¢; # 0 and determines
the corresponding general solution [15]. Note that if ¢; = 0, then general
(cv, B)-metric is just a («, 8)-metric. On the other hand, locally projectively
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flat Finsler metrics on a manifold, in particular, on an open subset U in the
n-dimensional space R™, form a broader class than projectively flat Finsler met-
rics on an open subset U [9]. Here we weaken Shen’s condition on projective
flatness in the case of ¢1 = 0 and impose the second equation of (1.6) with
c? > 0 instead. Comparing our Theorem 1.3 with Xia’s Theorem 1.2, it seems
that the explicit construction of locally projectively flat general («, 5)-metrics
using our theorem is easier than Xia’s theorem.

2. Preliminaries

In local coordinates, the geodesics of a Finsler metric F = F(x, y) are
characterized by
d*z’ : dz
— +2G" — =0
az " (m dt) ’
where G' := 1¢" [(F?)xy* — (F?),] are the geodesic coefficients of F' [2].

The Riemann curvature of F' is a family of endomorphism R, = R;dacj ® 6‘; :

T,M — T, M, defined by
; oG" 9*Gt 9%Gt dG* 9G*
(2.1) R = T - 4 2G* i achaluchaltig
OxI Oxk Oy oykoyl  Oyk Oyl
The Ricci curvature is the trace of the Riemann curvature, which is defined
by

Ric=R’;.

A Finsler metric on a manifold M in the form (1.3) is said to be general
(cr, B) type where « is a Riemannian metric, 8 is a 1-form on M, b = || || and
@(b?, s) is a C* function satisfying (see [7, 16])

¢—502>0, ¢—sha+ (b —5%)po2 >0, |[s| <b< b,
where n > 3 and ¢2 means the derivation of ¢ with respect to the second
variable s or
¢ — s+ (b° — 7)o >0, [s| < b < by,

where n = 2 [16]. In particular, we will say that F' is a Randers metric if
d(b%, s) =1+ s.

Let oo = y/aj(2)y'y? and VB = b;);da’ @ da’. Let

1 1 i g i ij
rij = 5 (i + 0500, si5 = 50y = bjia)s To0 =7igy'y’s sp=a Tsiny”,
r; = bjrji, S; = biji, To = Tiyia S0 = Siyia
rt = aijrj, st = aijsj, r= bjrj.

Lemma 2.1 (See [16]). The geodesic coefficients G of a general (c, 3)-metric
F= aqﬁ(bQ, g) are given by

G' =G + aQs'y + {@(—QaQso + 700 + 20%Rr) + aQ)(ro + so)} yg
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(2.2) + {U(—2aQso + 100 + 20°Rr) + oll(rg + s0) } b' — &*R(r" + s°),

where

P2 P1
Q7¢—5¢2’ R7¢—8¢2’
_ (¢ — 5¢2) 2 — 5PP22 v P22
2¢(¢ — 5¢9 + (b? — 52)¢22) , 2(05 — 8¢9 + (b? — 52)¢22) ’
_ (¢ — 5¢2)P12 — 5P1P22 0— 2¢1 s+ (b2 — 52)¢2H
(¢ — s¢2) (¢ — sp2 + (b* — 52)¢ha2) ¢ ¢ '

Suppose that £ is conformal with respect to « and satisfies df = 0, there
is a scalar function ¢ = ¢(x) such that the second equation of (1.6) holds. By
(2.2) and the second equation of (1.6), the geodesic coefficients G* of F is given
by

(2.3) G'=°G"+Q",
where “G* are the geodesic coefficients of «; and
(2.4) Q' = cay’ + cCa’h,
L P22 — 2(9251 - S¢>12)
(2.5) (= 36— 500 + (P = om]
(2.6 vim SO S (7 - ).

3. Riemannian metric a with Ricci constant

In this section, we are going to determine the Weyl curvature of general
(o, B)-metrics satisfy (1.6) with ¢* > 0 (see (3.33) below) and prove Theorem
1.1

From (2.1) and (2.3), the Riemann curvature of F' are related to that of «
and given by
(3.1) Ry =“R';+2Q"; —y"Q"x; +2Q"Q"1; — Q£ Q" 5,

“|77

where and “-” denote the horizontal covariant derivative and vertical co-
variant derivative with respect to «, respectively. Suppose that o and g satisfy
(1.6). By Lemma 2.1 in [14], we have

(3.2) =k — ub?
for some constant x. We assume that ¢ > 0. Then
(3.3) c|; = —pbj.
Combining with (2.4), we get
Qiu = c2(Ca?8"; + Yoysy’ + Coay;bt + 201abjyt + 2¢1a%b;bY)
(3.4) — pab;(Yy' + Cab’),
¥ Qh.; = A{(2sv141b2)a?8" j+ (2511 — s1b10) + 12 — s122+2( — sG]y’
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+ [25(2¢1 — 8C12) + 2C — sCazay;b + (2512 + oo + (o) ab;y’
(3.5) + (28C12 + C22)042bjbi} — ps [7/10425ij + (¢ — 57/12)yjyi
+ (2¢ — sC2)ay;b’ + Yaabsy’ + (a”b;b'],
Qg = {07+ (s (7 — )]}
+ {1 — stha) — sC[th — sha + (b* — s%)haa] fysy’
(3.6) + [C( — sv2) + ¥(2C — 5C2) + (b — 57)C(Ca — 5C22)] oy’
+ {Wths + (v — st2 + (b7 — 5%)1hao }abjy
+ {92 + Gz + C[20 + (b* — 5%)Coal b0,
C%Qi-kaj = ?a0"; + {3Y (Y — stha) + [s¢ + (b7 — s7)1h2)(2¢ — 5C2) bys9°
+ {5Ca (1 —592) + (20— 5C2)[3) — st +25C+ (b —5%) o] fayb'
(3.7) + [Bhs + sv0Co + (b7 — 5%)otha] abjy’
+ [260 + 2C02 + 25 + (b7 — 5%)(F]a®bsb'.
Substituting (3.4), (3.5), (3.6) and (3.7) into (3.1) yields
(3.8) R'; = “R'; +a*(A - u)&i? + aBb;y" — asCy;b" + a*>Cb;b’
+ (b= A—sB)y;y',

where

(3.9) A= pu(l+sv) + A{P? = 2501 — tho + 2C[1 + 59 + (B> — s*)a] },
(310) B := c*{2(2th1 — sth12) — hiha — a2 — (o[l + s + Y (b* — 57)]

+ 2C[Y) — 512 + Paa(b” — %)} — p(20 — siha),
(3.11)  C:=[2(2G1 — sC12) — {22 + 2¢(2¢ — sC2) + (2¢C22

=)0 = )] — u(2¢ - 5¢).

Thus we obtain the following:

Lemma 3.1. Let F = a¢ (b2, g) be a general (cv, §)-metric on a manifold M

where o and B satisfy (1.6) with ¢*> > 0. Then the Riemannian curvature of F
are given by (3.8).

Remark 3.2. When a = |y| and 8 = (x, y), (3.8) has been obtained in [5].
By (3.8) and the first equation of (1.6), we obtain
Ric = “Ric +na*A —nua® + afB — afsC + o*Ch* + (u — A — sB)a?
(3.12) =[n—-1A+ (* - sH)Cla’.
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Now we are going to determine the Weyl curvature of general («, §)-metrics
satisfy (1.6) with ¢ > 0 (see (3.33) below). Let

(3.13) Rij = a2A5ij + oszjyi - ozSC'yjbi + onC’bjbi + Dyjyi,
where
(3.14) D:=—-A-sB.
Combining this with (3.8) we have
(3.15) Ry = “R'; + R — u(6%;0% + y,u).
By simple calculations, we have
da? da yg Jy;
3.16 — =2 — == =L = ap.
( ) ayk Yk, ayk o ) ayk A5k

Differentiating (3.13) with respect to y* and using (3.13), we obtain

OR . ) ) B ; i i
ayk] = 246" jyr + a2A28yk61j + Eykbjyl + CYBQSykbjyl + aBb;é'y,

C . . . _
(3.17) — %ykyjbz — a(C + sCa)syry;y" — asCarb" + 2Cyb;b"

+ 042028ykbjbi + Dgsykyjyi + Dajkyi + Dyj(Sik.
By a straightforward computation, one obtains

e 2 _ 2
5 sy]bj:b 5
a? «

. ab
(3.18) Syi b =

Note that s is positively homogeneous of degree 0. Hence,

syiyi = 0.
Taking this together with (3.17) and (3.18), we obtain
OR',

(3.19) J — Oz./\/lbj +Nyj,

ooy
where

M = (7’L+ 1)B + Ay + sC + Cg(b2 — 82)

and

N:=(1—-n)A—(n+1)sB—sAy — Cs* — s(b* — 5?)Cs,
where we have used (3.14). By (3.13) and (3.14), we have

(3.20) Ric:=Y R/;=o’R = Ric,
j=1
where

R:=(n—1A+ (* —s*C,
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and we have used (3.12). It follows that
ORic
W = (2R — SRQ)yj — OéRgbj,

where we have made use of (3.16) and (3.18) and Ry := %. Together with
(3.13), (3.19) and (3.20), we obtain

iy . Ric yi ORF; 1 ORic
Wt .= R"; — 6 — J .
J J J n+1(§ oyF n—1 8y3)

n—1

a?

= a?Ad"j + aBbjy" — asCy;b" + o*Cb;b" + Dy;y' — R¢';

n—1

Yy Ry 1 .
] {a(M p— 1)bj + NV p—] (2R — sR2))y; }
(3.21) = a®Wid'j + aWabjy' — asWay;b' + o*Wsb;b' + Way;y',
where
1 b? — s?
.22 = A-— = -
(3.22) W n—lR n—lc’
1 R2 n—2 2 2
2 =B — — - b2 —
(3 3) Wy n+1(./\/l n—l) _1[Sc+n+102( S)},
(3.24) Wg L= C,
1 1
(3.25) Wy:=D— n—f—l[Ni n_1(2RfSR2)}
_ 1 9 n—2 5 9
_n—l[bc+n+1s(b s)Cg},

where we have used the following
RQ = (TL — ].)AQ — 2sC + (b2 — 82)02.

By (3.15) and (3.21), we see that the (projective) Weyl curvature W, = W, 6‘27_-
®da? is given by

. . Ric . Y ORF 1 ORic
WZ‘:RZ‘— 61‘— J i
J Top—1"" n+1(§ oyF n-—1 8yi)

(3.26) =W + a®W16'; + aWabjy' — asWay;b' + a®Wsb;b' + Wiy,

where “W?; is the Weyl curvature of a.

Now we compute the Weyl curvature “W?; of o where « satisfies the first
equation of (1.6). Since « is a Riemannian metric, we conclude that R'; =
R';(z,y) are quadratic in y € T, M [4]. We obtain

(3.27) O‘Rij = O‘Rkijl(z)ykyl, *Ric = Z O‘Rkjjl(:c)ykyl,
J



ON A CLASS OF LOCALLY PROJECTIVELY FLAT GENERAL («, 8)-METRICS 1303

where “Ry"j;(x) is the Riemannian curvature of . We conclude that
Ric 61]‘
n—1 n—1

aAij — OzR;'_ _ 5ij = (Rkijl — kaml)ykyl

and

0> Ak 5" m 0 n+1
> 8yk] = (Ry"jq — n—_JlRp mq)a—yk(ypyq) =— 1Ry,
k
where we have used the following facts
Rkkjp + Rjkpk + Rpkkj =0, Rpkkj =R,; = Rjp.
Thus the Weyl curvature “W?*; of « is given by
; : 1 oA,
O‘WVZO‘AZ., Jyz
(3.28) ’ 7o+ ; Oy*
= [“Ry ju(x) — paw ()8 ; + pand't]y™y'.
Plugging (3.28) into (3.26) yields
W' = [*Ri'ji(x) — par ()6 + pajrd’t]y*y’
(3.29) + a?W18'; + aWabjy' — asWay,b' + o Wabib" + Wayy'.

Now we consider Douglas metric F = ag¢(b?, g), where o and f satisfy (1.6)
with ¢ > 0. By Theorem 1.1 in [17],

(3.30) C= 5 [F07) +907)57],

where f and g are two arbitrary differentiable functions of b2. It follows that

1
G = §(f/ +9's%), Ga=gs, Ga=g's, (=g
Plugging these into (3.11) yields
(3.31) C=c2f —g+2f°+20°fg) — uf.

Recall that a Finsler metric on a manifold M is called a Douglas metric if it
has vanishing Douglas curvature. Plugging (3.2) into (3.31) we have

(3.32) C = (k—pub®)(2f — g+2f% +2b*fg) — uf = C(0).
It follows that

Cy =0.
Plugging this into (3.23) and (3.25), and using (3.22) and (3.24) we obtain
b? — 52 s b2
(WI;W25W37W4)C<TL_17TL_17 ) n—l)

Substituting this and (3.32) into (3.29) yields
(3.33)
W= {“Ry" (@) — par(2)8'j + papd’s + [(k — pb®)(2f" — g +2f* + 20° fg)
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- Nf]Tijkl}ykyla
where
P 7 1 2 7 1 %
T jkl(:c) = bjb Al — m(b Al — bkbl)5 j— mb]bké 1
(3.34) )
— bibkaﬂ +

0.
n—1 WOk
Proof of Theorem 1.1. According to Douglas’ result, Finsler metric F'(z, y) on
an n-dimensional manifold M with n > 3 is locally projectively flat if and only
if F' has vanishing Weyl curvature and Douglas curvature [3]. On the other

hand, note that F' = a¢ (bQ, g) is a general («, )-metric on M where o and

3 satisfy (1.6) with ¢? > 0, we have the following:

(i) F has vanishing Douglas curvature if and only if ¢ = ¢(b?, s) satisfies
(1.7).

(i) If ¢ = ¢(b?, s) satisfies (1.7) where f and g are two arbitrary differen-
tiable functions of b2, then F has vanishing Weyl curvature if and only if (1.8)
holds where Sy () satisfy (1.9) and we have used (3.33) and (3.34). Now our
theorem is an immediate conclusion of (i), (ii) and Douglas’ result. O

4. Riemannian metric a with constant sectional curvature

In this section, we assume that « is of constant sectional curvature p. Then
we have

(4.1) Ry = 0?8y —y'yy) = plan ()0 — ag(x)8h] vty
Plugging this into (3.8) yields
(4.2) R'j; = a?A6'; + aBby" — asCy;b" + o*Ch;b’ + Dy,

where D satisfies (3.14). Combing (4.1) with the first equation of (3.27) yields
“Ri’ju(x) + "R’ ji(x) = p [2a0(2)0' 5 — au ()6 — aji(x)6"]

and

(4.3) Ry ji(2)y*y = plan(@)8'; — a(2)6"] y*y'.

Plugging (4.3) into (3.29) yields

(44) Wij = 042W1(5ij + OéWijyi - angyjbi + CY2W3bjbi + W4yjyi,

where Wy, Wa, W3, Wy are given by (3.22), (3.23), (3.24) and (3.25), respec-

tively. Thus we have the following.

Proposition 4.1. Let F = a¢ (bQ, g) be a general (o, B)-metric on a man-

ifold M where o and B satisfy (1.4) with ¢*> > 0. Then F is a Weyl metric if
and only if

(4.5)  C:= c[2(2¢ — sCi2) — oo + 2¢(2¢ — 5C2) + (2(C22 — (3)(0* — %)
— w20 —s¢2) =0,
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where ¢ is given in (2.5).

Recall that a Finsler metric is called a Weyl metric if it has vanishing Weyl
curvature. We have the following interesting result [5]: A Finsler metric has
vanishing Weyl curvature if and only if it is of scalar curvature. It follows that
the Weyl curvature gives a measure of the failure of a Finsler metric to be of
scalar (flag) curvature.

Proof of Theorem 1.2. Suppose that (1.7) and (1.10) hold. Then F'is a Douglas
metric by Proposition 2.3(b) in [14]. Substituting (1.10) into (3.31) and using
(3.2) we obtain C' = 0. Hence F is of scalar curvature. Douglas’ result implies
that F' is locally projectively flat.

Conversely, suppose that F'is locally projectively flat. Then it is a Douglas
metric with scalar curvature. Thus F satisfies (1.7). Moreover C' = 0 by
Proposition 4.1. Together with (3.2) and (3.31) we have (1.10). O

Note that when a = |y| and 8 = (x, y) recover Theorem 1.1 in [10].
Proof of Theorem 1.3. (1.13) can be obtained from (1.10). It follows that
(= W)+ £2) ~ i,
(n — 1) (1 — 20%])
(k= 2b%) + 202k — ub?) '
(kb)) - 20%))
Now our result can be obtained from (1.12), (1.13) and Theorem 1.2 in [17]. O

Proof of Theorem 1.4. Let us consider the special case of (1.12) and (1.4) in
p=0and f = %. In this case,

€o=(0-5),

b? — 52 e

(LR A ey e o

where w := /1 —2X\(b — %) Plugging this into (1.11) yields

a2 o (%)
(4.6) b=s h(bQ)/SQ\/T—SQdS] =5 h(bQ)f/Tds )
P(x)

where ¢(z) := 7+ A direct calculation yields

2 2
(p(bw—Zs)

w

=g =/+"

(47) ¢ - Sd)s =

Differentiating (4.7) with respect to s, we obtain

2\ 2
P22 = m@(ﬂﬁ) + E@'(w),
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where x := bZ;ZSZ. Taking this together with (4.7) yields
1
(4.8) ¢ = sp2 + (b = 5%)g22 = — [p(2) + 20¢/(2)].

Note that A < 5= because of w > 0. Considering F(z, y) = a¢ (b2 E) where

¢ satisfies (4.6), from (4.7) and (4.8), we obtain that F' is a Finsler metric if
and only if the positive function ¢ satisfies

(4.9) o(x) >0, @(x)+2z4 (x) >0,

where x > 0.
Taking ¢(x) = ka™ + € where m € {0, 1, 2,...}, k and € are positive con-
stants, we see that ¢ satisfies (4.9). Moreover

b2 —s2\" ds
2 2
¢(b,s)s{h(b)s/{n< 2 > +E}E}
w (b2752)m
1_2)\be5/ s2w2m+l ds.

We require the following result in [18].

(4.10)
= il(bQ)S +

Lemma 4.2. Let

2 2\m
Tm::/(bis)d&

S2w2m+1

where w := /1 —2\(b — %), A is a constant and b is independent of s. Then
for m > 2, we have

1)A#0
(2m)l s (b — )™ 5
T, = — Nn-Y"5) 4,
(2m — ! (1 — 2 b)w x (D) sw2ml +h(b7)
where (I) is given in (1.17).
2) A=0
m—1
(b2*52)m (2m)!s p2m—2 2m—=2i—1) 9 55 2mi
T, =— m— b =232 _ m—1
s (2m—1)! Jr; (2m—2i)! ( +)
+t2(b2).
Furthermore,
w b2w? + 52
Ty = ——— + t3(b° T =ty (V?
0 sA—2n) 3(0), T (=202 4(07),

where 1—2Xb > 0 and t;(b*) are arbitrary differentiable functions, j =1,...,4.

Now Theorem 1.4 is an immediate consequence of (4.10) and Lemma 4.2. O
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